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Abstract: Fillets are usually the most critical regions in mechanical parts especially under fatigue
loading, considering that an increase in the maximum stress level considerably shortens the
fatigue life of a part. The aim of this study is to find the best shape for a fillet in a shouldered shaft or
plate so that the maximum equivalent stress has the lowest possible value.

Optimization is achieved using a stochastic global search algorithm called the direct search
simulated annealing. The boundary is defined using spline curves passing through a number of
key points. The method is also applicable to shape optimization problems in which geometric
constraints are imposed and, for this reason, tangential stress is not uniform along the optimal
fillet boundary. Optimal shapes are obtained for flat and round bars subject to axial, bending,
torsional, or combined loads. The results show that stress concentration factors close to one
can be achieved even for bars with significant variations in cross-section. Besides, the region
occupied by the optimum fillets is much smaller in comparison to circular or elliptical ones.

Keywords: shape optimization, global optimum, stress concentration, direct search simulated
annealing, finite element model

1 INTRODUCTION

Fillets are commonly used in mechanical parts to
provide smooth transition in regions where there is
a sudden change in cross-section as in the case of
shoulders. Shoulders are introduced in bars for vari-
ous purposes, to provide bearing support, cam profile,
etc. However, this leads to an increase in local stress
levels. Stress concentration factor Kt, which is the ratio
of the maximum stress developed in this region, σmax,
to nominal stress σo, is a measure of this increase

Kt = σmax

σo
(1)

The usual practice in machine design is to use a cir-
cular profile for fillets. As Fig. 1 indicates, a larger
reduction ratio, D/d, or a smaller radius of curvature
of the fillet, r, results in a higher stress concentration.
In many cases, choosing a large radius of curvature
may not be possible because of space limitations or
existence of a nearby mechanical part. For that reason,
critical stresses are expected to develop at the fillets. In
the case of fluctuating loads, high stresses developed

in the fillets may lead to premature fatigue failure, con-
sidering that fatigue crack initiation is quite sensitive
to stress level.

Circular or elliptical profiles are not optimal as
shown before [1]. They have much higher stress
concentration factors, Kt, in comparison to optimal
shapes. These profiles lead to high stress concentra-
tion and therefore considerably weaken the part. It is
possible to significantly reduce the peak stress level,
thus increasing the fatigue strength of mechanical
parts through shape optimization. Accordingly, the
problem considered in this study is to find the glob-
ally optimum shapes for the fillets that will result in
the lowest possible stress concentration.

Many researchers attempted to obtain optimum
shape designs of shoulder fillets [1–35]. Some of them
[10, 13, 15, 16, 21–25, 34] minimized fillet area, while
keeping stress concentration below a limit. Others
[2, 3, 5, 8, 14, 18, 26, 31–33] minimized the maximum
stress at the shoulder. Hedia [20] reduced fatigue notch
factor, Das et al. [27] and Jones et al. [24, 28] reduced
stress intensity factor at the fillet. Another approach
in the previous studies [1, 7, 19, 29, 35] is to make the
tangential stress uniform along the fillet boundary,
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Fig. 1 Stress concentration factors for shoulder fillets in
flat and round bars. Analytical formulae given in
reference [36] were used to generate the curves

assuming this is consistent with the aim of mini-
mizing the peak stress. This approach seems to be
much more successful in reducing stress concentra-
tion as the comparisons of the results provided by
Waldman et al. [1] and Pedersen [35] suggest. Besides,
this method is computationally efficient. One should
note that this method is applicable to shape optimiza-
tion problems in which no geometric constraint exists.
In many machine design applications, however, the
geometry of a part is constrained by neighbouring
parts. Its boundary may not infringe on the bound-
aries of other parts. In these cases, one may not assume
constant tangential stress along the boundary of the
optimal shape.

In this study, a new procedure is proposed to gen-
erate improved results in some respects. First of all,
because directly the peak stress is minimized, the
method is applicable to problems in which geomet-
rical constraints are imposed and, for this reason,
tangential stress is not uniform along the optimal
fillet boundary as shown in one example problem.
Second, in shape optimization problems, there exist
many locally optimum designs [37, 38], which may be
far worse than the globally optimum design accord-
ing to the chosen criterion of effectiveness. For that
reason, a downhill proceeding algorithm, in which a
monotonically decreasing value of objective function
is iteratively created, may get stuck into a locally min-
imum point other than the globally minimum one. To
find the absolute minimum of an objective function

without being sensitive to starting position, a global
optimization method has to be employed in structural
optimization problems. If a local-search algorithm is
used, as in many of the previous studies, an optimiza-
tion procedure can only be successful if it is used to
improve a current design. In that case, the resulting
shape depends on the initial shape, thus on designer’s
intuition; therefore, it may not reflect the best possible
design. In this study, a reliable global search algorithm
called ‘the direct search simulated annealing (DSA)’
[39] was used. Hence, the optimization algorithm may
start from almost any initial model, search a large
design domain, and find the globally optimum design.
Although stochastic search algorithms are computa-
tionally inefficient, they are applicable to optimization
problems that involve analysis of small linearly elastic
structures like shouldered shafts, which can be carried
out in a few seconds even by an ordinary computer.

Third, searching for the best possible shape is viable
only with a precise definition of boundary. The shape
of a structure (i.e. its outer boundary) is defined by
a number of variables in a shape optimization pro-
cess. If different values are chosen for these variables, a
different shape is obtained. If the definition of bound-
ary is based on a limited number of design variables,
and thus it allows generation of only a limited num-
ber of distinct shapes, the algorithm may not find the
best possible shape, because it may not be possible
to define it by the chosen design variables. Although
Shim and Manoochehri [13] used simulated anneal-
ing (SA) to generate globally optimum shapes, and
obtained quite promising results starting from arbi-
trary designs, their definition of shape was not precise
enough. In their approach, a structure was first divided
into a number of small finite-element blocks and then
these blocks were randomly removed or restored to
obtain randomly generated shapes. Precise definition
of boundary required a very fine finite-element mesh,
but this was not possible because of the compu-
tational burden. Fourth, another concern in shape
optimization is the accuracy, i.e. how well the opti-
mum shape found by the search algorithm represents
the best possible shape. In many of the previous stud-
ies, the accuracy remained questionable. In this study,
a method was proposed to ensure precise definition
of the boundary. A more precise definition requires
larger numbers of design variables, which makes it
more difficult and time consuming for the optimiza-
tion algorithm to locate the globally optimum design.
Consequently, the accuracy of the results obtained
using a large number of design parameters would be
questionable. However, the proposed method ensures
precision without compromising from the accuracy.

Fatigue failure is the most critical failure mode
in shouldered power transmission shafts. Minimizing
stress concentration at fillets is especially crucial in
this type of applications. Yet, optimum shape design of
shoulder fillets in round bars has rarely been studied
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[4, 6, 7]. Most of the previous studies [1–3, 5, 8–35] con-
sidered only shouldered flat bars even though the
engineering applications involving flat bars suscep-
tible to fatigue failure are comparatively quite rare.
Besides, in most of the previous studies, only axial
loading was considered. In this study, in addition to
flat bars, optimal design of shouldered round bars was
investigated. All the relevant load cases (axial force,
pure bending, torsion, transverse force, and combined
loading) were considered.

2 PROBLEM STATEMENT

Figure 2 depicts fillet shape optimization problem for
a shouldered plate under axial loading. σ0 is the far
field stress. The geometric features having determin-
ing effect on stress concentration factor are the ratios
of D/d and �/(D − d) [1] and most importantly the
shape of the fillet. � is the length of the transition
region.

If a bar is subject to axial loading or bending
moment, the stress concentration factor is usually
defined as the ratio of the largest first principal stress
σ1 at the fillet to the nominal stress Snom [40, 41]

Kt = σ1

Snom
(2)

Nominal stress Snom is calculated using the formula
4P/πd2 for an axial load P and 32M /πd3 for a bending
moment M . If the bar is subject to torsion, Kt is defined
as the ratio of the maximum shear stress in the fillet,
τmax, to the nominal shear stress τnom [41]

Kt = τmax

τnom
(3)

The nominal shear stress τnom is calculated using the
formula 16T /πd3.

One should note that even though the far field stress
is uniaxial, multiaxial stress state may develop at the
fillet; besides, in many applications a combined load-
ing is applied. If the part is subject to fluctuating
loads, its fatigue life depends on the magnitude of the
equivalent (Von Mises) stress rather than on a single
component of stress. For this reason, a definition of

Fig. 2 Representation of a fillet shape optimization
problem for a shouldered plate

stress concentration factor based on equivalent stress
is used in this study

Kq = (σq)max

σnom
(4)

where (σq)max is the maximum equivalent stress in the
fillet. The nominal stress σnom is also calculated based
on the equivalent stress. Because σnom is constant,
minimization of the peak equivalent stress induced in
the structure consequently minimizes Kq. The objec-
tive function may then be expressed in the following
form

f = (σq)max

σallow
(5)

where σallow is the allowable stress. (σq)max is divided by
σallow to normalize the objective function.

One should note that if the part were subject to static
loads and made of a brittle material, tensile stresses
would be more damaging. In that case, minimizing
the maximum tensile stress rather than the equiva-
lent stress would be more effective in increasing the
performance of the part.

Shape optimization requires definition of shape in
terms of optimization variables. The search algorithm
tries to find the optimum values of these variables.
Shape of a two-dimensional (2D) structure is defined
by its thickness and the boundary of its lateral area;
shape of an axisymmetric structure is defined by its
symmetry axis and the boundary of its axisymmet-
ric section. Accordingly, their boundaries, thus their
shapes, can easily be described by spline curves pass-
ing through a number of key points. Some of these
points may be fixed, while the others are allowed to
move during optimization. The initial positions of the
key points, including fixed and moving, are given at
the start and the boundary of the initial model is
formed by joining these key points by lines or spline
curves. Whenever the positions of the moving key
points are changed, a new boundary, a new shape
is obtained. Accordingly, the x- and y-coordinates of
the moving key points become optimization variables.
There are some restrictions on the movements of the
key points, i.e. constraints on the optimization vari-
ables. First of all, the key points are allowed to move
only within a search region S defined by the designer.
Although search of the globally optimum design with-
out restricting the movements of the key points is
possible, computational time becomes unnecessarily
much longer. Search domain should not be too restric-
tive, but should exclude the regions that are definitely
expected to be away from the optimum boundary. As
another constraint, no part of the structure is to lose its
connection to the restraints, i.e. the structure should
remain in one piece. After the movement of key points
if one segment of the boundary crosses another one,
or they touch each other, connectivity is lost. These are
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the two constraints imposed on the optimization vari-
ables. Any movement of the key points violating these
constraints is not to be accepted during optimization.
The optimization problem may then be expressed as

Given: Initial positions of key points and how they are
connected, boundary conditions (applied forces and
restraints), and material properties.
Find: The globally optimum shape of the structure.
Minimize: Maximum equivalent stress (σq)max.
Subject to: The geometric constraints (model connec-
tivity and search domain).
Design variables: The coordinates of the moving key
points.

3 OPTIMIZATION PROCEDURE

3.1 Application of a direct search-simulated
annealing algorithm to shape optimization

In this study, the DSA, proposed by Ali et al. [39], was
adopted as the search algorithm. This is an improved
variant of the SA algorithm. The application of DSA to
shape optimization was explained in detail in a pre-
vious study [37]. In this study, a number of improve-
ments were introduced to increase the reliability of the
algorithm and reduce computational cost.

In DSA, unlike ordinary SA, a set of current con-
figurations rather than a single current configuration
is maintained during the optimization process. This
feature is similar to the use of population in genetic
algorithms. Hence, unlike the standard SA algorithm
where only the neighbourhood of a single point is
searched, DSA searches the neighbourhood of all the
current points in the set. Accordingly, at the start of the
optimization process, N is the number of initial config-
urations created by randomly selecting the positions of
the key points within the search region. N is equal to
7(n + 1), where n is the number of optimization vari-
ables. Since x- and y-coordinates of the moving key
points are the variables defining the fillet shape, in our
case n is equal to two times the number of moving key
points.

DSA like SA seeks the global optimum through
randomly generated configurations. Shape optimiza-
tion through DSA thus requires generation of random
shapes. This is achieved by changing the positions of
the key points in random directions through random
distances. In each iteration, a new configuration is
randomly generated in the neighbourhood of a ran-
domly chosen current configuration by giving random
movements to its key points. The coordinates of the
ith key point (x′

i, y ′
i) of the new configuration are

calculated as

x′
i = xi + crRmax cos(θr)

y ′
i = yi + crRmax sin(θr)

(6)

where (xi, yi) are the coordinates of the ith key point
of the randomly chosen current configuration, cr is a
random number between 0.0 and 1.0, θr is a random
number between 0.0 and 2π, and Rmax is the maxi-
mum moving distance. To search the global optimum
within a large region, instead of giving small pertur-
bations to the current configuration to obtain a new
configuration in its near neighbourhood, one should
allow a large variance in the current configurations.
This is achieved by assigning a large value to Rmax.

Acceptability of a newly generated trial configura-
tion, At , is calculated by

At =
{

1 if ft � fh

exp(( fh − ft)/Tj) if ft > fh
(7)

Here ft is the cost of the newly generated configuration
as calculated by equation (5) and fh is the highest cost
in the current set. This means that every new design
having a cost lower than the cost of the worst design
is accepted. But, if the cost is higher, the trial con-
figuration may be accepted depending on the value
of At. If it is greater than a randomly generated num-
ber, Pr, the trial configuration is accepted, otherwise
it is rejected. If the trial design is accepted, it replaces
the worst configuration. Because SA allows acceptance
of configurations with a higher cost, local minimum
designs can be avoided through such uphill moves. As
equation (7) implies, if the value of T is high, the proba-
bility that a worse configuration is accepted will also be
high.The initial value of T should be so high that nearly
all trials can be accepted. Generating arbitrary config-
urations in the neighbourhood of the current ones,
accepting any arbitrary configuration and repeating
these iterations many times allow the whole feasible
domain to be thoroughly searched at the initial stages
of optimization. In the physical analogy, choosing high
To corresponds to heating up the solid until all parti-
cles are randomly arranged in the liquid phase such
that atoms may freely arrange themselves.

Iterations during which the value of the tempera-
ture parameter T is kept constant are called Markov
chains (or inner loops). Ali et al. [39] adopted the fol-
lowing formula to decide on the length of a Markow
chain (the number of trials (or iterations)) for the kth
level of T

Lk = L + L(1 − efl−fh) (8)

where

L = 10n (9)

Here n is the number of optimization variables. At
high temperatures, the current configurations form a
sparse cluster; they are scattered all over the design
domain; consequently, fh–f� is large and Markow chain
length is close to 2L. On the other hand, when
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they form a dense cluster at low temperatures, it
approaches L. The temperature parameter T is con-
tinually reduced during the optimization process.
Iterations are continued until the difference between
the costs of the best and worst current configurations
becomes small.

As in the physical annealing process, where the
mobility of the atoms diminishes during cool down,
mobility of the key points is decreased as acceptabil-
ity decreases. The configuration that is worse than all
current configurations except the worst one is defined
as the worse configuration, and if no improvement is
made on the worse shape during a Markow chain, Rmax

is reduced by

Rmax = βRmax (10)

where the coefficient β was chosen to be 0.995. In this
way, the neighbourhood of the current configurations
within which a new configuration is generated narrows
down as acceptability becomes lower and lower.

3.2 Ensuring precision and accuracy

If optimal shapes are obtained using a low number of
moving key points, definition of the boundary will be
imprecise, but the globally optimal shape can reliably
be obtained to a high degree of accuracy. However, an
imprecisely defined optimal shape even if it is glob-
ally optimum for the chosen design variables may not
represent the best possible shape. If the number of
key points is increased, the boundary can be defined
more precisely, but the reliability of the algorithm in
finding the globally optimal design becomes question-
able. This is because the likelihood of getting stuck
into a local optimum will be high with a large num-
ber of optimization variables even if a global search
algorithm is used. However, if some regions of the
search domain that are expected to be away from
the globally optimal boundary are excluded, reliability
of the search algorithm can be increased. Restricting
the search domain for a more precisely defined shape
design problem by considering the optimal shape
obtained using a lower number of key points, one may
obtain a higher reliability. By successively generating
more and more precise optimal shapes and each time
restricting the search domain, one may locate the best
possible shape as shown in the following shape design
problems.

4 RESULTS AND DISCUSSION

4.1 Shouldered flat bars under axial loading

The optimization procedure was applied through a
computer code developed using ANSYS Parametric
Design Language. The shape optimization algorithm
was first applied to a plate with a shoulder subject to

axial loading as shown in Fig. 3. In this structure, there
is a significant variation in cross-section, the width of
the larger portion is 40 mm and that of the smaller
portion is 20 mm. Kq is independent of the material
in the linearly elastic range and the level of stress.
The flat bar is in plane-stress condition. As long as the
thickness is not large enough to invalidate the plane
stress assumption, it does not affect Kq. The geomet-
ric proportions affecting stress concentration take the
values D/d = 2 and �/(D − d) = 0.75. Although, this
geometry seems to be not practical and rarely used by
the designers, this is one of the common geometries
adopted in the previous studies of shape optimization.
To be able to compare the results, and appreciate the
relative advantage gained by the method proposed in
this study, this geometry was adopted.

Initially, the boundary in the transition region is
defined using two moving key points. These key points
are allowed to move only within the search domain
shown in the figure. The right edge is fixed in length
and subjected to 300 MPa pressure, while the left
edge is restrained from movement in the x-direction.
The material of the structure is steel with an elastic
modulus of 207 MPa and Poisson’s ratio of 0.28.

Taking advantage of symmetry, only the upper por-
tion was analysed to save computational time and its
bottom was restrained from moving in the y-direction
due to the symmetry condition. Figure 4 shows the
finite-element mesh of one of the initial models ran-
domly generated at the start of the optimization pro-
cess. Six-node triangular elements having two degrees
of freedom (Plane2 element of ANSYS with the plane
stress option) were used in the finite-element mod-
els (FEMs). The meshes near the moving segment
of the boundary were refined to correctly determine
the stress state in this region where high stresses
were expected to develop. As shown in the previous
study [37], accuracy of the finite-element (FE) solu-
tion considerably affects the resulting optimum shape.
To ensure the accuracy at which the objective func-
tion f was calculated, convergence of the FE solution
was frequently checked during the optimization pro-
cess. If the change in the magnitude of the maximum
stress was greater than 0.3 per cent when FE ana-
lysis of currently best configuration was carried out
using one-fourth of the current size of finite elements,
then the FE mesh was refined. Towards the end of the
optimization process, the element size became about
one-fourth of the size of the elements shown in Fig. 4
due to occasional refinements. The horizontal length
of the model was chosen to be large enough to limit
the edge effects on the stress state at the fillet. Thus,
even if a longer portion of the plate was analysed, the
change in the stress state would be negligible (<0.3
per cent).

First, the shape of the fillet defined by two moving
key points was optimized following the optimiza-
tion procedure described above. Figure 5 shows the
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Fig. 3 Shouldered plate subject to axial loading

Fig. 4 One of the initial configurations of the shouldered
plate with its mesh

Fig. 5 Stress distribution within the optimal-shaped
plate with a shoulder fillet defined by two key
points

optimal shape of the fillet and the stress distribu-
tion within the plate. The maximum equivalent stress,
(σq)max, is 346.25 MPa. ‘B’ indicates the position of the
fixed key point at the right end of the transition region
shown in Fig. 3, while ‘1’ and ‘2’ point to the optimal
positions of the moving key points.

The optimal shape obtained by two moving key
points implies that the search region shown in Fig. 3
is unnecessarily large. Movements of the key points
toward the region around the upper right corner cer-
tainly result in worse designs. Inclusion of this region
within the search domain leads to generation of many
unnecessary configurations, and thus high computa-
tional cost. For this reason, the search domain shown
in Fig. 6 was adopted in the optimization of the fillet
defined by three key points. However, the optimum fil-
let shape obtained with two key points was not used
as an initial configuration in the new optimization
process. Again, the initial coordinates of the mov-
ing key points were randomly generated within the
search domain. The resulting optimal-shaped plate
and the stress state are shown in Fig. 7. The maximum
equivalent stress (σq)max turned out to be 344.68 MPa.
Because three key points provided a more precise
definition of shape, allowing generation of shapes not

Fig. 6 Search domain used for three moving key points

Fig. 7 Stress distribution within the optimal-shaped
plate with a shoulder fillet defined by three key
points

possible with two key points, a better shape with a
lower stress concentration was obtained.

Next, the fillet shape defined by four key points was
optimized. This time, a separate search domain was
used for each key point (Fig. 8). This eliminates gen-
eration of very irregular shapes, but allows generation
of every possible near optimum shape. If a key point
gets close to its border during the optimization process
in all of the current configurations, its search domain
was expanded. If a key point gets away from one of
the border lines of its search domain, then this line is
moved closer. Figure 9 shows the optimal shape and
the stress state in the plate. The maximum stress is
340.84 MPa. Unlike the previous shapes, a protrusion

Fig. 8 Separate search domains for four moving key
points
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Fig. 9 Stress distribution within the optimal-shaped
plate with a shoulder fillet defined by four key
points

develops at the upper portion of the fillet. Because the
algorithm tries to minimize the maximum stress and
this is a lower stressed region, one may assume that
the algorithm places the third and fourth key points to
provide a better curvature in the highly stressed lower
portion of the fillet rather than to minimize stresses
in the upper portion. Accordingly, in these three trials,
although the shapes of the upper portion are quite dif-
ferent, the lower portions are quite similar as seen in
Figs 5, 7, and 9.

The fillet shape was then defined more precisely by
six key points. Because such a high number of key
points may lead to generation of very irregular shapes
that are difficult to analyse by FEM, a small and sep-
arate search domain was defined for each key point
(Fig. 10). To decide on the location and size of the
search domains, the optimal fillet shape defined by
four key points was used. However, initial positions
of the key points were again arbitrarily chosen by the
algorithm within the search domains. Figure 11 shows
the optimal shape and the stress distribution in the
plate. The maximum equivalent stress is 340.00 MPa.

Finally, the number of key points was increased to
eight, and the fillet shape was optimized. This time,

Fig. 10 Separate search domains for six moving key
points

Fig. 11 Stress distribution within the optimal-shaped
plate with a shoulder fillet defined by six key
points

the maximum equivalent stress developed in the plate
was 339.62 MPa. One may still find a better shape by
further increasing the number of moving key points;
however, the small gain thus achieved does not justify
the increased computational effort.

To validate the assumption that a protrusion was
formed in the lower stressed region to provide the
optimal curvature in the highly stressed region, this
protrusion was removed and an FE analysis of the
remaining plate was carried out. As seen in Fig. 12, the
same stress state was obtained. Assuming that increas-
ing the number of key points further does not lead
to appreciable improvement in the objective function
f , one may consider the plate with the protrusion
removed as the optimal shape. In that case, the stress
concentration factor Kq, calculated for the optimum
shape, is equal to 1.132. Considering that D/d ratio
of the plate, which is 2.0, is quite large, one may
not obtain such low values with circular fillet pro-
files except for very large fillet radii. This is also lower
than the ones that were found in the previous studies.
Waldman et al. [36] obtained lower values of stress con-
centration factors in comparison to the ones obtained
in the previous studies of shape optimization. For the
same geometry, they obtained an optimal shape with
a concentration factor of 1.146.

To compare the stress concentration factors of the
circular and optimum shapes, a shouldered plate with
a circular fillet was analysed. About the same length
(15 mm) was chosen for the transition region. This
meant a fillet radius of 16 mm (r/d = 0.80). The other
geometric parameters (D/d = 2.0) and boundary con-
ditions were chosen to be the same. Figure 13 shows
the stress state in the plate. The maximum equivalent

Fig. 12 Stress distribution within the optimal-shaped
plate with a shoulder fillet defined by eight key
points. The protruding portion was removed

Fig. 13 Stress distribution developed in a shouldered
plate with a circular fillet having a radius of
curvature of 16 mm
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stress is 404.57 MPa. This means that the stress con-
centration factor, Kq, is equal to 1.349. This is much
higher (∼19 per cent) than the one for the optimum
shape. Another advantage of using the optimum fillet
design is that the region occupied by the fillet is much
smaller.

4.2 Comparison of the results

Table 1 shows a comparison of the published values of
stress concentration factors and the ones obtained in
the present study. Actually, the results are not exactly
comparable. First of all, the objective functions are dif-
ferently formulated in those studies. The researchers
used tangential stress, axial stress, or equivalent stress
in their definition of stress concentration factor. How-
ever, the resulting differences in the values of stress
concentration factors can be assumed to be small. Sec-
ond, different FE meshes were used in those studies.

As seen in the table, usually the results of this study
are much better than that of the previous studies. Only
the present algorithm generated very similar results
to that of Pedersen [35] and Waldman et al. [36], who
used optimization methods that tried to make the tan-
gential stress at the fillet boundary uniform. Small
differences may be attributed to the differences in
the finite-elements meshes. Because the accuracy of
the finite-element solution is checked during the opti-
mization in the present study, the values of Kq reflect
the actual stress concentration. On the other hand, the
actual values of Kt or Kq are expected to be higher than
the values reported in other studies.

4.3 The effect of accuracy in finite-element
calculations

To see the effect of mesh density on the accuracy of
the optimal shape, the fillet shape defined by eight
key points was optimized using the mesh structure

Table 1 Comparison of the published optimal stress
concentration factors with the ones obtained
using the present optimization method

Present
Reference D/d �/h Kq or Kt method, Kq

Waldman et al. [36] 2.0 1.5 1.146 1.132
Tvergaarda 2.0 1.5 1.21 1.132
Miegroet and

Duysinx [33]
2.0 1.0 1.429 1.249

Pedersen [35] 2.0 1.0 1.25 1.249
Waldman et al. [36] 2.0 1.0 1.242 1.249
Francavilla et al. [2] 1.667 1.5 1.58 1.216
Bhavikatti and

Ramakrishnana
1.667 1.5 1.25 1.216

Waldman et al. [36] 1.667 1.5 1.210 1.216
Tvergaarda 1.5 1.5 1.38 1.278
Waldman et al. [36] 1.5 1.5 1.272 1.278

aCited in Waldman et al. [36].

shown in Fig. 14(a). This is actually the same mesh
used initially in the other cases except that the same
mesh was used throughout the optimization for this
case. In other cases, the mesh was refined whenever
the error in the finite-element calculations exceeded
an acceptable limit as mentioned before. Figure 14(b)
shows the stress state in the fillet optimized using the
coarse mesh. A lower value, 339.16 MPa, was obtained
for the maximum equivalent stress in comparison to
the one obtained with a finer mesh (Fig. 12). When
the same shape was analysed using the fine mesh
shown in Fig. 14(c), a much higher value for the max-
imum equivalents stress, 355.97 MPa, was calculated
(Fig. 14(d)). This shows that the error due to an insuf-
ficient mesh density may become unacceptably large
and may lead to spurious optimal designs. One should
also note that the coarse mesh shown in Fig. 14(a) is
even finer than the ones used in many of the previous
studies.

4.4 Optimization with a geometric constraint

In many practical problems of machine design, the
part to be designed should fit in a prescribed space
and any interference between parts should be avoided.
In these cases, a structural optimization procedure
for optimal shape design should be able to account
for these geometrical constraints. To show that the
method proposed in this study is applicable to prob-
lems in which geometrical constraints are imposed,
a rectangular region around the fillet was defined as
infeasible (Fig. 15). During the optimization, if a node
on the boundary of a newly generated configuration
is within the infeasible domain, this configuration is
not accepted and another configuration is regener-
ated. Figure 15 shows the resulting stress state. Stress
concentration is higher in comparison to the uncon-
strained case (Fig. 12) as expected. Most importantly,
the stress is not constant along the transition region.
For this reason, the methods that minimize stress
concentration by trying to make the tangential stress
uniform along the fillet boundary may not work in this
case.

4.5 The effect of undercut on optimal shape

The length of the transition region significantly affects
the level of the maximum stress. The fillet length in
the above problems was taken as 15 mm. If a longer
transition region is chosen, one may obtain a lower
stress, but at the expense of a larger volume for this
region. Increased weight and interference of a nearby
mechanical part may then become a problem. As an
alternative fillet design, 5 mm of a 30-mm-length tran-
sition region was positioned towards the left of the
point A as shown in Fig. 16. A 3-mm-length portion
of the fillet boundary below this point was fixed to
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Fig. 14 (b) The stress state at the fillet optimized using the coarse mesh shown in (a). (d) The stress
state at the same fillet obtained using the fine mesh shown in (c)

Fig. 15 Fillet shape optimized with a geometric con-
straint

Fig. 16 Shouldered plate subject to axial loading

provide sufficient support. The search domain shown
in the figure was initially used in the optimization.
Although it is known that undercutting reduces stress
concentration for circular fillets, one needs to find
out the extent of reduction for optimal fillet shapes.
The maximum equivalent stress in the optimal shape
design defined by six moving key points was obtained
to be 306.68 MPa (Fig. 17). The recess does not weaken
the plate, considering that there is no significant load-
ing on this region. Since this is a plate, a recess does
not pose any difficulty in manufacturing. On the con-
trary, this is to the advantage that the fillet occupies a
very small space at the shoulder.

Fig. 17 Stress distribution developed in the opti-
mal-shaped plate with a shoulder fillet defined
by six key points

4.6 Shouldered round bars

The next problem considered in this study is the
optimum fillet design for a shouldered round bar
subject to axial loading. Because this is an axisym-
metrical part, the same 2D finite element (Plane2),
but with the axisymmetric option, is used. Other-
wise, the boundary conditions, the sizes of the fixed
portions of the model are the same. Using axisym-
metric model greatly reduces the computational time
in comparison to an equivalent 3D model. Follow-
ing the same optimization procedure, the optimum
shapes defined by two, three, four, and five moving
key points were obtained. The maximum equivalent
stresses developed in the optimal shaped bars are
307.02, 306.18, 305.70, and 304.91 MPa (σyy(max) =
312.95 MPa), respectively. Accordingly, the stress con-
centration factor for the most precisely defined
optimum shaft is 1.016. Again, a protrusion devel-
ops in the upper portion of the fillet. Figure 18 shows
the stress distribution in the most precisely defined
optimal shaft with the protrusion removed. To com-
pare the optimal fillet with the standard circular fillet
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Fig. 18 Stress distribution developed in the opti-
mal-shaped round bar with a 15-mm-shoulder
fillet defined by five key points. The protrusion
was removed

having the same transition length, analysis of a shoul-
dered shaft having a circular fillet with 16 mm radius
of curvature was carried out. The stress state shown
in Fig. 19 was obtained. The maximum equivalent
stress was 348.74 MPa with Kq = 1.162. This means
an improvement of about 12 per cent for the opti-
mal shape. Because of the sensitivity of fatigue failure
behaviour to stress level, a 12 per cent decrease in max-
imum stress may result in two times the increase in
fatigue life. Besides, the optimal-shaped fillet occu-
pies a much smaller space at the shoulder. In many
cases like the use of the shoulder as a bearing seat,
this is an important benefit. One should note that
the stress concentration factor according to the ana-
lytical formula proposed by Noda et al. [1] is equal
to 1.242, which corresponds to a maximum stress of
372.54 MPa. The magnitude of the first principal stress
calculated using FEA is 376.13 MPa for the circular fillet
of 16 mm radius after setting the Poisson’s ratio ν equal
to zero. The small difference may be attributed to the
error in the analytical formula, which was obtained
by making some approximations. FEA results can be
assumed to be more accurate.

Next, the shape optimization problem for a shoul-
dered round bar under torsion was considered.
Axisymmetric FE models may take non-symmetric
loads. Transverse concentrated forces in the z-
direction generating 471.24 Nm torque were applied
to the right end. Since these forces cannot be contin-
uously distributed in an FE model, pure shear stresses
could not be generated at the end. However, con-
forming to Saint Venant’s principle, the stress state

Fig. 19 Stress distribution developed in an axially
loaded shouldered round bar with a circular
fillet having 16 mm radius of curvature

corresponding to a pure torsional load developed away
from the loaded region as shown in Fig. 20. Although
the equivalent stress is minimized, τyz component of
stress is displayed. The nominal stress is obtained as
300.00 MPa, which is the same as the value calcu-
lated by the well-known formula τmax = Tc/J . Kt is then
equal to 1.004. Because the stress concentration fac-
tor obtained using three moving key points is very
close to 1.0, increasing the number of key points to
obtain a more precise definition of the boundary is not
needed; in that case only a slight improvement could
be achieved. The stress concentration factor Kt for a
shouldered shaft with a circular shaft having 16 mm
radius of curvature is 1.067. The Kt calculated using
the analytical formula [1] is 1.09 for this geometry.

The optimization procedure was then applied to
a shouldered round bar subject to pure bending.
Figure 21 shows the resulting shape and stress distri-
bution. A pure bending moment equal to 235.85 Nm is
generated by applying a transverse force couple in the
x-direction at the right end of the beam. Away from the

Fig. 20 Stress distribution developed in the opti-
mal-shaped round bar with a 15-mm-shoulder
fillet defined by three key points under torsion

Fig. 21 Stress distribution developed in the opti-
mal-shaped round bar with a 15-mm-shoulder
fillet defined by three key points subject to pure
bending moment

Fig. 22 Stress distribution developed in the opti-
mal-shaped round bar with a 15-mm-shoulder
fillet defined by five key points subject to both
torsional and transverse loading
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Fig. 23 Stress distribution developed in the axially
loaded optimal-shaped round bar with a
25-mm-shoulder fillet defined by five key points

Fig. 24 Stress distribution developed in an axially
loaded shouldered round bar with a circular
fillet having 36-mm-radius of curvature

loaded region, pure bending moment develops induc-
ing a stress state in which σyy component of stress has a
maximum magnitude of 300.00 MPa. The correspond-
ing equivalent stress is 299.25. The stress calculated
by the formula σmax = Mc/I is 300.29 MPa. The slight
difference is due to Poisson’s effect neglected in the
analytical formula. The maximum equivalent stress in
the optimal-shaped beam is 300.06 MPa, which results
in a stress concentration factor of 1.003. Kq of the cir-
cular fillet, on the other hand, is 1.103 with a maximum
equivalent stress of 330.20 MPa.

Transmission shafts, which are susceptible to fatigue
failure, are subjected to both torsional and transverse
loading. Minimizing stress concentration at fillets is

especially crucial in these applications. Accordingly,
fillet shape of a shouldered shaft under combined
loading was optimized. Figure 22 shows the resulting
shape and the stress distribution. The shaft is sub-
ject to a torque (253.48 Nm) and a transverse force
(2949.41 N) applied to the right end, which results in a
nominal stress of magnitude equal to 300.00 MPa at
point B, which is 4 cm away from the right end of
the shaft. To avoid stress concentration at the point
of application, the load was distributed to the nodes at
the right end. The maximum equivalent stress in the
optimal-shaped shaft is 308.28 MPa with Kq = 1.028.
On the other hand, a circular fillet leads to a maximum
stress of 333.24 MPa with Kq = 1.110.

One should note that optimal shapes for different
types of loading are different. If the same pure torsional
load is applied to the shaft optimized for combined
loading, Kq increases about 1.0 per cent. The increase
in Kq becomes 10 per cent, if the same combined load
is applied to the shaft optimized for torsional loading.

To observe the dependence of the stress concen-
tration factor on the transition length, the length of
the search domain (the horizontal distance between
A and B in Fig. 3) was increased to 25 mm, and
the optimization process was repeated for an axially
loaded round bar. Figure 23 shows the stress state. The
maximum equivalent stress, which is 300.10 MPa, is
virtually equal to the nominal stress, i.e. stress con-
centration is equal to one. This means that even for
such a large reduction in the cross-section, the fillet
having the optimal shape does not weaken the shaft.
On the other hand, a circular fillet with 36 mm radius
of curvature having about the same transition length
(25 mm) results in a maximum stress of 320.60 MPa as
shown in Fig. 24. Besides, comparison of Figs 18 and 23
indicates that an increase in the length of the transition
region leads to a slight increase in the space occupied
by the optimum fillet. The fillet area increases from

Table 2 Coordinates of the key points through which spline curve passes defining
the optimal fillet boundary

Spline curve
shown in (x1, y1) (x2, y2) (x3, y3) (x4, y4) (x5, y5) (x6, y6) Angle

Figure 11 41.1409 38.2349 35.8601 32.0704 30.0010 35.4595 42.682
10.2124 10.5943 11.0735 12.3073 14.3722 15.6969

Figure 15 41.9795 39.0490 35.6326 32.7578 30.0003 37.3843 −42.673
10.0002 10.0144 10.4729 11.2615 12.7898 14.8610

Figure 17 53.8931 47.7525 41.3091 35.0092 30.2230 30.5169 136.752
10.0903 10.3799 11.0679 12.4520 14.9337 16.4641

Figure 18 10.1238 10.4869 11.5357 13.3359 14.4482 108.159
34.9308 38.8308 42.9493 44.9998 43.8281

Figure 20 10.1347 11.4635 14.1552
43.6399 49.9993 49.9997

Figure 21 10.1512 11.4294 13.9530
48.1099 53.8341 54.9996

Figure 22 10.1156 10.2836 11.0912 12.6993 15.8273 6.957
44.7957 47.9762 53.0904 54.9987 53.5246

Figure 23 10.0667 10.3598 12.2218 14.0687 13.4961 10.965
30.4210 36.7073 43.9179 44.9987 44.0916
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9.5 to 11.6 mm2. On the other hand, the circular fillet
having 16 mm radius of curvature occupies an area of
41.0 mm2 and 36 mm radius fillet occupies an area of
77.8 mm2.

Table 2 gives the coordinates of the key points used
to define spline curves describing the optimal fillet
boundaries. Because spline curves can be constructed
using maximum six key points in ANSYS, two spline
curves were defined for the problems in which more
than four moving key points were used. To ensure con-
tinuity of slope at the key point where the two spline
curves are joined, the same angle was used for the line
tangent to the curves at this key point. This angle is
also an optimization variable and its optimum val-
ues are given in the table. The fifth moving key point
was chosen as the connection point. It should also
be noted that because y-axis should be chosen as the
axisymmetry axis in ANSYS, the coordinate system is
different from the one shown in Fig. 3 for the round
bars.

5 CONCLUSIONS

In this study, global shape optimization of shoulder
fillets in flat and round bars was achieved. Although
optimum fillet design of flat bars was a problem that
was considered by many researchers before, improved
results were obtained in this study by applying a
global shape optimization procedure. As for the opti-
mum shape design of shouldered round bars, the
results obtained in this study are remarkable. The
stress concentration factors, Kq, in the optimal-shaped
round bars were obtained to be 1.0 for axial, tor-
sional, and pure bending load cases for the chosen
geometry. For combined loading, Kq was close to
1.0. Therefore, use of this algorithm may significantly
increase fatigue strength and reliability of machine
parts.

Defining the boundary more precisely by using
a larger number of key points yielded better opti-
mal shapes. Increased precision posed difficulties for
the algorithm to locate the globally optimal design
accurately. To overcome this difficulty, a method was
proposed to select a proper search domain. In this
way, not only lower stress concentration factors were
obtained in comparison to previous studies, but also
accuracy and precision of the results were ensured.

Even though the transition length for the fillet is
greatly increased, the region occupied by the optimal-
shaped fillet increases slightly unlike circular fillets.
For this reason, a large transition length can be chosen
for the fillet without risking interference with another
mechanical part as opposed to a circular fillet.

Optimal shapes were found to be different for dif-
ferent geometries as well as for different loading types
(axial, torsional, bending, or any different combi-
nation of them). For this reason, the shape design

optimization procedure should be reapplied for any
new application.

If there is a geometric constraint such that the
fillet boundary may not trespass into a predefined
infeasible region at the shoulder, the stress along the
boundary of the optimal-shaped fillet will not be con-
stant. For this reason, commonly used methods to
minimize stress concentration by trying to make the
tangential stress uniform along the fillet boundary
may not work if geometric constraints exist. Besides,
tangential stress may also not be uniform in multi-
objective shape optimization problems. The present
method can easily be adapted to this type of problems.

The accuracy of finite-element calculations was
shown to have a significant effect on the resulting opti-
mized shape. If the error is not checked during shape
optimization, the algorithm may lead to spurious opti-
mal designs; as a result, the actual stress concentration
in the optimized shape may be very high.

Using spline curves ensures smoothness of the
boundary. As another advantage, manufacturing is
easy because CNC machines use spline interpolation
for free form surfaces.
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APPENDIX

Notation

d smaller diameter of round bar or smaller
width of flat bar

D larger diameter of round bar or larger width
of flat bar

f objective function to be minimized
fh highest objective function value of the

current configurations
fl lowest objective function value of the

current configurations
ft objective function value of the newly

generated configuration
Kq stress concentration factor defined based

on the equivalent stress
Kt stress concentration factor defined based

on the first principal stress
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L Markow chain length (i.e. number of
iterations in an inner loop)

n number of optimization variables
N number of initial configurations
Rmax maximum moving distance of key points

Snom normal component of nominal stress
T temperature parameter of the simulated

annealing process
σq equivalent stress
τnom shear component of nominal stress
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