Please refresh/test your knowledge/interest in this course.
Math 352 — Homework 0 (no grading)

1. Let f : R? — R be differentiable at each (z,y) € R2. Let gi(z,y,2) = 22 + y? + 22 and
g2(x,y,2) =z +y+ z, and let g = (g1, ¢92). Define h = f o g. Show that:

IVA|* = 4(D1f)*g1 + 4(D1f)(D2f)g2 + 3(Daf)?,
where D;f means the partial derivative of f with respect to its jth argument.

2. Let F(z+y+z, Az+By) = 0 for some differentiable F' with VF # 0, and A, B € R\{0}.
This level set naturally defines z as a function of  and y. Prove that:

A% — B% = constant.
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3. Let y; and o be two solutions of the DE " + p(t)y’ + q(t)y = 0, where p(t) and q(t)
are continuous functions of ¢ on an open interval I.

(a) Prove that if y; and ys are zero at the same point in I then they cannot form a
fundamental set of solutions.

(b) Prove that if y; and y, have maxima or minima at the same point in I then they
cannot form a fundamental set of solutions.

(c) Prove that if y; and ys have a common point of inflection ¢y € I then they cannot be
fundamental solutions unless p and g are zero at .

4. Consider the boundary problem on 0 < z < [:
u'(z) + o/ (z) = f(x)
u(0) = '(0) = 5[u' (1) + u(l)]
where f is a given arbitrary function.
(a) Is the solution unique? Explain.

(b) Does a solution necessarily exist or is there a condition that f must satisfy for exis-
tence? Explain.

5. Solve the boundary problem u” = 0 for 0 < z < 1 with 4/(0) + ku(0) = 0 and
u'(1) £+ ku(1) = 0. Do the 4+ and — cases separately. What is special about k = 27

1
6. If f:R3 — R3 is continuous and || f(z)| < TP +1 for all € R3, show that:
x
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Take D to be a large ball, apply Gauss’s divergence theorem and let the radius of the ball tend to infinity.

7. If T is a closed anticlockwise directed simple curve in R? with interior  and F' is
a smooth vector field on an open set containing 2 U I', show that Green’s theorem is

equivalent to:
// div FdA = / F -nds,
Q r



where n is the outward unit normal to I'.

8. Let n, I' and 2 be as in problem 7. If u is smooth and harmonic on €2, i.e., Uzz +uyy = 0
and continuous on Q U T, show that:

/ Vf-nds=0.
r
9. If Q is open in R? and f : Q — R is smooth, show that:
Area (graph f) = // (1+||VFI?)V2dA.
Q

10. Use Stokes’s theorem to evaluate the surface integral:

// curl (y2, zy, z2) dS
2

where ¥ is the hemi-sphere x2 4+ 4% + 22 = 1, z > 0, oriented so that the unit normal has
positive z coordinate.



