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Preface

This course has two (related) parts. The first half of the course will be devoted
to the study of fields and Galois Theory. Then we shall concentrate on extension
of commutative rings. Below are the topics we shall cover:

• Field Extensions

• Normal and Separable Extensions

• Fundamental Theorem of Galois Theory

• Cyclotomic Extensions

• Norm and Trace

• Hilbert’s 90 and Abelian Kummer Theory

• Noetherian Rings

• Integral Extensions

• Localization

• Discrete Valuation Rings and Dedekind Domains

We use the following sources: Abstract Algebra by Dummit and Foote [1],
Hungerford’s Algebra [2], and Lang’s Algebra [3].

We assume some familiarity with at least the following concepts: ring, field,
vector space, K-algebra, group, polynomial, integral domain
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Chapter 1

Field Theory

1.1 Some Basics

Let F be a field. Then we have a ring homomorphism

φ : Z→ F ; φ(n) = n 1 = 1 + · · ·+ 1.

We have two cases.

• If kerφ = {0}, then we say that the characteristic of F is 0. In this case,
we have a copy of Z in F , hence a copy of Q in F . That subfield is called
the prime field of F . Most of the times, we disregard the isomorphism
and denote the prime field as Q.

• If kerφ = nZ for n > 0, then F contains a copy of Z/nZ. Since Z/nZ
needs to be an integral domain, we have that n is a prime; hence we
rename it as p. In this case, we say that the characteristic of F is p, and
there is a copy of the finite field Fp in F , which is called the prime field
of F .

If the characteristic of F is not 0, we say that F is of positive characteristic.

If F is a subfield of E, then we say that E is an extension of F , and we denote
this as E|F . If E is an extension of F , then it is a vector space over F , and its
dimension as such is called the degree of the extension E|F and it is denoted
as [E : F ]. In these notes, we do not distinguish between different infinite
cardinalities; hence [E : F ] is either a positive integer or is the symbol∞. 1 We
say that the extension is finite if its degree is finite.

Example 1.1.1. For instance, let E be the subfield of C generated by
√

17;
so E = Q(

√
17). Then 1,

√
17 is a basis of E as a vector space over Q. So

[E : Q] = 2.

1We do not define + and · on N ∪ {∞}; just follow your instincts.
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8 CHAPTER 1. FIELD THEORY

If we let F be the subfield of C generated by
√

17 and 3
√

17, then it its easy to
check that [F : Q] = 6. This will follow also from the next theorem.

If we consider π in the place of
√

17, then Q(π)|Q is not a finite extension.2 4

Proposition 1.1.2. Let E|F and F |k be field extensions. Then

[E : k] = [E : F ][F : k].

Proof. Let {αi : i ∈ I} and {βj : j ∈ J} be bases of E over F and F over k.
Now it is routine to check that {αiβj : i ∈ I, j ∈ J} is a basis of E over k. �

Corollary 1.1.3. Let E|F and F |k be field extensions. Then E|k is finite if
and only if both E|F and F |k are finite.

We will be using the following fundamental fact repeatedly.

Proposition 1.1.4. Let k be a field and let G ≤ k× be finite. Then G is cyclic.

Proof. Let n be the exponent of G3. Then n ≤ |G|. It also means that each
element of G is a root of the polynomial xn − 1 ∈ k[x]. This polynomial can
have only n many roots. So |G| = n and hence G is cyclic. �

1.2 Algebraic Extensions

Let E|F be an extension and let α ∈ E. We have an F -algebra homomorphism

evα : F [x]→ E; evα(f) = f(α).

The image of this homomorphism is precisely the subring of E generated by
F ∪ {α}. It is denoted as F [α] and we sometimes call it the subring of E
generated over F by α. The elements of F [α] are simply “polynomials of α.”

If ker evα = {0}, then F [α] ' F [x]. In this case, we say that α is transcendental
over F .

Since F [x] is a PID, if ker evα 6= {0}, then ker evα = 〈f〉 for some nonzero
f ∈ F [x]. So we have a copy of F [x]/〈f〉 in E and hence f needs to be irreducible;
otherwise E would have zero-divisors. Note that this f is determined up to a
scaler from F and we may assume that its leading term is 1; in other words f
is monic. Such an f is unique and it is called the minimal polynomial of α over
F . In this case, we say that α is algebraic over F .

Note that f(α) = 0; indeed g(α) = 0 for all g ∈ 〈f〉. So α being algebraic
over F can be characterized as being a zero of a nonzero polynomial over F .
In this terminology, the minimal polynomial is the monic such polynomial with
the smallest degree.

2I assume that you are familiar with the transcendence of π and e.
3Recall that the exponent of G is the largest m > 0 such that am = 1 for every a ∈ G.
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Definition. An extension E|F is called algebraic if every element of E is alge-
braic over F . �

Proposition 1.2.1. If an extension E|F is finite, then it is algebraic.

Proof. Let [E : F ] = n and let α ∈ E. Then 1, α, α2, . . . , αn are linearly
dependent over F . Hence α is the root of a nonzero polynomial over F . �

Let E|F be an extension and let α ∈ E. Then being a subring of E, the ring
F [α] is an integral domain and hence we may talk about its field of fractions.
It is precisely the subfield of E generated by F ∪{α} and it is denoted as F (α).

Its elements are of the form f(α)
g(α) where f, g ∈ F [x] and g(α) 6= 0.

Proposition 1.2.2. Let E|F be an extension and let α ∈ E be algebraic over
F . Then F [α] = F (α), and [F (α) : F ] is the degree of the minimal polynomial
of α over F .

Proof. Let f be the minimal polynomial of α over F and let n be its degree.

If g ∈ F [x] such that g(α) 6= 0, then f 6 |g and hence k f + l g = 1 for some k, l ∈
F [x]. Then l(α)g(α) = 1, which means that the nonzero element g(α) of F [α]
has an inverse in F [α], proving that F [α] is indeed a field. Since F [α] ⊆ F (α),
we get that F [α] = F (α) by the minimality of F (α).

Since 1, α, α2, . . . , αn−1 are linearly independent over F , we have that [F (α) :
F ] ≥ n. To show the equality, let g(α) ∈ F (α) and divide g by f to get
g = q f + r, where r ∈ F [x] has degree less than n. So g(α) = r(α), and g(α)
can be written as a linear combination of 1, α, α2, . . . , αn−1. �

Corollary 1.2.3. Let F be a field and let α be in an extension of F . Then the
following are equal:

1. α is algebraic over F .

2. F (α)|F is finite.

3. α is contained in a finite extension of F .

4. α is contained in an algebraic extension of F .

Proof. (1 ⇒ 2 ) If α is algebraic over F , then by the proposition above F (α) is
finite over F .
(2 ⇒ 3 ) Clear.
(3 ⇒ 4 ) We proved above that finite extension are algebraic.
(4 ⇒ 1 ) By definition, elements of an algebraic extensions of F are algebraic
over F . �

Definition. Let E|K and E|F be field extensions. We let K ·F or KF denote
the subfield of E generated by K ∪ F . It is called the compositum of K and
F . �
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Note that the role of E in the definition of compositum is minimal; we just need
K and F to be contained in a common field.

For and extension E|F and α1, . . . , αn, we define F [α1, . . . , αn] and F (α1, . . . , αn)
by induction on n.

Definition. An extension E|F is called finitely generated if E = F (α1, . . . , αn)
for some α1, . . . , αn. �

Proposition 1.2.4. An extension E|F is finite if and only if it is finitely gen-
erated and algebraic.

Proof. First let E|F be finite. We have proven above that it is then algebraic.
Let {α1, . . . , αn} be a basis of E over F . Then

E = Fα1 + · · ·+ Fαn = F (α1, . . . , αn).

So E|F is finitely generated as well.

Conversely suppose E|F is algebraic and let E = F (α1, . . . , αn). Then α1, . . . , αn
are algebraic over F . Clearly F (α1, . . . , αk)|F (α1, . . . , αk−1) is finite for each
k ≤ n. Then using Corollary 1.1.3, we get that E|F is finite. �

Example 1.2.5. Let F be any field and let α be an element of an extension of
F that is transcendental over F ; for instance, F = Q and α = π. Then F (α) is
finitely generated over F , but it is not a finite extension of F .

For an algebraic extension, that is not finite, let F be a field and for each prime
p, let αp be an element in a fixed extension of F that is of degree p over F . 4

Then the field E generated over F by {αp : p prime} is an algebraic extension
of F . If E|F were finite, then [E : F ] would be divisible by for every prime.
Hence E|F is not finite. 4

Proposition 1.2.6. Let E|F , F |k, L|F be field extensions.

1. E|k is finite if and only if E|F and F |k are finite.

2. If E|F is finite, then EL|L is finite.

3. E|k is algebraic if and only if E|F and F |k are algebraic.

4. If E|F is algebraic, then EL|L is algebraic.

Proof. 1. This is just Corollary 1.1.3.

2. Suppose that E = F (α1, . . . , αn) where α1, . . . , αn are algebraic over F .
Then EL = L(α1, . . . , αn), then EL|L is also finite.

4Can you find a concrete example of this?
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3. If E|k is algebraic, then it is clear that both E|F and F |k are algebraic.
Suppose conversely that E|F and F |k are algebraic. Let α ∈ E. Then
αn + an−1α

n−1 + · · ·+ a1α + a0 = 0 for some a0, . . . , an−1 ∈ F . We also
know that k(a0, . . . , an−1)|k is algebraic and finitely generated, hence α is
algebraic over k.

4. Let α ∈ EL. Then α ∈ L(α1, . . . , αn) for some α1, . . . , αn ∈ E. We
know that α1, . . . , αn are algebraic over F , and hence over L. Then
L(α1, . . . , αn)|L is algebraic and in particular α is algebraic over L.

�

Corollary 1.2.7. Let E|k and F |k be finite/algebraic extensions and suppose
that E,F are contained in a common field L. Then EF |k is finite/algebraic.

Proof. We only prove the ‘finite’ version since the ‘algebraic’ version is done in
almost exactly the same way. Using the second part of the previous proposition,
we see that both EF |E is finite. Now using the first part of the proposition, we
get that EF |k is finite. �

1.3 Field Embeddings and Their Extensions

Recall that nonzero field homomorphisms are injective; we call them (field)
embeddings. Every embedding σ : F → L extends to a ring embedding
F [x] → L[x], by sending x to itself; we still denote this ring embedding by
σ and sometimes we write fσ in the place of σ(f).

Let E|F be an extension and let σ : F → L be an embedding. An embedding
τ : E → L is said be an extension of σ if τ |F = σ. In the diagram below ι
denotes the natural embedding of F into E.

E L

F L

τ

σ

ι id

If F is a subfield of L and σ is the natural embedding of F into L, then we say
that τ is over F .

Proposition 1.3.1. Let τ : E → L be an extension of σ : F → L. Suppose that
f(x) ∈ F [x] and α ∈ E is a root of f . Then τ(α) is a root of fσ.

Proof. Write f = a0 + a1x+ · · ·+ anx
n and note that

fσ(τ(α)) = σ(a0) + σ(a1)τ(α) + · · ·+ σ(an)τ(α)n

= τ(a0 + a1α+ · · ·+ anα
n)

= τ(f(α))

= τ(0) = 0.
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�

Corollary 1.3.2. Let F be a subfield of E and L and let τ : E → L be an
embedding over F . Suppose that f ∈ F [x]. Then τ sends roots of f to roots of
f .

Lemma 1.3.3. Let E|F be an algebraic extension and σ : E → E be an endo-
morphism over F . Then σ is an automorphism of E.

Proof. As σ fixes F , it cannot be the zero endomorphism, hence it is injective
and all we need to show is that σ is surjective. This is clear if the extension is
finite by dimension reasons.

Let β ∈ E and let f be its minimal polynomial over F . Let E′ be the field gener-
ated over F by the roots of f in E. Since E′|F is finite, σ|E′ is an automorphism
of E′. Hence there is α ∈ E′ such that σ(α) = β. �

Lemma 1.3.4. Let E|E1 and E|E2 be extensions and let σ : E → L be an
embedding. Then σ(E1E2) = σ(E1)σ(E2).

Proof. It is clear that σ(E1)σ(E2) ⊆ σ(E1E2). For the other inclusion just note
that elements of E1E2 are quotients of elements of the form α1β1 + · · ·+ αnβn
where α1, . . . , αn ∈ E1 and β1, . . . , βn ∈ E2. �

Proposition 1.3.5 (Kronecker). Let f ∈ k[x] be non-constant. Then k has an
extension in which f has a root.

Proof. It suffices to prove this for irreducible f , so we assume so. We embed k
into a field that contains a root of f ; making this field an actual set-theoretic
extension is a simple matter.

Consider
k

ι−→ k[x]
π−→ k[x]/〈f〉

Note that σ := π ◦ ι is an embedding of k into the field K := k[x]/〈f〉. Consider
the element ζ := π(x) ∈ K. We have

fσ(ζ) = fπ(xπ) = π(f(x)) = 0.

�

Proposition 1.3.6. Let k be a field and let α be in some algebraic extension
of k. Then k(α) is isomorphic to k[x]/〈f〉, where f is the minimal polynomial
of k.

Proof. Let φ : k[x]→ k[α] be the ring homomorphism sending g(x) to g(α). As
k(α) = k[α], this φ is surjective, and it is clear that the kernel of φ is 〈f〉. �

Corollary 1.3.7. Let k be a field and let α, β be in two algebraic extensions of
k with the same minimal polynomial. Then k(α) and k(β) are isomorphic over
k via an isomorphism sending α to β.
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Definition. A field K is said to be algebraically closed if every non-constant
polynomial with coefficients from K has a root in K. �

Clearly, if K is algebraically closed, then K actually contains all the roots of all
the non-constant polynomials over K.

Theorem 1.3.8. Any field k has an extension that is algebraically closed.

Proof. Let S = {Xf : f ∈ k[x] \ k}; so S contains a variable for each non-
constant polynomial over k. Let R be the ring k[S] and

I := 〈f(Xf ) : f ∈ k[x] \ k〉.

We claim that I is not the whole R. If it were, then

1 = g1f1(Xf1) + · · ·+ gmfm(Xfm),

for some g1, . . . , gm ∈ R and f1, . . . , fm ∈ k[x] \ k. Suppose that X1, . . . , XN be
all the variable in the equation above.

Using the previous proposition, take an extension E|k that contains a root of
each one of f1, . . . , fm; say αf1 , . . . , αfm . If Xj is a variable among X1, . . . , XN

that is not of the form Xfi , then put αj = 0. So we get a tuple ~α = (α1, . . . , αN )
from E and we have

1 = g1(~α)f1(~α) + · · ·+ gm(~α)fm(~α) = g1(~α)f1(αf1) + · · ·+ gm(~α)fm(αfm) = 0.

This is a contradiction, hence we have I 6= R.

Let m be a maximal ideal of R containing I. So E1 := R/m is a field containing
an isomorphic copy of k. Moreover, E1 contains a root of each polynomial over
k; namely f(Xf ) = 0, where Xf is the image of Xf in E1.

Applying the same procedure to E1 in the place of k, we get E2 that contains
a copy of E1 and a root of each polynomial over E1. Continuing this way, we
get E1 ⊆ E2 ⊆ E3 ⊆ . . . . Now it is easy to check that E =

⋃
i>0Ei is an

algebraically closed field containing k.5 �

Corollary 1.3.9. Any field k has an algebraic extension K that is algebraically
closed.

Proof. Let E be an algebraically closed field containing k and let K be the
union of all finite extensions of k that are included in E. It is clear that K is
indeed a field extending k and that K|k is algebraic. In order to show that K
is algebraically closed, let f ∈ K[x] \K. Then E contains a root α of f . Then
α is algebraic over K, hence over k. Therefore k(α) ⊆ K and α ∈ K. �

5As in the previous proposition, E does not actually contain k, just an isomorphic copy of
it, but again it is not a problem to carry the field structure on E to a field containing k.
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An extension of a given field k as in this corollary is called an algebraic closure
of k; in a bit we shall see that two algebraic closures are isomorphic over k, and
thus we will talk about the algebraic closure of k. If we fix an algebraically closed
field L containing k, then it follows from the proof of the previous corallary that
there is indeed a unique algebraic closure of k contained in L. For instance, C is
an algebraically closed field containing Q; below when we refer to Q we always
refer to the algebraic closure of Q in C; it is called the field of algebraic numbers,
and an element of Q is called an algebraic number.

Proposition 1.3.10. Let σ : k → L be an embedding of a field k in an alge-
braically closed field L. Also α be in an algebraic extension of k with minimal
polynomial f . Then there are as many extensions of σ to k(α) as the number
of distinct roots of fσ in L .

Proof. Let f ∈ k[x] be the minimal polynomial of α over k. Take a root β ∈ L
of fσ. Then as in the proof of Proposition 1.3.6, σ extends to k(α), by sending α
to β. Clearly, different β ∈ L give different embeddings. Therefore the number
of embeddings is at least the number of distinct roots of fσ in L. If τ is an
embedding of k(α) in L extending σ, then τ(α) is a root of fσ. Thus the
embedding above are all the embeddings. �

Using Proposition 1.3.1, we get the following consequence.

Corollary 1.3.11. Let σ : k → L be an embedding of a field k in an algebraically
closed field L. Also let K be an algebraically closed field containing k, and let α
be in an algebraic extension of k with minimal polynomial f . Then the number
of extensions of σ to k(α) is the same as the number of roots of f in K.

Using the proposition above, we may count the number of extensions to σ to a
finite extension, which we do below in detail.

Theorem 1.3.12. Let E|k be an algebraic extension and let σ : k → L be
an embedding of k into an algebraically closed field L. Then σ extends to an
embedding of E into L. Moreover, if E is algebraically closed and L|σ(k) is
algebraic, then E is isomorphic to L.

Proof. Let
S := {τ : F → L : k ⊆ F ⊆ E, τ |k = σ}.

Then S is nonempty and it is ordered by inclusion of functions. One may easily
see that S is closed under chains, hence S has a maximal element; say τ : F → L.
We claim that F = E. Suppose not and let α ∈ E \ F . Then α is algebraic
over k and hence over F . Therefore by Proposition 1.3.10, τ extends to an
embedding of F (α) into L. This contradicts the maximality of τ and F = E.

For the second part note that, under the assumptions there, L|τ(E) is also an
algebraic extension. So if α ∈ L, then α is algebraic over τ(E). Since τ(E) is
algebraically closed, we get that α ∈ τ(E) and that τ is surjective. �
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Corollary 1.3.13. Let K and L be two algebraic closures of k. Then K and L
are isomorphic over k.

Proof. Take σ in the previous theorem to be the inclusion of k into L. Then it
extends to the whole of K and by the second part of the theorem that extension
is an isomorphism. �

Using this, we generally fix one algebraic closure of k and denote it as k. Note
that we are very flexible in the choice of this algebraic closure. For instance,
we may take the one that is contained in some fixed algebraically closed field
containing k; as in the case of algebraic closure of Q in C. As mentioned before,
in that case the algebraic closure is really unique.

Fix an algebraic closure k of k. Two elements α, β of k are said to be conjugate
over k if they have the same minimal polynomials over k. This also means that
there is an automorphism of k over k that sends α to β.

Let α be algebraic over k with minimal polynomial f . The multiplicity of α is
the largest m > 0 such that (x − α)m divides f . In other words, if m is the
multiplicity of α, then f(x) = (x− α)mh(x), where h(x) ∈ k[x] with h(α) 6= 0.
If β is a conjugate of α, then there is an isomorphism σ : k(α) ' k(β) over k.
Hence fσ = f and the multiplicity of β is also m.

1.4 Normal Extensions

Let k be a field and let f ∈ k[x] be non-constant. An extension K of k is called
a splitting field of f if K = k(α1, . . . , αn) where α1, . . . , αn are roots of f with
the property that f = c(x− α1) · · · (x− αn) for some constant c ∈ k. In vague
terms, a splitting field of f over k is a field generated over k by all the roots of
f . We are allowed to say this since we know by the work done in the previous
section that there is an extension of k that contains all the roots of f ; at least
we may take the roots in the algebraic closure of k. In particular, splitting fields
always exist and the next result says that they are unique up to isomorphisms.

Proposition 1.4.1. Let f ∈ k[x] be non-constant and let K and L be splitting
fields of f . Then K and L are isomorphic over k,

Proof. Embed K into L over k; say via σ. We claim that σ is an isomorphism
of K and L.

Let K = k(α1, . . . , αn) and L = k(β1, . . . , βn), where

f = c(x− α1) · · · (x− αn) = c(x− β) · · · (x− βn).

Clearly, fσ = f and hence

f = c(x− σ(α1)) · · · (x− σ(αn)) = c(x− β) · · · (x− βn).
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By unique factorization, we see that

{β1, . . . , βn} = {σ(α1), . . . , σ(αn)},

and hence L = σ(K) and σ is an isomorphism of K and L. �

We may define the splitting field of a family {fi : i ∈ I} of a family of non-
constant polynomials in k[x] over k. Also the existence and uniqueness of such
splitting fields can be proven similarly.

Theorem 1.4.2. Let K|k be algebraic and fix an algebraic closure k of k con-
taining K. Then the following are equivalent.

1. K is the splitting field of a family of non-constant polynomials in k[x].

2. Every embedding of K into k over k is an automorphism (of K).

3. If f ∈ k[x] is irreducible and has a root in K, then K contains all the
roots of f (in k).

Proof. (1 ⇒ 2 ) Let K be the splitting field of {fi ∈ k[x] : i ∈ I}. An embedding
of K over k into k is determined by where the roots of fi are sent to. By
assumption, all roots of each fi are in K. Therefore any embedding sends K
into itself and hence by Lemma 1.3.3, it is indeed an automorphism of K.

(2 ⇒ 3 ) Let f ∈ k[x] be irreducible and let let α ∈ K be a root of f . Let β ∈ k
be another root of f . Then there is an embedding of K into k that sends α to
β. By assumption, such an embedding sends K into itself, hence β ∈ K.

(3 ⇒ 1 ) We claim that K is the splitting field of

{f ∈ k[x] : f is irreducible and has a root in K}.

By the assumption, K contains all the roots of all the polynomials in this col-
lection. If α ∈ K, then α is algebraic over k and hence its minimal polynomial
is contained in the collection above. �

Definition. An algebraic extension K|k is called normal if it satisfies one of
the conditions in Theorem 1.4.2. �

Example 1.4.3. Let k = Q and let f(x) = x3 − 2. Then f is irreducible in

Q[x]. The roots of f in Q are α = 3
√

2, αζ3, αζ
2
3 , where ζ3 = e

2πi
3 is a primitive

third root of unity. So the splitting field of f (in Q) is K = Q(α, αζ3, αζ
2
3 );

note that it is indeed Q(α, ζ3). Note that K|Q(α), K|Q(ζ3), and Q(ζ3)|Q are
normal, but Q(α)|Q is not. 4

Proposition 1.4.4. 1. Let E|k be a normal extension and k ⊆ F ⊆ E.
Then E|F is normal.

2. Let E|k be a normal extension and let F |k be any extension. Suppose that
E,F are contained in a common extension. Then EF |F is normal.
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3. Let E1|k and E2|k be normal extensions and suppose that E1 and E2 are
contained in a common extension. Then E1E2|k and E1∩E2|k are normal.

Proof. (1) This is clear since any embedding of K over F is also an embedding
over k.

(2) We may assume that k ⊆ F . Let σ be an embedding of EF over F . Then
σ|E is an embedding of E over k. By assumption, σ(E) = E and therefore
σ(EF ) = σ(E)σ(F ) = EF .

(3) Let σ be an embedding of E1E2 into k over k. Then σ(E1) = E1 and
σ(E2) = E2. Therefore σ(E1E2) = σ(E1)σ(E2) = E1E2; proving that E1E2|k
is normal. Note that σ(E1 ∩ E2) = σ(E1) ∩ σ(E1) = E1 ∩ E2, hence E1 ∩ E2|k
is normal. �

Let E|k be algebraic and fix an algebraic closure k of k containing E. Consider
the intersection K of all K ′ ⊆ k such that E ⊆ K ′ and K ′|k is normal. Then
K is the smallest extension of E that is normal over k; we call it as the normal
closure of E|k.

When E|k is finite, say σ1, . . . , σn are all the embeddings of E into k over k,
we may characterize the normal closure of E|k as the compositum of the fields
σ1(E), . . . , σn(E). Another way to express E is as the splitting field of minimal
polynomials of α1, . . . , αm, where E = k(α1, . . . , αm).

Example 1.4.5. Let k = Q and E = Q( 3
√

2). As investigated above E|k is not
normal and its normal closure is K = Q( 3

√
2, ζ3). 4

1.5 Separable Extensions

Let E|k be an algebraic extension and L be an algebraically closed field. For
an embedding σ : k → L, we define SL(σ,E) to be the set of extensions of
σ to E; so it is the set of embeddings σ̃ : E → L with σ̃|k = σ. Note that
SL(σ,E) = S

σ(k)
(σ,E); so for many purposes, we may assume that L = σ(k).

Proposition 1.5.1. Let E|k be an algebraic extension and let σ : k → L and
τ : k → L′ be embeddings of k into algebraically closed fields L,L′. Then

|SL(σ,E)| = |SL′(τ, E)|.

Proof. Assume that L and L′ are algebraic closures of σ(k) and τ(k), and fix
an isomorphism λ : L → L′ extending the isomorphism τ ◦ σ−1 between σ(k)
and τ(k) . Now it is easy to see that the map

f : SL(σ,E)→ SL′(τ, E); f(σ̃) = λ ◦ σ̃

is indeed a bijection. �
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As a result of this proposition, we may define the separable degree of E over k
as

[E : k]s := |SL(σ,E)|
for some embedding σ of k into an algebraically closed field. We may even take
the inclusion of k into an algebraic closure of k containing E.

Proposition 1.5.2. Let E|F and F |k be algebraic extensions.

1. [E : k]s = [E : F ]s[F : k]s.

2. If E|k is finite, then [E : k]s ≤ [E : k].

3. Suppose that both E|F and F |k are finite. Then [E : k]s = [E : k] if and
only if [E : F ]s = [E : F ] and [F : k]s = [F : k].

Proof. (1 ) We may assume L = k = F = E. Let σ : k → L be an embedding
and consider σ̃ ∈ SL(σ,E). Then σ̃ �F∈ SL(σ, F ) and it can be extended to E
in [E : F ]s many ways. Since every element of SL(σ, F ) extends to an element
of SL(σ,E), we get the desired equality.

(2 ) Let E = k(α1, . . . , αn). Put E0 = k, and Ei = Ei−1(αi) for i = 1, . . . , n.
Then by Proposition 1.3.10, we have [Ei : Ei−1]s is the number of roots of the
minimal polynomial of αi over Ei−1. Since that number is less than the degree
of the minimal polynomial, we get [Ei : Ei−1]s ≤ [Ei : Ei−1]. Since both degrees
are multiplicative, we get [E : k]s ≤ [E : k].

(3 ) Clear from the previous parts. �

Definition. 1. A finite extension E|k is separable if [E : k]s = [E : k].

2. An element α that is algebraic over k is called separable over k if k(α)|k
is separable.

3. A polynomial f ∈ k[x] is called separable if it has no multiple roots in an
algebraic closure of k.

�

Note that α is separable over k if and only if its minimal polynomial over k is
separable.

The third part of Proposition 1.5.2 states that for k ⊆ L ⊆ E, we have E|F and
F |k are (finite) separable extensions if and only if E|k is separable.

Proposition 1.5.3. Let E|k be finite. Then E|k is separable if each α ∈ E is
separable over k.

Proof. Suppose that E|k is separable and let α ∈ E. Then E|k(α) and k(α)|k
are separable and hence α is separable over k.

Conversely, suppose that every element of E is separable over k. Write E =
k(α1, . . . , αn). Let E0 = k and for i > 0, let Ei = Ei−1(αi). Then E|k is
separable if and only if for each i > 0, we have Ei|Ei−1 is separable. It is clear
that each Ei|Ei−1 is separable since each αi is separable over k. �
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In the light of this proposition, we define an algebraic extension E|k to be
separable if each α ∈ E is separable over k. It means that each finite extension
F |k with F ⊆ E is separable.

Proposition 1.5.4. 1. Let k ⊆ F ⊆ E be fields such that E|k is algebraic.
Then E|k is separable if and only if E|F and F |k are separable.

2. Let E|k be a separable extension and let F |k be an arbitrary extension.
Then EF |F is separable.

3. Let E|k and F |k be separable. Then EF |k is separable.

Proof. 1. Suppose E|k is separable and let α ∈ E. Then the minimal polynomial
of α over F divides the minimal polynomial of it over k. Hence α is separable
over F and E|F is separable. Next let α ∈ F . Then the minimal polynomial of
α over k is separable since α ∈ E. Hence F |k is separable.
Conversely, suppose that E|F and F |k are separable, and let α ∈ E. Let K|k
be separable such that the minimal polynomial of α over F is in K[x]. Then
K|k is separable since F |k is and K(α)|K is separable since E|F is separable.
So K(α)|k is separable and hence α is separable over k.

2. Note that EF = F (α : α ∈ E) and by assumption each α ∈ E is separable
over k, hence over F . So EF |F is separable.

3. Clear from the previous parts. �

Suppose that E|k is separable, then it follows from the last part of this propo-
sition that the normal closure of E|k is separable over k.

Definition. Let k be a field and fix an algebraic closure k of it. The separable
closure (in k) of k is

ksep := {α ∈ k : α is separable over k}.

�
Note that ksep can be characterized as the compositum of all (finite) separable
extensions of k inside k. Hence ksep|k is indeed separable.

For a polynomial f(x) = anx
n + · · ·+ a0 ∈ k[x], we define the formal derivative

of f as
f ′(x) = nanx

n−1 + (n− 1)an−1x
n−2 + · · ·+ 2a2x+ a1.

Clearly, f ′ ∈ k[x].

It is easy to see that the formal derivative operator is k-linear and satisfies the
Leibniz rule: (fg)′ = f ′g + fg′. It follows that f has a double root if and only
if f and f ′ have a common root. So if f is irreducible, then f is not separable if
and only if f ′ is identically 0, because f is the minimal polynomial of any root
of it (in k).

If k is of characteristic 0, then f ′ is not identically zero since nan 6= 0. Therefore
any algebraic extension in characteristic 0 is separable. We shall investigate the
positive characteristic case later.
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Definition. A field k is called perfect if all of its algebraic extensions are sep-
arable. �

So fields of characteristic 0 are always perfect. We’ll see a characterization of
perfect fields of positive characteristic later.

Theorem 1.5.5 (Primitive Element Theorem). Let E|k be a finite separable
extension. Then E = k(α) for some α ∈ E.

Proof. If k is finite, then so is E and hence E× is cyclic, say generated by α.
Hence E = k(α) in this case. So assume that k is infinite.

Using an inductive argument, we may assume that E = k(α, β) for some α, β.
Let [E : k] = n and let σ1, . . . , σn be the embeddings of E over k into k.
Consider the polynomial

P (x) =
∏
i 6=j

(
(σiα− σjα) + (σiβ − σjβ)x

)
.

Note that P is not the zero polynomial since σi 6= σj for all i 6= j. Then, as
k is infinite, there is c ∈ k such that P (c) 6= 0. This means that σi(α + cβ) 6=
σj(α + cβ) for every distinct i, j. This means that the field k(α + cβ) has n
many embeddings over k into k. This means that

n ≤ [k(α+ cβ) : k]s ≤ [k(α+ cβ) : k] ≤ [E : k] = n.

Hence [k(α+ cβ) : k] = n and E = k(α+ cβ). �

The generator as in this theorem is called a primitive element of the exten-
sion. We observed above that every algebraic extension in characteristic zero
is separable. Hence every finite extension in characteristic zero has a primitive
element.

Using a proof similar to the proof of the Primitive Element Theorem above, we
may prove the following equivalence for a finite extension E|k:

E = k(α) for some α ⇐⇒ there are only finitely many intermediate fields
between k and E.

The following consequence of the primitive element will be used later.

Lemma 1.5.6. Let E|k be a separable extension. Suppose that there is n > 0
such that each α ∈ E has degree at most n over k. Then E|k is finite of degree
at most n.

Proof. Let α ∈ E be of largest degree m; so m ≤ n. We claim that E = k(α).
Let β ∈ E \ k(α) and consider k(α, β). Since the extension is separable, using
the Primitive Element Theorem, there is γ such that k(γ) = k(α, β). Then
[k(γ) : k] = [k(α, β) : k] ≥ [k(α) : k]. So k(α, β) = k(α) by the maximality of
m, and hence E = k(α). It is clear that [E : k] = m ≤ n. �
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1.6 Finite Fields

Note that a finite field needs to be of positive characteristic, as others contain
the rationals. So let F be a finite field of characteristic p. One finite field
we know is the prime field Fp; fix an algebraic closure Fp of it. Suppose that
[F : Fp] = n. Then F has pn many members. Can we find for any n > 0, a field
with pn many elements? Yes! Consider the polynomial xp

n − x. One root of
it is 0 and the formal derivative of the polynomial xp

n−1 − 1 is (pn − 1)xp
n−2.

Hence xp
n − x is separable and has exactly pn many roots in Fp. It is easy to

see that those roots form a field. So we have field with pn many elements; we
denote it as Fpn . Actually, if F were included in Fp, then F = Fpn , because F×

is cyclic and a generator is a root of xp
n−1 − 1.

Note that Fpn |Fp is normal and separable, because it is the splitting field of the
separable polynomial xp

n−1 − 1. Also it is easy to see that Fpm ⊆ Fpn if and
only if m|n.

Consider the map φ : Fp → Fp defined as φ(x) = xp. This is an automorphism
of Fp. It is called the Frobenius automorphism. For n > 0 consider φn = φ|Fpn ;
it is an automorphism of Fpn . Clearly, φnn = idFpn and it is not hard to see that
the order of φn is actually n and moreover Aut(Fpn) is generated by φn. Hence
Aut(Fpn) ' Z/nZ.

1.7 Inseparable Extensions

Let k be a field of characteristic p. Take an element α ∈ k whose its minimal
polynomial f over k is not separable.

We know that f ′ is the zero polynomial and considering the coefficients we see
that f(x) = g(xp) for some g(x) ∈ k[x]. Note that g is indeed the minimal
polynomial of αp over k; otherwise we could construct a polynomial whose
degree is less than the degree of f and gives zero when evaluated at α. Then

[k(αp) : k] = deg g =
deg f

p
=

[k(α) : k]

p
.

It follows that the minimal polynomial of α over k(αp) is xp−αp. The only zero
of this polynomial is α. Hence [k(α) : k(αp)]s = 1 and [k(α) : k]s = [k(αp) : k]s.

If g were separable, then we would get

[k(α) : k]s = [k(αp) : k]s = [k(αp) : k] =
[k(α) : k]

p
.

Hence we get [k(αp) : k] = p[k(αp) : k]s in that case. If g is not separable, then
we could do the same calculations with g in the place of f . Continuing this way,
we get that

[k(αp) : k] = pµ[k(αp) : k]s
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for some µ ≥ 0. The number pµ is called the degree of inseparability of α over
k. Note that this is exactly the multiplicity of α over k.

Let E|k be finite. Then iterating the arguments above, we get

[E : k] = pµ[E : k]s

for some µ ≥ 0. Again, the number pµ is degree of inseparability of the extension
E|k and it is denoted as [E : k]i.

Clearly, the extension E|k is separable if and only if [E : k]i = 1. The other
extreme is [E : k]i = [E : k]; in this case the extension is said to be purely insep-
arable. If k(α)|k is purely inseparable, then we say that α is purely inseparable
over k. Note that α is purely is separable if and only if the minimal polynomial
of α over k is of the form xp

µ−a for some a ∈ k; this polynomial can be written
as xp

µ − αpµ . It follows that a field k of characteristic p is perfect if it is closed
under taking pth roots; more precisely, the subfield

kp := {αp : α ∈ k}

is indeed the whole k. Another way to express is that the Frobenius map φ :
k → k sending x to xp is surjective; hence is an automorphism.

Proposition 1.7.1. 1. Let k ⊆ F ⊆ E be fields such that E|k is algebraic.
Then E|k is purely inseparable if and only if E|F and F |k are purely
inseparable.

2. If E|k is a purely inseparable (algebraic) extension and F |k any extension,
then EF |F is purely inseparable.

Proof. Exercise. �



Chapter 2

Galois Theory

2.1 Galois Correspondence

An algebraic extension E|k is called Galois if it is both normal and separable.
For such an extension E|k, we define the Galois group of E|k as

Gal(E/k) := {σ : E → E : σ is an automorphism of E over k}

Assuming k = E, elements of Gal(E/k) exactly the embeddings of E over k
into k. If E|k is finite, then |Gal(E/k)| = [E : k].

An intermediate field of E|k is simply a subfield F of E containing k. Note
that when F is an intermediate field, the extension E|F is still Galois and
Gal(E/F ) ≤ Gal(E/k). Our eventual aim is to show obtain a correspondence
between intermediate fields and subgroups of Gal(E/k) when the extension E|k
is finite.

For that correspondence, let G ≤ Aut(E) for some field k. Then we let the fixed
field of G to be

EG := {α ∈ E : σ(α) = α for all σ ∈ G}.

When E|k is a Galois extension and H ≤ Gal(E/k), the fixed field EH is indeed
an intermediate field.

Proposition 2.1.1. Let E|k be a Galois extension and let G = Gal(E/k). Then
EG = k

Proof. It is clear by definition that k ⊆ EG. For the other inclusion, let α ∈ EG.
Let F be the splitting field of the minimal polynomial of α over k. Then F |k is
also Galois any element of Gal(F/k) extends to an element of G. The orbit of α
under the action of Gal(F/k) consists of the conjugates of it over k. However,
by the assumption this orbit consists of α and by separability the only way this
can happen is that α ∈ k. �

23
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It follows from this proposition that when E|k is a Galois extension and F is an
intermediate field, we have EGal(E|F ) = F . This proves that the map sending
an intermediate field F to to the subgroup Gal(E|F ) of Gal(E|k) is injective: If
Gal(E|F ) = Gal(E|F ′), then F = EGal(E|F ) = EGal(E|F ′) = F ′. Note that for
this result, we haven’t assumed that the extension E|k is finite.

The surjectivity of the correspondence for finite extensions follows from the
following result.

Theorem 2.1.2 (Artin’s Theorem). Let K be a field and let G be a finite
subgroup of Aut(K). Then the extension E|EG is finite Galois with Galois
group |G|. (In particular [E : EG] = |G|.)

Proof. Let n = |G| and take α ∈ E. We first show that α is separable over EG

and that its degree over EG is at most n.

Let σ1, . . . , σm ∈ G be maximal set such that {σ1α, . . . , σmα} has m members.
Note that if τ ∈ G, then {σ1α, . . . , σmα} = {τσ1α, . . . , τσmα}. In particular,
σiα = α for some i. So α is a root of

f(x) =

m∏
i

(x− σiα).

Then for any τ ∈ G, we have fτ = f . Therefore f(x) ∈ EG[x] and hence
the degree of α over EG is at most n . Clearly, f is separable over k; so α is
separable over EG. By Lemma 1.5.6, we have that [E : EG] ≤ n. Also since f
splits into linear factors in E, then E|EG is also normal.

Note that Gal(E/EG) contains G, hence [E : EG] ≥ |G| = n. So [E : EG] = n
and Gal(E/EG) = G. �

Corollary 2.1.3. Let E|k be finite Galois extension with G = Gal(E/k).
Then for any subgroup H of G, there is an intermediate field F such that
H = Gal(E/F ).

Proof. Just take F = EH and use Artin’s Theorem. �

This finishes the desired correspondence between intermediate fields and sub-
groups of the Galois group for a finite Galois extension. We have some conse-
quences of this.

Proposition 2.1.4. Let E|k be a finite Galois extension with Galois group G.
Also let F, F ′ be intermediate fields, say H = Gal(E/F ) and H ′ = Gal(E/F ′).

1. F ⊆ F ′ if and only if H ⊇ H ′.

2. Gal(E/FF ′) = H ∩H ′.

3. Gal(E/F ∩ F ′) is the subgroup of G generated by H and H ′.
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4. F |k is normal if and only if H /G. Moreover, when that happens we have
Gal(F/k) ' G/H.

Proof. The diagrams of the field extensions under consideration and the corre-
sponding groups is as follows:

k

F ∩ F ′

F ′F

FF ′

E

G

〈H,H ′〉

H ′H

H ∩H ′

1

Part (1 ) is clear from the correspondence.

For part (2 ), note that FF ′ = EHEH
′ ⊆ EH∩H

′
. Using part (1 ), we get

H ∩H ′ ⊆ Gal(E/FF ′). If σ is an automorphism of E fixing FF ′, then σ fixes
F and F ′, and hence σ ∈ H ∩H ′. Then H ∩H ′ = Gal(E/FF ′).

Using part (1 ) again, it is clear that 〈H,H ′〉 ⊆ Gal(E/F ∩ F ′). Similarly,
E〈H,H

′〉 ⊆ F ∩ F ′ and hence Gal(E/F ∩ F ′) = 〈H,H ′〉.

Now for the first part of (4), suppose F |k is normal. So, it is Galois, with G′ =
Gal(F/k). Then, ϕ : G→ G′ defined as φ(σ) = σ|F is a group homomorphism
with kernel H. So H / G. Conversely, suppose that F |k is not normal. Then,
there is σ : F ↪→ E over k such that σF 6= F . We may extend σ to E, an
element of G. Now Gal(E/σF ) = σGal(E/F )σ−1 = Hσ, but Hσ 6= H. So H
is not normal in G. For the second part, all we need is the surjectivity of ϕ.
Let τ ∈ G′. Then, τ extends to E. Then τ is the image of that extension under
ϕ. �

Proposition 2.1.5. Let K/k be (finite) Galois extension with G = Gal(K/k),
and let F/k be any field extension such that KF exists.

1. The extensions KF/F and K/(F∩K) are Galois. We let H = Gal(KF/F )
and H ′ = Gal(K/F ∩K).

2. Define ϕ : H → G by ϕ(σ) = σ|K . Then ϕ is an injective group homo-
morphism with Im(ϕ) = H ′. Moreover, H ' H ′.

3. [KF : F ] | [K : k].

Proof. We shall assume that K|k is finite; the infinite case is correct, but its
proof requires some less elementary tools.
(1) Done earlier.
(2) It is clear that ϕ is a homomorphism. If σ ∈ Ker(ϕ), then σ|K = IdK . So
σ is identity on KF and ϕ is injective. If σ ∈ Im(ϕ), then σ fixes K ∩ F , and
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K ∩ F ⊆ KIm(ϕ). Suppose α ∈ KIm(ϕ); so σ(α) = α for every σ ∈ Im(ϕ). Such
σ are of the form τ |K for some τ ∈ H. So elements of H also fix α and α ∈
(KF )H = F . This shows α ∈ KIm(ϕ) ⊆ K∩F and α ∈ KIm(ϕ) = K∩F = KH′ .
So Im(ϕ) = H ′. (Note that last step uses finiteness.)

(3) [KF : F ] = |H| = |H ′| | |G| = [K : k].

�

Proposition 2.1.6. Let K1|k and K2|k be Galois with G1 = Gal(K1/k) and
G2 = Gal(K2/k). Suppose K1K2 exists.

1. K1K2|k is Galois. Let G = Gal(K1K2/k).

2. The map ϕ : G→ G1 ×G2 defined as ϕ(σ) = (σ|K1
, σ|K2

) is an injective
group homomorphism.

3. If K1 ∩K2 = k, then ϕ is surjective.

We have the following diagram,

k

K1 ∩K2

K2K1

K1K2

G1 G2

G

Proof. (1) is done before

(2) If σ is an automorphism of K1K2, then σ|K1
and σ|K2

determine σ. So, ϕ
is injective.

(3) Kernel of ϕ is automorphisms of σ ofK1K2 fixingK1 andK2. So ifK1∩K2 =
k, then G1 ' Gal(K1K2/K1) and G2 ' Gal(K1K2/K2) and ϕ is surjective. �

2.2 Some Examples

Example 2.2.1 (Quadratic Extensions). Let [K : k] = 2. Say K = k + kα.
Then, K = k(α) where α is the root of a degree two polynomial; say f(X) =

X2 + aX + b. Suppose char(k) 6= 2. Then, f(X) =
(
X + a

2

)2 − (a24 − b). Let

β = α + a
2 . Then β2 = a2

4 − b ∈ k and K = k(α) = k(β). So K is generated
over k by a square root of an element of k. Thus, at least in characteristic not
equal to 2 case, quadratic extensions are of the form K = k(

√
A) where A is a

non-square in k.1 4
1What happens in characteristic 2?
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Example 2.2.2 (Cubic Extensions). Assume char(k) is neither 2 nor 3, and
let f(X) = X3 + aX + b be a polynomial in k[X], that has no roots in k.2

Let α be a root of f in k and let K be the splitting field of f . Then, K|k
is Galois, because f can’t have multiple roots. Note that [k(α) : k] = 3 and
k(α) ⊆ K. So, 3 | [K : k] and [K : k] | 3! = 6.3 Therefore, [K : k] = 3 or
[K : k] = 6. In the first case, K = k(α). Let α1, α2, α3 be the roots of f and
let δ = (α1 − α2)(α1 − α2)(α2 − α3) and ∆ = δ2. Put G = Gal(K/k). For any
σ ∈ G we have σ(δ) = ±δ; so σ(∆) = ∆. As a result ∆ ∈ KG = k. Indeed,
we may calculate it as ∆ = −4a3 − 27b2. If δ 6∈ k, then [k(δ) : k] = 2; and
δ ∈ K. So [K : k] = 6 and G ' S3. So K = k(α, δ) in this case and we have the
following diagram

k

k(α)

k(δ)

K

3

2

3

2

If δ ∈ k, then K = k(α) (δ ∈ KG, hence σ(δ) = δ for all σ ∈ G). So in that
case [K : k] = 3 and G ' A3 ' C3.

4

Example 2.2.3 (A Degree 4 Polynomial). Let f(X) = X4 − 2 ∈ Q[x]. Either
by using Eisenstein Criterion or by writing down the roots, we see that f is
irreducible over Q. If α ∈ R is a real root, then other roots are −α, iα,−iα. So
K = Q(α, i) is the splitting field.

Q

Q(α) Q(i)

K

4 2

42

So G = Gal(f) := Gal(K/k) has 8 elements.

Consider the following elements of G:

τ(i) = −i and τ(α) = α

σ(i) = i and σ(α) = iα

So, we see that
τσ(i) = −1 and τσ(α) = τ(iα) = −iα

2What happened to X2?
3Why?
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σ3τ(i) = σ3(−i) = −i and σ3τ(α) = σ3(α) = σ2(iα) = iσ2(α) = −iα.
4

Therefore, τσ = σ3τ , and G ' D4. So we have the following diagram,

G

{1, σ2τ, τ, σ2} = 〈σ2, τ〉 〈σ〉 〈σ2, στ〉 = {1, στ, σ2, σ3τ}

〈τ〉 〈σ2, τ〉 〈σ2〉 〈στ〉 〈σ3τ〉

〈1〉

Now, we can find the corresponding intermediate fields. Clearly, G corresponds
to Q and 1 corresponds to K. 〈σ〉 corresponds to Q(i) since σ fixes i and
has order 4. 〈σ2, τ〉 corresponds to Q(α2) since all elements of 〈σ2, τ〉 fixes α
and [Q(α) : Q(α2] = 2. For similar reasons we see that 〈τ〉 corresponds to
Q(α), 〈σ2, στ〉 corresponds to Q(iα2), 〈α2〉 corresponds to Q(i, α2) and 〈σ2τ〉
corresponds to Q(iα). What about 〈στ〉 and 〈σ3τ〉?
An example with G ' Sn:
Let K = k(T1, . . . , Tn) where k is a field and A = {T1, . . . , Tn} is a set of
indeterminates that are algebraically independent over k. Let G = Sn = S(A).
Each element of G gives an automorphism of K; so we think it as a subgroup
of Aut(K). Applying Artin’s theorem, we get that K|KG is Galois with Galois
group G. So we found an extension with Galois group Sn, but can we describe
KG? Yes, we can and we will!
Let

f(X) =

n∏
i=1

(X − Ti)

Note that K is the splitting field over KG of f(X), which is separable. Then,

f(X) = Xn ± s1(
−→
T )Xn−1 ± · · · ± si(

−→
T )Xn−1 ± · · · ± sn−1(

−→
T )X ± sn(

−→
T )

where s1, · · · , sn are elementary symmetric polynomials in
−→
T = (T1, . . . , Tn),

for instance, s1(
−→
T ) =

∑n
i=1 Ti and sn(

−→
T ) = T1 · · ·Tn. Now, we have,

K

KG

k(s1, . . . , sn)

n!
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Clearly, every element of G fixes each si (This is more or less the definition
of si’s). Thus k(s1, . . . , sn) ⊆ KG. Also K|k(s1, . . . , sn) is normal: it’s the
splitting field of f and it’s degree is less than n!. So KG = k(s1, . . . , sn).

Example 2.2.4 (A Degree 5 Example). Let f(X) = X5 − 4X + 2 ∈ Q[x]; we
see that it is irreducible, using Eisenstein Criterion. Let K be its splitting field.

f ′(x) = 5X4 − 4. So, for α ∈ R, f ′(α) = 0 if and only if α = 4

√
4
5 or α = − 4

√
4
5 .

The other roots of f ′(X) are complex. Then, f(X) has at most 3 real roots.
Using Newton approximation, one may show that it has exactly 3 roots. Say
the roots are α1, α2, α3, β1, β2 where β1 and β2 are complex numbers that are
not real numbers. Then G = Gal(K/Q) has an element switching β1 and β2,
and fixing α1, α2, α3. In other words, the restriction of complex conjugation to
K is in G. So it has a transposition. As 5 | |G|4, G has an element of order 5.
So it’s a cycle. It’s easy to show that a 5-cycle and a transposition generates
the whole S5. So G ' S5.

4

Example 2.2.5 (Cyclotomic Extensions). Let k be a field of characteristic p,
possibly p = 0. A root of unity in k is a root of the polynomial Xn − 1 in k for
some n > 0; these roots are called nth roots of unity. Put

µn(k) = {α ∈ k : α is an nth root of unity}.

Note that |µn(k)| = n if p - n, because Xn − 1 is separable in that case. Also,
µpn(k) = {1}.
Clearly, µn(k) is a multiplicative group; hence it is cyclic. A generator is called
a primitive nth root of unity .

If p - m, p - n, and gcd(m,n) = 1, then

µmn(k) ' µm(k)× µn(k).

Let ζ ∈ k be a primitive nth root of unity, and consider k(ζ). Any conjugate of
ζ under any embedding is again an nth root of unity, and hence k(ζ)|k is normal
and separable. Let G = Gal(k(ζ)/k). Let σ ∈ G, then σ(ζ) = ζi for some i. We
need the order of ζi to be n as well; so it follows that gcd(i, n) = 1. Also this i
is determined up to a multiple of n. Then we have a group homomorphism:

ϕ : G −→ (Z/nZ)×

σ 7−→ i(σ)

where σ(ζ) = ζi(σ). This map is injective, so G is cyclic and |G| | |(Z/nZ)×| =
ϕ(n). Thus, [k(ζ) : k] | ϕ(n). In general, we don’t have equality; for instance,
[R(ζ) : R] = 2 for any primitive nth of unity ζ. One important case of the
equality is as follows.

4Why?
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Theorem 2.2.6. Let ζ ∈ C be a primitive nth root of unity. Then [Q(ζ) : Q] is
ϕ(n).

Proof. Let f ∈ Q[X] be the minimal polynomial of ζ over Q. Then Xn − 1 =
f(X)h(X) for some h ∈ Q[X]. By Gauss’ lemma, f, h ∈ Z[X]. It suffices to
show that ζp is a root of f , where p - n is a prime, because that would mean
that all the nth primitive roots of unity are roots of f ; then deg(f) ≥ ϕ(n).
Suppose that ζp is not a root of f . Then it’s a root of h(x), and hence ζ is a
root of h(xp). Then f(X) | h(Xp). Say h(Xp) = f(X)g(X) with g ∈ Z[X].
Consider this equality modulo p:

h(Xp) = f(X) · g(X) (mod p).

Then,

h(xp) = h(x)
p

= f(x) · g(x) (mod p).

Then h(X) and f(X) have a common root in Fp. This means that Xn − 1 has
a double root in Fp; however this is not possible as p - n. Hence ζp is a root of
f . �

4

2.3 Norm and Trace

Let E|k be finite, r = [E : k]s, p
m = [E : k]i and let {σ1, . . . , σr} be the set of

embeddings of E into k, over k. For α ∈ E, define

NE/k(α) =

r∏
i=1

σi(α)p
m

and TrE/k(α) = [E : k]i

r∑
i=1

σi(α).

Note that TrE/k(α) = 0 if E is not a separable extension of k.

Proposition 2.3.1. NE/k is a multiplicative group homomorphism from E× to
k×.

Proof. Let α, β ∈ E×. Then

NE/k(αβ) =

(
r∏
i=1

σi(αβ)

)pm
=

(
r∏
i=1

σi(α)σi(β)

)pm

=

(
r∏
i=1

σi(α)

)pm
·

(
r∏
i=1

σi(β)

)pm
= NE/k(α) ·NE/k(β).

Therefore NE/k is multiplicative.
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In order to show that NE/k(α) is in k×, note that αp
m

is separable over k and

hence the normal closure of the extension k(αp
m

)|k is also separable. So it is
enough to show that NE/k(α) is fixed by each σi, but this is clear from the
definition. �

Proposition 2.3.2. TrE/k is an additive group homomorphism from E into k.

Proof. Similar to the proof above. �

Let E ⊇ F ⊇ k be a tower of fields. Then we have the norms NE/k,NE/F ,NF/k.
We claim that NE/k = NF/k ◦NE/F . Let σ1, . . . , σr be the embeddings of E

into F over F and τ1, . . . , τs be the embeddings of F into k over k. Then,

NE/k(α) =

 s∏
j=1

r∏
i=1

τjσiα

[E:k]i

=

 s∏
j=1

τj

(
r∏
i=1

σiα

)[E:F ]i
[F :k]i

=

 s∏
j=1

τj NE/F (α)

[F :k]i

= NF/k(NE/F (α)).

Similarly, TrE/k = TrF/k ◦TrE/F .

Let E = k(α) and let f(X) = Xn + an−1X
n−1 + · · ·+ a1X + a0 ∈ k[X] be the

minimal polynomial of α over k. Also let α1, . . . , αr be the distinct roots of f
in k. Then

f(x) =

(
r∏
i=1

(X − αi)

)[E:k]i

.

Then

NE/k(α) = (α1 · · ·αr)[E:k]i = (−1)na0 and TrE/k(α) = −an−1.

Therefore, we have:

1. NE/k(α) = α[E:k].

2.

NE/k(α) = Nk(α)/k(NE/k(α)(α))

= Nk(α)/k(α[E:k(α)])

=
(

(−1)[k(α):k]a0

)[E:k(α)]

= (−1)[E:k] a
[E:k]/[k(α):k]
0 .

(Note that [k(α) : k] is the degree of the minimal polynomial.)
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3. TrE/k(α) = nα if α ∈ k.

4. TrE/k(α) = −[E : k(α)]an−1.

5. TrE/k is k-linear.

Proposition 2.3.3. Let E|k be finite separable. Then (x, y) 7→ TrE/k(xy) is a
bilinear map from E × E to k.

Proof. Clear. �

As a result, if E|k is finite, then

Tr : E −→ E∗

x 7−→ Trx

is a k-linear map, where Trx is a map from E to k defined as y 7→ TrE/k(xy).
Suppose that E|k is also separable and let x ∈ Ker(Tr); so TrE/k(xE) = 0. If
x 6= 0, then xE = E, and hence TrE/k(xE) = TrE/k(E) 6= 0. So Tr is injective
and it is an isomorphism of k-linear spaces because of dimension reasons. Hence
E is identified with E∗ via Tr.5

2.4 Characters

Let G be a monoid and let K be a field. A character of G in K is a group
homomorphism

χ : G −→ K×.

Character that maps every element of G to 1 is called the trivial character.

Theorem 2.4.1. Let χ1, . . . , χn be distinct characters of G in K. Then they
are linearly independent over K; that is if there are a1, . . . , an ∈ K such that
a1χ1 + · · ·+ anχn is identically 0, then ai = 0 for all i.

Proof. Assume that a non-zero K-linear combination of distinct characters of
G is zero and let n be the smallest positive integer such that there are distinct
χ1, . . . , χn and a1, . . . , an ∈ K× such that a1χ1 + · · · + anχn is identically 0.
Let g ∈ G such that χ1(g) 6= χ2(g). Then

a1χ1(gx) + a2χ2(gx) + · · ·+ anχn(gx) = 0

for all x ∈ G. So after dividing by χ1(g):

a1
χ1(g)

χ1(g)
χ1(x) + a2

χ2(g)

χ1(g)
χ2(x) + · · ·+ an

χn(g)

χ1(g)
χn(x) = 0

for every x ∈ G. We also have

a1χ1(x) + a2χ2(x) + · · ·+ anχn(x) = 0.

5E∗ is the dual space of E.
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Hence, we get

a2

(
χ2(g)

χ1(g)
− 1

)
χ2(x) + · · ·+ an

(
χn(g)

χ1(g)
− 1

)
χn(x) = 0

which contradicts the minimality of n since a2

(
χ2(g)
χ1(g)

− 1
)
6= 0. �

An application of the linear independence of characters is as follows.

Proposition 2.4.2. Let E|k be a finite separable extension and σ1, . . . , σn be
distinct embeddings of E into k over k. If {w1, . . . , wn} is a basis of E over k,
then ξi = (σjwi)i=1,...,n ∈ En are linearly independent over E for j = 1, . . . , n.

Proof. Let α1, . . . , αn ∈ E be such that α1ξ1 + · · ·+ αnξn =
−→
0 . Then

(α1σ1 + · · ·+ αnσn)(wi) = 0

for all i. Then α1σ1 + · · ·+αnσn is identically zero. Since σ1|E× , . . . , σn|E× are
characters, by the linear independence of characters we get αi = 0 for all i. �

Let E|k be finite and let α ∈ E. Consider the k-linear map:

mα : E −→ E .

x 7−→ αx

Let Mα be the matrix of mα for a given basis. We claim that det(Mα) =
NE/K(α).

First, let E = k(α) and let Xd + ad−1X
d−1 + · · · + a1X + a0 be the minimal

polynomial of α over k, Then the matrix Mα of mα with respect to the basis
1, α, . . . , αd−1 is 

0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...

...
. . .

...
...

0 0 · · · 1 −ad−1

 .

Hence, we see that det(Mα) = (−1)d−1(−a0) = (−1)da0 = Nk(α)/k(α).

In general: NE/k(α) =
(
(−1)da0

)[E:k]/d
. Let w1, . . . , wk be a basis of E over

k(α). Then {αiwj : i = 0, 1, . . . , d− 1, j = 1, . . . , k} is a basis of E over k. Now
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mα(αiwj) = αi+1wj for i = 1, . . . , d− 1. Then Mα with respect to this basis is:

0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...

...
. . .

...
...

0 0 · · · 1 −ad−1

0 · · · 0

0

0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...

...
. . .

...
...

0 0 · · · 1 −ad−1

· · · 0

...
...

. . .
...

0 0 · · · · · ·


Now we see that det(Mα) =

(
(−1)da0

)[E:k]/d
= NE/k(α).

Using the same bases, one can easily show that TrE/k(α) = Tr(Mα).

2.5 Cyclic Extensions

For an adjective A that is applicable to groups, we say that an extension is A if
it is Galois and its Galois group is A.

Our aim is to determine finite cyclic extensions. Our main tool is the following.

Theorem 2.5.1 (Hilbert’s 90). Let K|k be cyclic of order n; say Gal(K/k) =
〈σ〉. Let α ∈ K. Then NK/k(α) = 1 if and only if α = β

σβ for some β ∈ K×.

Proof. Sufficiency is clear. For the necessity, we first observe that the automor-
phisms IdK , σ, σ

2, . . . , σn−1 are linearly independent over K. Let a1 = 1, a2 =
α, a3 = ασ(α), . . . , an = ασ(α) · · ·σn−2(α). These are all elements of K×. We
know that the linear combination a1 IdK +a2σ+ · · ·+ anσ

n−1 is not identically
0. So take θ ∈ K such that

β := θ + ασ(θ) + ασ(α)σ2(θ) + · · ·+ ασ(α) · · ·σn−2(α)σn−1(θ) 6= 0.

We claim that α = β
σβ . Since NK/k(α) = ασ(α) · · ·σn−1(α) and σn(θ) = θ, we

have

σβ = σ(θ) + σ(α)σ2(θ) + · · ·+ ασ(α) · · ·σn−1(α)σn(θ)

= σ(θ) + σ(α)σ2(θ) + · · ·+ ασ(α) · · ·σn−2(α)σn−1(θ) + NK/k(α)θ.

Then α = β
σβ as NK/k(α) = 1. �

A characterization of cyclic extensions in a certain special case is as follows.
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Theorem 2.5.2. Let k be a field and n be a natural number such that char(k) -
n. Suppose that k contains a primitive nth root of unity, say ζ.

1. If K|k is cyclic of order n, then K = k(β) for some β ∈ K which is a root
of Xn − a for some a ∈ k.

2. If α ∈ k is a root of Xn− a for some a ∈ k, then k(α)|k is cyclic of order
d | n. Moreover αd ∈ k.

Proof. (1 ) Let Gal(K/k) = 〈σ〉. Note that NK/k(ζ) = ζn = 1 and NK/k(ζ−1) =

1. So by Hilbert’s 90, ζ−1 = β
σβ for some β ∈ K×, and σβ = ζβ and σi(β) = βζi

for i = 1, . . . , n. So β, βζ, . . . , βζn−1 are conjugate over k. Then [k(β) : k] ≥ n
and k(β) = K. Note that σ(βn) = (σβ)n = βnζn = βn. Then a = βn ∈ k and
β is a root of Xn − a.
(2 ) Let α be a root of Xn− a. Then ζiα are also roots of Xn− a. Then k(α)|k
is Galois; say G = Gal(k(α)/k). Let σ ∈ G. Then σα is a root of Xn − a, as
well. Then σα = ζσα for some nth root of unity ζσ. This gives an injective
group homomorphism

G −→ µn(k).

So G is cyclic. If |G| = d, then d|n. For a generator σ of G, we have that ζσ is a
primitive dth-root of unity, and σ(α)d = (σα)d = (ζσα)d = αd. So αd ∈ k. �

Theorem 2.5.3 (Hilbert’s 90 – Additive Form). Let K|k be cyclic of order n
and let σ be a generator of Gal(K/k) = 〈σ〉. Let β ∈ K. Then TrK/k(β) = 0 if
and only if β = α− σα for some α ∈ K.

Proof. Sufficiency is clear, we prove the necessity. Take some θ ∈ K with
TrK/k(θ) 6= 0. We can take a such θ since Tr is not identically 0. Let

α =
βσθ + (β + σβ)σ2θ + · · ·+ (β + σβ + · · ·+ σn−2β)σn−1(θ)

Tr(θ)
.

Then

σα =
σ(β)σ2(θ) + (σ(β) + σ2(β))σ3(θ) + · · ·+ (σ(β) + σ2(β) + · · ·+ σn−1(β))σn(θ)

Tr(θ)
.

Now we see that σ(β) + σ2(β) + · · ·+ σn−1(β) = −β. So, we have

α− σα =
βσ(θ) + βσ2(θ) + · · ·+ βσn−1(θ) + βθ

Tr(θ)
= β.

�

Theorem 2.5.4 (Artin-Schreier). Let k be a field of characteristic p.

1. Let K|k be cyclic of degree p. Then there is α ∈ K such that K = k(α)
and α is a root of Xp −X − a for some a ∈ k.
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2. If α ∈ k is a root of an irreducible polynomial of the form Xp−X − a for
some a ∈ k, then k(α)|k is cyclic of order p.

Proof. (1 ) Let G = Gal(K/k) = 〈σ〉. TrK/k(−1) = p(−1) = 0. So 1 = σα − α
for some α ∈ K. So σα = α+ 1 and σi(α) = α+ i for each i ∈ {0, 1, . . . , p− 1}.
These are all distinct conjugates of α. So [k(α) : k] ≥ p and k(α) = K.

σ(αp − α) = σ(α)p − σ(α) = (α+ 1)p − (α+ 1)− αp − α.

So a = αp − α ∈ k and hence α is a root of Xp −X − a.
(2 ) If α ∈ k is a root of Xp−X − a, then each α+ i is a root of Xp−X − a for
i = 0, . . . , p−1. So these are exactly the roots. As Xp−X−a is assumed to be
irreducible in k[X], we get that k(α)|k is Galois of degree p; so it’s cyclic. �

In the second part of this result the polynomial Xp −X − a is assumed to be
irreducible. We claim that if no root of f(X) = Xp − X − a is in k, then
it is irreducible. Suppose f(X) = g(X)h(X), where deg(g),deg(h) < p; Let
d = deg(g). So g(X) is a product of X − α − i for d many i’s. The coefficient
of Xd−1 is −dα + j for some j. But this element is not in k unless d = 0. So
Xp −X − a is irreducible over k.

2.6 Solvability By Radicals

Let F |k be a finite separable extension of fields of characteristic p ≥ 0. We say
F |k is solvable by radicals if there is a finite extension E|k with F ⊆ E and
there is a tower k = E0 ⊆ E1 ⊆ · · · ⊆ En−1 ⊆ En = E of intermediate fields
such that Ei+1 is obtained from Ei by one of the following:

(i) Adjoining a root of unity.

(ii) Adjoining a root of Xn − a where a ∈ Ei and p - n.

(iii) Adjoining a root of Xp −X − a with a ∈ Ei.

Observe that (i) is a part of (ii), but we still want to isolate the case of adding
a root of unity. Note that (iii) appears only when p > 0.

Recall that a group G is solvable if there is a tower

1 = G0 / G1 / · · · / Gm−1 / Gm = G

such that Gi+1/Gi is abelian for i = 0, . . . ,m− 1.

Recall also the following facts about solvable groups:

1. If G is finite solvable, then we can refine the tower in a way that Gi/Gi+1

are cyclic.

2. Let G be a group with H / G. Then G is solvable if and only if H and
G/H are solvable.
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3. Sn is not solvable for n ≥ 5.

Definition. Let E|k be a finite extension. E|k is solvable if the smallest Galois
extension K|k with E ⊆ K is solvable. �

Note that “smallest” is not necessary; i.e. if there is a solvable Galois extension
K|k with E ⊆ K, then E|k is solvable. If we have tower as the following,

k

E

K

L

Smallest Galois

we have Gal(L/k) ⊆ Gal(L/K) ' Gal(L/k)/Gal(K/k).

Proposition 2.6.1.

1. Let k ⊆ F ⊆ E be fields. E|k is solvable if and only if E|F and F |k are
solvable.

2. Let E|k be solvable and F |k be arbitrary. Then EF |F is solvable.

Proof. (2 ) Let K|k be solvable with E ⊆ K. Then KF |F is Galois and
Gal(KF/F ) embeds into Gal(K/k). So Gal(KF/F ) is solvable and since EF ⊆
KF , we have EF |F is solvable.

(1 ) It is clear that E|F and F |k are solvable if E|k is. For the other implication,
let E|F and F |k be solvable. Let K ⊇ F be such that K|k is Galois and
solvable. Also by (2 ), EK|K is solvable. Let L ⊇ EK be such that L|K is
Galois and Gal(L/K) is solvable. Let σ : L → k over k. Then σK = K as
K/k is Galois. So σL|K is solvable. Let M be the composition of the fields σL.
Then M |k is Galois; hence M |K is Galois and Gal(M/K) ⊆

∏
σ Gal(σL/K) is

solvable. Consider Gal(M/k)→ Gal(K/k) given as restriction. It is a surjective
group homomorphism and it’s kernel is normal in Gal(M/k) and it’s isomorphic
to Gal(M/k). So Gal(M/k)/ ker ' Gal(K/k). Then by the fact (2 ) above,
Gal(M/k) is solvable, finishing the proof.
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k

F

E

K

EK

L

M

�

Theorem 2.6.2. Let K|k be a finite extension of characteristic p ≥ 0. Then
K|k is solvable if and only if it is solvable by radicals.

Proof. First suppose that K|k is solvable and let L|k be Galois with solvable
Galois group and L ⊇ K. Let m be the product of all primes dividing [L : k] and
not equal to p. Let ζm be the primitive mth root of unity, and put E = k(ζm).
Then LE|E is Galois and solvable; say G = Gal(LE/E). Then there is a tower

{1} = Gn / Gn−1 / · · · / G1 / G0 = G

such that Gi/Gi+1 is cyclic. By the correspondence, we get intermediate fields

E = E0 ⊆ E1 ⊆ · · · ⊆ En−1 ⊆ En = LE

such that Gal(Ei+1/Ei) ' Gi/Gi+1, hence cyclic. Therefore using earlier results
on cyclic extensions, we see that Ei+1 is obtained from Ei by adjoining a root
of a polynomial either of the form Xn − a or of the form Xp − X − a, where
a ∈ Ei. Since E|k is clearly solvable by radicals, we see that K|k is solvable by
radicals.

k

K

L

E = k(ζm)

LE
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Now let K|k be solvable by radicals, then the normal closure, say L, of K|k is
also solvable by radicals. Again, let m be the product of all primes dividing
[L : k] and not equal to p and let ζm be the primitive mth root of unity. Put
F = k(ζm). It suffices to prove that LF |F is solvable6. Tthis again follows from
previous theorems on cyclic extensions. �

Theorem 2.6.3. Let k be any field, n > 1, a ∈ k×. Suppose that a 6∈ kp for
any prime p | n, and a 6∈ −4k4 if 4 | n. Then Xn − a is irreducible in k[X].

Proof. We proceed by induction on n. The case n = 2 is clear.

Step 1: (Reduction to the case that n is a prime power)

Let n = pr ·m, p - m, p 6= 2. Suppose that α = α1, α2, . . . , αm are the roots of
Xm − a with possible repetitions. By induction Xm − a is irreducible. Write

Xn − a =
(
Xpr

)m
− a =

m∏
i=1

(
Xpr − αi

)
.

If α = βp in k(α), then

−a = (−1)m Nk(α)/k(α) = (−1)m Nk(α)/k(βp)

= (−1)m Nk(α)/k(β)p

If m is odd, then a ∈ kp, and if m is even, then a = −Nk(α)/k(β)p ∈ kp. So
α 6∈ k/α)p.

As a result, if we know that Xpr −a is irreducible in k(α)[X], then we would
have concluded that

[k(β) : k] = [k(β) : k(α)] · [k(α) : k]

= pr ·m = n

where β is a root of Xpr − α. Then Xn − a would be the minimal polynomial
of β over k, and hence Xn − a would be irreducible in k[X].

Step 2: (Xpr − a is irreducible in k[X])

Case 1: (p = char(k))

Xpr − a =
(
Xpr−1

− α
)p

where αp = a. By induction
(
Xpr−1 − α

)p
is irreducible in k(α)[X], hence

Xp − a is irreducible in k[X].

Case 2: (p - char(k))
Let α be a root of xp−a. If xp−a is not irreducible in k[x] then [k(α) : k] = d < p.
Then, d = Nk(α)/k(αp) = Nk(α)/k(α)p ∈ kp and hence a ∈ kp. Therefore Xp− a
is irreducible.

6Why?
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We proceed by induction on r with r = 1 case being the previous paragraph.
Let α1, . . . , αp ∈ k be the roots of Xp − a. Then,

Xp − a =

p∏
i=1

(
Xpr−1

− αi
)

Case a: (α 6∈ k(α)p)

Let β be a root of Xpr−1 − α. If p 6= 2, then

[k(β) : k(α)] = pr−1

and
[k(β) : k] = pr−1 · p = pr

This shows that xp
r − a is irreducible in k[x].

If p = 2 and let β ∈ k(α) be such that α = −4β4. Then

−a = Nk(α)/k(α) = 16 Nk(α)/k(β)4

is a square in k and
√
−1 ∈ k(α). Then α =

(√
−12β2

)2
is a contradiction.

Case b: (α ∈ k(α)p)
Say α = βp with β ∈ k(α). Now

−a = (−1)p Nk(α)/k(α) = (−1)p N(β)p

If p 6= 2, then a ∈ kp and we get a contradiction once again. Let p = 2. Then,
−a = N(β)2, put b = N(β) ∈ k. So −1 6∈ k2, let i ∈ k be with i2 = −1. Then

X2r − a = X2r + b2

=
(
X2r−1

+ ib
)(

X2r−1

− ib
)

in k(i)[X]. By induction, if X2r−1

+ib or X2r−1−ib is not irreducible in k(i)[X],
then either ±ib ∈ k(i)2 or ±ib ∈ −4k(i)4. So in that case ±ib is a square in
k(i); say ±ib = (c + di)2 = c2 − d2 + 2cdi with c, d ∈ k. Then c2 = d2 and
hence d = ±c and ±ib = 2cdi = ±2c2i. But then a = −b2 = −4c4 ∈ −4k4. So
x2

r−1±ib are irreducible in k(i)[X]. Therefore X2r−a is irreducible in k[X]. �

As an example, note that X4 + 4b4 =
(
X2 + 2bX + 2b2

) (
X2 − 2bX + 2b2

)
. So

X4m−a is irreducible in k[X] if we choose a ∈ −4k4. Therefore the assumptions
of the theorem are tight.

A particular case of the theorem is when a 6∈ kp for some odd prime p. In that
case, xp

r − a is irreducible in k[x] for all r ≥ 1.

Corollary 2.6.4. Let k be a field of characteristic 0 such that [k : k] is finite.
Then either k is algebraically closed or k = k(i) with i2 = −1. In other words,
if [k : k] is finite, then it’s either 1 or 2.
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Proof. Clearly k|k is a Galois extension. Put k1 = k(i) with i2 = −1. Let
G = Gal(k/k1); say |G| = n. Suppose that n 6= 1 and take p, a prime dividing

n. Let H 6 G with |H| = p and let F = k
H

. Since [k : F ] = p, we have that
µp(k) ⊆ F ; otherwise there is an intermediate field, namely F (ζp), which is of
degree p− 1. Then by the earlier theorem about cyclic extensions we have that
k is the splitting field of xp−a over F for some a ∈ F . Then xp

2−a is reducible
in F [x]. Then p = 2 and a ∈ −4F 4. This forces i not to be in F . This is a
contradiction; so n = 1 and hence k = k(i). If i ∈ k, then k = k; otherwise
[k : k] = 2. �

As a matter of fact, we do not have to assume that characteristic is 0. It follows
from the assumption that [k : k] is finite and not 1. See page 299 of [3] for
details.

Theorem 2.6.5 (Normal Basis Theorem). Let K|k be a finite Galois extension
with G = Gal(K/k) = {σ1, . . . , σn}. Suppose that k is infinite. Then there is
w ∈ K such that σ1(w), . . . , σn(w) is a linear basis of K over k.

Proof. Let K = k(α) and let f(X) ∈ k[X] be the minimal polynomial of α.
Without loss of generality assume that σ1 is the identity. Define

g(X) =
f(X)

(X − α)f ′(α)

a polynomial in K[X]. Note that for i = 1, . . . , n

σig(X) =
f(X)

(X − αi)f ′(αi)

where αi = σi(α). In addition, g(α) = 1 and σig(α) = 0 for i 6= 1.7 Now
let D(X) = det (σiσjg(X))i,j∈{1,...,n}. Note that D(X) is a polynomial, and

D(α) = ±1 6= 0. So D(X) 6≡ 0, and hence we may take a ∈ k such that
D(a) 6= 0. Put w = g(a). We’d like to show that w, σ2(w), . . . , σn(w) are
linearly independent over k.

Suppose that b1w + b2σ2(w) + · · ·+ bnσn(w) = 0. For i = 1, . . . , n, applying σi
to this equality we get

b1σi(w) + b2σiσ2(w) + · · ·+ bnσiσn(w) = 0

Then,

(σiσjg(x))i,j∈{1,...,n}

b1...
bn

 =

0
...
0

 .

Since (σiσjg(X))i,j∈{1,...,n} is invertible, we get that bi = 0 for i = 1, . . . , n. So

w, σ2(w), . . . , σn(w) are linearly independent over k. �

7Note that σig(α) 6= σi(g(α))
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A basis of K as a vector space over k of the form σ1(w), . . . , σn(w) is called a
normal basis. As an example, Let’s consider the case of a quadratic extension

K = k(
√
d) for some d ∈ k\k2. Then Gal(K/k) = {id, σ} where σ(

√
d) = −

√
d.

We’d like to find w = a + b
√
d such that w and σ(w) = a − b

√
d are linearly

independent over k. Note that we can’t take a = 0 or b = 0. So suppose a 6= 0
and b 6= 0 and let c(a+ b

√
d) + d(a− b

√
d) = 0 with c, d ∈ k. Then a(c+ d) = 0

and b(c− d) = 0. So c+ d = c− d = 0 and hence c = d = 0. Therefore, in this
case, any w = a+ b

√
d with a 6= 0, b 6= 0 gives a normal basis.

2.7 Generic Resolvent

Let ~X = (X1, . . . , Xn) be a tuple of independent variables, and let k be a field.
Most of the time, we’ll assume that char(k) = 0 to avoid separability issues.

Put L = k( ~X) and K = k(s1, . . . , sn), where si( ~X) is the elementary symmetric
polynomial of degree i. Recall that L|K is Galois and Gal(L/K) ' Sn. From
now on, we identify these groups. So Sn acts on L by permuting Xi’s. Now put

θ(T ) = (T −X1) · · · (T −Xn) =

n∑
i=0

(−1)nsiT
n−i ∈ K[T ].

So L is the splitting field of θ(T ) over K. Let H 6 Sn and put F = LH . Hence
L|F is Galois with Gal(L/F ) = H. Write F = K(α) for some α ∈ F . This α is
called a generic resolvent for H.

Example 2.7.1. Let H = An. In this case, An / Sn; so F |K is Galois with
Gal(F/K) ' Sn/An ' C2. So α must have degree 2 over K. We may determine
it to be ∆ =

∏
i<j Xi −Xj . Clearly, ∆ is fixed exactly by elements of An and

then ∆2 ∈ K and F = K(∆). 4

Example 2.7.2. Let H = 〈(12)〉 ≤ S3. It is easy to see that α = X1 +X2 +X2
3

generates LH over K. Also β = X2
1 +X2

2 +X3 generates LH over K. Note that
α+ β ∈ K. 4

Let’s go to the opposite direction. Let α ∈ L; actually there is no harm to
assume α ∈ k[ ~X]. Define H(α) to be the stabilizer of α under the action of Sn;
that is

H(α) = {σ ∈ Sn : σ(α) = α}.

Then L|LH(α) is Galois with Gal(L/LH(α)) = H(α). Clearly, K(α) ⊆ LH(α).
Actually, they are equal (take this as an exercise). Therefore, α is a generic
resolvent for H(α). More importantly, we have

H(α) = H(β)⇐⇒ K(α) = K(β)

for all α, β ∈ L. This was already observed in Example 2.7.2.
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Let σ1 = id, σ2, . . . , σm ∈ Sn be a complete set of coset representatives for H(α).
Then αi := σi(α) are distinct and they are the conjugates of α over K. Hence

mα(T ) :=

m∏
i=1

(T − αi)

is the minimal polynomial of α over K. Write

mα(T ) = Tm + cm−1(~s)Tm−1 + · · ·+ c1(~s)T + c0(~s)

where c0, c1, . . . , cm ∈ k[Y1, . . . , Yn] and ~s = (s1, . . . , sn). For instance in the
case of Example 2.7.2, the coefficients of the minimal polynomial mα(T ) of α
over K are as follows8:

c2 =− 2s21 + 4s2 − s1,
c1 =s41 − s31 − 4s21s2 + 2s1s2 + 2s22 + 3s1s3 − 6s3,

c0 =s61 − 3s51 + (3− 6s2)s41 + (12s2 − 1)s31 + (3s22 − 6s2 − 9s3)s21+

(6s22 + 9s3 − 6s2)s1 + s32 + 3s2s3 − s3 + s23.

Now let f(X) ∈ k[X] be irreducible and separable with roots a1, . . . , an in k.

Put bi := si(a1, . . . , an) and let ~b = (b1, . . . , bn) ∈ kn. Then

f(X) = Xn − b1Xn−1 + · · ·+ (−1)nbn.

Define mα,f = Tm+cm−1(~b)Tm−1+ · · ·+c1(~b)T +c0(~b). So if we think of mα as
a function of X1, . . . , Xn, then mα,f is that function evaluated at (a1, . . . , an).
However, we do not need to know what the roots a1, . . . , an are, we only need
to know the coefficients of f .

Here is the main result, which we present without a proof.9

Theorem 2.7.3. Given k and f ∈ k[X], the Galois group of the splitting field
of f over k is contained in a conjugate of H(α) (in Sn) if and only if mα,f has
a root in k.

2.8 Galois Groups over Q

Let f ∈ Z[X] be irreducible, and let K be the splitting field of f over K. We
would like to understand Gal(K/Q).

Let α1, . . . , αn ∈ Q be roots of f and put ∆ :=
∏

1≤i<j≤n(αi − αj)2.

Fact 1: Let p be a prime and let f ∈ Fp[X] be the reduction of f modulo p.
Then f is separable if and only if p - ∆.

8I would like to thank ChatGPT for this, however I haven’t checked it’s correctness.
9You may try to prove this as a slightly challenging exercise.
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Hence f ∈ Fp[X] is separable expect for finitely many values of p.

Let p - ∆ and write f = f1 · · · fk in Fp[X]; fi’s are irreducible in Fp[X].

Fact 2: Gal(f/Fp) 6 Gal(f/Q).

This means that there are orderings of roots of f and f so that each action of
Gal(f/Fp) on the roots of f gives an action of Gal(f/Q) on the roots of f . Also
Gal(f/Fp) is cyclic, say generated by σ. Since Gal(f/Fp) permutes roots of fi
among themselves in a transitive way, we see that σ is a product of disjoint
cycles; moreover, the lengths of the cycles are the same as the degrees of fi;
say ni = deg fi. As a result, Gal(f/Q) has an element with the cycle structure
(n1, . . . , nk).

Example 2.8.1. Let f(X) = X5 − X − 1 ∈ Z[X]. One may calculate the
discriminant to be ∆ = 2869 = 19 · 151. First let p = 2. Then

f =
(
X2 +X + 1

) (
X3 +X + 1

)
.

Therefore, G = Gal(f/Q) contains a (2, 3)−cycle, hence a transposition.

Now let p = 3. Then, f is irreducible and hence G contains a 5−cycle. Therefore
G ' S5. 4

Exercise. Show that for any n > 1, there are infinitely many polynomials in
Q[X] whose Galois groups over Q are isomorphic to Sn.

2.9 Infinite Galois Extensions

Most of the results we talked were about finite extensions. Now we would like
to give an idea about how infinite extensions can be handled.

Let K|k be an infinite Galois extension with Galois group G := Gal(K/k). For
any intermediate field F with F |k finite Galois, the group Gal(K/F ) is a normal
subgroup of G of finite index. Also we have the natural projection

π : G −→ Gal(K/k)/Gal(K/F ) ' Gal(F/k).

If k ⊆ F1 ⊆ F2 ⊆ K are such that F2|k and F1|k are finite Galois, then we also
have H2 := Gal(K/F2) ⊆ H1 := Gal(K/F1), and hence we have

πF2F1
: G/H2 −→ G/H1,

and G/H2 ' Gal(F2/k) and G/H1 ' Gal(F1/k). So we have an “inverse
system”

τ = {πF2F1 : Gal(F2/k) −→ Gal(F1/k)|F1 ⊆ F2}
= {πF2F1 : G/H2 −→ G/H1|H2 ⊆ H1}

and
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Gal(F2/k) Gal(F1/k)

G

π2

π21

π1

We have π1 = π21 ◦ π2. So indeed G = lim
←−
H∈τ

G/H.

An element σ of G is determined by σ|F where F varies over intermediate fields
such that F |k is finite Galois. The important thing with inverse limit is that
we may equip G with topology. We are not going to get into this, but we’ll just
say that Galois correspondence holds with closed subgroups of G.

Example 2.9.1. For a fixed prime p, let K be the splitting field of the collection
{Xpn − 1 : n > 0} over Q. So K = Q(ζp, ζp2 , . . . ) where ζpn = e2πi/p

n

.
Let Kn = Q(ζpn). Then [Kn : Q] = φ(pn) and Gn := Gal(Kn/Q) ' (Z/pnZ)×.
Also Kn ⊆ Kn+1 since ζppn+1 = ζpn ; and we have

πn+1 : Gn+1 −→ Gn

given by πn+1(a) = a; or πn+1(a+pn+1Z) = a+pnZ. Clearly, πn+1 is injective.
Now G := Gal(K/Q) ' lim

←−
n

(Z/pnZ)×. This means that σ ∈ G is determined by

σn = σ|Kn : Q(ζpn) −→: Q(ζpn+1)

We know that σn is determined by σ(ζpn) = ζanpn where pn - an. However, an+1

and an have a relation. We have

σ(ζpn) = ζanpn = σ(ζppn+1)

= (ζ
an+1

pn+1 )p

= ζ
an+1

pn

This means that an ≡ an+1 (mod pn); this is exactly πn+1(an+1) = an. 4

Example 2.9.2. Let K = Fp. Then Fp =
⋃
n>0 Fpn . We know that the Galois

group Gn := Gal(Fpn/Fp) is cyclic of order n. We have Fpm ⊆ Fpn if and only
if m | n. This time

G := Gal(K/Fp) ' lim
←−
n

Z/nZ.

This is called the profinite completion of Z, and is denoted as Ẑ. Note that here
we ordered N>0 by dividing rather than usual ordering. 4
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Chapter 3

Transcendental Extensions

Definition. Let K|k be any field extension. A subset {a1, . . . , an} of K is said
to be algebraically independent over k if there is no f ∈ k[X1, . . . , Xn]\{0} such
that f(a1, . . . , an) = 0.
An arbitrary subset S ⊆ K is called algebraically independent over k if each
finite subset of S is algebraically independent over k. �

A singleton {a} is algebraically independent over k if and only if a is transcen-
dental over k.

Theorem 3.0.1. Let K|k be a field extension. Then there is a maximally
independent (over k) subset S of K; that is S is algebraically independent over
k and if T ⊇ S is also algebraically independent over k, then T = S. Moreover
if S and T are maximally independent (over k) subsets of K, then |S| = |T |.

Proof. Standard: Zorn’s lemma and Exchange Lemma. �

Definition. Given K|k, a maximally independent (over k) subset of K is called
a transcendence basis and its cardinality is called the transcendence degree;
denoted as trdeg(K/k). �

Note that if S is a transcendence basis of K over k, then it might not be the
case that k(S) = K. All we know is that K|k(S) is algebraic. For instance, let
K = k(T ), where T is an indeterminate. Then a natural choice for transcendence
basis is {T}. However, {T 2} is also a transcendence basis. As a matter of fact,
any non-constant element of K gives a transcendence basis.

Example 3.0.2. Let K|k be such that trdeg(K/k) = 1 and let {t} be a tran-
scendence basis. Then K|k(t) is algebraic. Assuming that char(k) = 0, we have
K = k(t)(s) for some s ∈ K algebraic over k(t). Say f ∈ k(t)[X]\{0} such that
f(s) = 0. Write,

f(X) =

d∑
i=0

fi(t)X
i

47
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where fi ∈ k[Y ]. So there is

g(x, y) :=

d∑
i=0

fi(Y )Xi ∈ k[X,Y ]

such that g(s, t) = 0. So (s, t) is on a curve in the plane. In this case we say
that K is a function field over k. If k = C, then elements of K could be thought
as meromorphic functions on that curve. 4

Theorem 3.0.3. Let K|k and S ⊆ K be algebraically independent over k with
|S| = n. Then k(S) ' k(X1, . . . , Xn).

Proof. Define,

ϕ : k[X1, . . . , Xn] −→ k[a1, . . . , an]

Xi 7−→ ai

where S = {a1, . . . , an}. This is clearly a surjective ring homomorphism and
it’s injective since S is algebraically independent over k. Hence it extends to
the function fields. �

Corollary 3.0.4. Let K1|k1, K2|k2 be extensions and let S1 ⊆ K1 and S2 ⊆ K2

be algebraically independent over k1 and k2. Suppose that we have an injective
function ϕ : S1 → S2 and σ : k1 → k2 embedding of fields. Then σ extends to a
field embedding k1(S1) → k2(S2). If ϕ is a bijection and σ is an isomorphism,
then k1(S1) ' k2(S2).

An extension of the form k(S), where S is algebraically independent over k is
said to be purely transcendental .

Theorem 3.0.5. Let E|K and K|k be field extensions. Then trdeg(E/k) =
trdeg(E/K) + trdeg(K/k).

Proof. Let S and T be transcendence bases of E|K and K|k respectively. Note
that S ∩ T = ∅. So it is enough to show that S ∪ T is a transcendence basis of
E over k.

We first show that E|k(S ∪ T ) is algebraic. We have
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k

k(T )

K

K(S)

E

k(S ∪ T )

alg.

alg.

alg.

Since K|k(T ) is algebraic, K · k(S ∪T )|k(S ∪T ) is algebraic and K · k(S ∪T ) =
K(S). Now it remains to show that S ∪ T is algebraically independent over k.

Let f(X1, . . . , Xm, Y1, . . . , Yn) ∈ k[ ~X, ~Y ], and s1, . . . , sm ∈ S, t1, . . . , tn ∈ T
with f(s1, . . . , sm, t1, . . . , tn) = 0. Let

g( ~X) := f( ~X, t1, . . . , tn) ∈ k(~t)[ ~X].

Since s1, . . . , sm are algebraically independent over K, we see that g ≡ 0. Write

g( ~X) =
∑
i∈I

hi( ~X)li(~Y )

where hi ∈ k[ ~X], li ∈ k[~Y ], and I is a finite set. Then li(~t) = 0 for all i; hence

li ≡ 0 for all i. But then f( ~X, ~Y ) = 0. �

Theorem 3.0.6. Let K1|k1, K2|k2 be field extensions where K1,K2 are alge-
braically closed with trdeg(K1/k1) = trdeg(K2/k2). Then every isomorphism of
k1 and k2 extends to an isomorphism of K1 and K2.

Proof. Let σ : k1 → k2 be an isomorphism. Using the corollary from the
previous page, σ extends to an isomorphism σ : k1(S1)→ k2(S2). By an earlier
result, this extends to an isomorphism σ : k1(S1)→ k2(S2). However, it is clear
that k1(S1) = K1 and k2(S2) = K2. �

Let’s look at the case trdeg(K/k) = 1 in a little bit more detail. In that case,
there is T ∈ K such that K|k(T ) is algebraic. We also know that k(T ) ' k(X).
What are between k and k(T )? The next theorem answers that.
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Theorem 3.0.7 (Lüroth). Let k ( F ( k(T ). Then F = k(Y ) for some
Y ∈ k[T ] So they are all purely transcendental over k.

Consider an automorphism σ : k(T ) → k(T ) over k. This σ is determined by

σ(T ); say σ(T ) = f(T )
g(T ) where f, g ∈ k[T ], g 6= 0. First thing to note that not

both f, g are constant.

Exercise. Let f, g ∈ k[T ] be relatively prime and that they are not both con-
stant and g 6= 0. Then,[

k(T ) : k

(
f

g

)]
= max{deg(f),deg(g)}.

Assuming this exercise, we see that if σ is an automorphism, then deg(f),deg(g) ≤
1; and not both 0. Say

f

g
=
aT + b

cT + d

with a, b, c, d ∈ k. Note that f
g ∈ k if ad − bc = 0. So ad − bc 6= 0. Therefore

the group homomorphism

ψ : GL2(k) −→ Aut(k(T )/k)

given by ψ

(
a b
c d

)
(T ) = aT+b

cT+d is surjective. Note that ψ

(
a b
c d

)
= idk(T ) if

and only if a = d and b = c = 0. So,

kerψ =

{(
a 0
0 a

)
: a 6= 0

}
' k×.

Hence Aut(k(T )/k) ' PGL2(k). Let k = Fq (q = pm). Note that |PGL2(Fq)| =
q · (q− 1) · (q+ 1)(why?). Consider q = 2 case. Then PGL2(F2) is a non-abelian
group of order 6. So PGL2(F2) ' S3, and its subgroups look like as follows:

PGL2(F2)

1

〈(
0 1

1 1

)〉 〈(
0 1

1 0

)〉 〈(
1 0

1 1

)〉 〈(
1 1

0 1

)〉

Let K = F2(T )PGL2(F2). then F2(T )|K is Galois with Galois group isomorphic
to PGL2(F2). One may calculate K to be

K = F2

(
(T 3 + T + 1)(T 3 + T 2 + 1)

(T 2 + T )2

)
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The other intermediate fields are as follows:

F2(T )

K

F2

(
T 3+T+1
T 2+T

)
F2

(
T 2+1
T

)
F2

(
T 2 + T

)
F2

(
T 2

T+1

)

3.1 Linear Disjointness

Definition. Let k be a field and K,L its extensions. We say that K is linearly
disjoint from L over k if the following is satisfied for all a1, . . . , an ∈ K:

a1, . . . , an are linearly independent over k =⇒ a1, . . . , an are linearly independent over L.

When this is the case, we write K ⊥k L. �

Proposition 3.1.1. For field extensions K|k and L|k we have

K ⊥k L ⇐⇒ L ⊥k K.

Proof. Suppose that K ⊥k L, and let y1, . . . , yn ∈ L be linearly indepen-
dent over k. Suppose for a contradiction that there exist x1, . . . , xn ∈ K
such that x1y1 + · · · + xnyn = 0 and not all xi are zero. Without loss of
generality, x1, . . . , xr are linearly independent over k and xr+1, . . . , xn are in
Spank(x1 . . . , xr). Say

xi =

r∑
j=1

aijxj

for i < j with aij ∈ k. Therefore,

x1y1 + · · ·+ xryr +

n∑
i=r+1

r∑
j=1

aijxjyi = 0.

This gives
r∑
j=1

(
yj +

n∑
i=r+1

aijyi

)
xj = 0,

and hence

yj +

n∑
i=r+1

aijyi = 0

for all j = 1, . . . , r, since K ⊥k L. However, this means that y1, . . . , yn are not
linearly independent over k, a contradiction. �
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Theorem 3.1.2. Let k be a field with extensions K,L. Then the following are
equivalent:

1. K ⊥k L.

2. If —R,S are rings with K,L as function fields of them, and if a1, . . . , an ∈
R are linearly independent over k, then a1, . . . , an are linearly independent
over S.

3. Suppose that R ⊆ K is a vector space over k with basis B such that the
function field of R is K. Then B is linearly independent over L.

Proof. Straightforward calculations. �

Theorem 3.1.3. Let k ⊆ E, k ⊆ L ⊆ F be fields. Then E ⊥k F if and only if
E ⊥k L and EL ⊥L F .

Proof.

k

L

F

E

EL

EF

(⇐) Let X ⊆ E be linearly independent over k. Then X is linearly independent
over L. Considered as a subgroup of EL, it is independent over F .
(⇒) The condition E ⊥k L is automatic. Let EL = L[R] where R = L[E]. Note
that a linear basis of E as a k−vector space is also a basis of R as an L−vector
space. Such a basis remains linearly independent over F by the assumption that
E ⊥k F . Then EL ⊥L F by the previous theorem. �

Definition. Let K|k and L|k be field extensions. We say that K is free from???
L over k if every algebraically independent (over k) subset X ⊆ K remains
algebraically independent over L. We denote this by K | ( k L. �

Proposition 3.1.4. Let K|k and L|k be field extensions. Then K | ( k L if and
only if L | ( k K.

Proof. Similar to the corresponding result for linear disjointness. �

Theorem 3.1.5. Let K|k and L|k be extensions such that K ⊥k L. Then
K | ( k L.
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Proof. Suppose that x1, . . . , xn ∈ K are algebraically dependent over L; say∑
~i∈I

β~i~x
~i = 0.

Where I a finite set of multi-indices and β~i ∈ L for each ~i ∈ I, not all 0. But

then the set {~x~i :~i ∈ I} is linearly dependent over L, hence over k. Therefore,
x1, . . . , xn are algebraically dependent over k. �

Proposition 3.1.6. Let u1, . . . , un be elements of a field containing L such that
they are algebraically independent over L. Then k(u1, . . . , un) ⊥k L.

Proof. A linear basis of k[u1, . . . , un] over k consists of monomials iof ~u =
(u1, . . . , un). They remain linearly independent over L. Hence k(u1, . . . , un) | ( k
L. �

3.2 separable extension

Definition. Let K|k be a finitely generated extension. A separating basis of
K|k is a transcendence basis S of K|k such that K|k(S) is separable. �

Definition. Let k be a field of characteristic p > 0, and let m > 0. We define

Am := {x ∈ k̄ : xp
m

∈ k} and k1/p
m

:= k(Am).

We also define

k1/p
∞

:=
⋃
m>0

k1/p
m

.

Clearly k1/p
m ⊆ k1/pm+1

, hence k1/p
∞

is a field. �

Theorem 3.2.1. Let K|k be a field extension. The following are equivalent:

1. K ⊥k k1/p
∞

.

2. K ⊥k k1/p
m

for some m > 0.

3. Every subfield of K that is finitely generated over k has a separating basis
over k.

Proof. (1 )⇒ (2 ) is clear.
(2 )⇒ (3 ) Let L be finitely generated (over k) subfield ofK, say L = k(x1, . . . , xn).
If trdeg(L/k) = n, then x1, . . . , xn are algebraically independent over k and
hence form a separating basis of L over k. Assume r := trdeg(L/k) < n;
without loss of generality, x1, . . . , xr is a transcendence basis of L over k. Let
f ∈ k[x1 . . . , xr+1] be a polynomial with lowest degree such that

f(x1, . . . , xr+1) = 0.
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Then f is irreducible. Suppose that each appearance of xi in f is a p-th power.
Then

f =
∑
~i∈I

c~i(~x
~i)p

Where I is a finite set of multi-indices and c~i ∈ k. For each ~i ∈ I, let d~i ∈ k̄ be

such that dpi = ci. Then di ∈ k1/p, and

f(x1, . . . , xr+1) =
∑
i∈I

dpi (~x
i)p =

(∑
i∈I

di~x
i

)p
.

Therefore {~xi : i ∈ I} is linearly dependent over k1/p; hence by assumption
they are linearly dependent over k. But this is against f being of lowest degree.
Therefore, there is xi that doesn’t appear in f as a p-th power; without loss of
generality, let i = 1. Consider

f(X1, x2, . . . , xr+1) ∈ k(x2, . . . , xr+1)[X1]

This is the minimal polynomial of x1 over k(x2, . . . , xr+1) (after dividing by
an element of k). Hence x1 is separable over k(x2, . . . , xr+1), and so over
k(x2, . . . , xn). If trdeg(L/k) = n − 1, then we are done. Otherwise we con-
tinue the same process with x2, . . . , xn to eventually get a separating basis for
L over k.
(3 )⇒ (1 ) It suffices to show that every finitely generated subfield of K that is
finitely generated over k is linearly disjoint from k1/p

∞
.

So let L ⊆ K be finitely generated over k with a separating basis u1, . . . , un.
Note that u1, . . . , un remain algebraically independent over k1/p

∞
. So k(~u) ⊥k

k1/p
∞

.
We know that L = k(~u)(α) for some α ∈ L; say α is of degree d over k(~u).
Then 1, α, . . . , αd−1 is a linear basis of L over k(~u). It’s clear that 1, α, . . . , αd−1

remains linearly independent over k(~u) · k1/p∞ = k1/p
∞

(~u) since k1/p
∞

(~u)|k(~u)
is purely inseparable. Therefore L ⊥k k1/p

∞
(~u), and hence L ⊥k k1/p

∞
. �

An extension K|k satisfying one of the three conditions of this theorem is called
separable. It is easy to see that if K|k is algebraic, then it’s separable with the
original definition if and only if it’s separable with this definition. (It’s easiest
to use (3) to see this.)

Below we list some properties of separable extensions.

Proposition 3.2.2. Let K|k, E|k, and L|k be extensions with E ⊆ K.

1. If K|k is separable, then E|k is separable.

2. If K|E and E|k are separable, then K|k is separable.

3. If k is perfect (i.e. kp = k), then any extension of k is separable.

4. If K|k is separable and K | ( k L, then KL|L is separable.
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5. If K|k and L|k are separable and K | ( k L, then KL|k is separable.

6. Let K ⊥k L, then K|k is separable if and only if KL|L is separable.

Proof.

1. Clear.

2. Note that E · k1/p∞ ⊆ E1/p∞ . If K ⊥E E1/p∞ , then K ⊥E E · k1/p∞ .
Also if E ⊥k k1/p

∞
, then K ⊥k k1/p

∞
. This finishes the proof

3. If kp = k, then k1/p
∞

= k; and K ⊥k k for any extension K.

4. A finitely generated (over L) subfield of KL is of the form FL where
F ⊆ K is finitely generated over k. So let {t1, . . . , tn} be a separating basis
of F over k. Since K | ( k L, {t1, . . . , tn} remains algebraically independent
over L and hence it is a basis over L. It also follows that FL|L(t1, . . . , tn)
is separable. Hence KL|L is separable.

5. Since K|k is separable and K | ( k L, we have KL|L is separable. Hence
KL|k is separable by (2 ).

6. Since K ⊥k L implies K | ( k L, we get the first direction by (4 ). For
the other direction suppose that K 6⊥k k1/p. Then K 6⊥k L · k1/p

∞
and

hence KL 6⊥L L · k1/p. If KL|L is separable, then KL ⊥L L1/p. Then
K ⊥k L1/p and K ⊥k L · k1/p. but this contradicts KL ⊥L L · k1/p. (See
picture below)

k

K

KL

L k1/p

L · k1/p

L1/p

�

Proposition 3.2.3. Let K|k be finitely generated. If Kpm · k = K for some
m > 0, then K|k is separable algebraic. Conversely, if K|k is separable algebraic,
then Kpm · k = K for some m > 0.



56 CHAPTER 3. TRANSCENDENTAL EXTENSIONS

Definition. An extension K|k is called regular if it is separable and for every
α ∈ K if α is algebraic over k, then α ∈ k. �

The second condition can simply be interpreted as ”k is algebraically closed in
K”.

Theorem 3.2.4. An extension K|k is regular if and only if K ⊥k k̄.

Proof. (⇐) If K ⊥k k̄, then in particular K ⊥k k1/p. So K|k is separable. Also
K ∪ k̄ = k, and hence k is algebraically closed in K.
(⇒) First a lemma:

Lemma 3.2.5. Let k be algebraically closed in K. Let α be an element in some
extension of K that is algebraic over k. Then k(α) ⊥k K and [k(α) : k] =
[K(α) : K].

Proof. The minimal polynomial of α over k is also the minimal polynomial over
K. Hence [k(α) : k] = [K(α) : K] and since 1, α, . . . , αd forms a basis of k(α)
over k, it also forms a basis of K(α) over k. So k(α) ⊥k K. �

Let’s assume that K|k is regular, and let L|k be finite extension. We’d like to
show that K ⊥k L.
Let E ⊆ L be the minimal separable extension of k (in L). Then L|E is purely
inseparable, and hence L ⊆ E1/pm for some m > 0. We have the following
picture:

k

k(T )

K

KE

E(T )

E

L

E1/p

sep

sep

sep

purely insep

Here T is a separating basis of K over k.. So K|k(T ) is separable. Since E|k
is separable, it’s generated by one element over k and K ⊥k E by the lemma.
Also T remains a separating basis of KE over E. Hence KE|E is separable,
and KE ⊥E E1/pm . Then KE ⊥E L and K ⊥k L. �
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Proposition 3.2.6. Let k ⊆ E ⊆ K be fields. If K|k is regular, then E|k is
regular. If both K|E and E|k regular, then K|k is regular.

Proof. The first is clear. For the second statement, note that Ek̄ ⊆ Ē. So if
K ⊥E Ē, then K ⊥E Ek̄. Also if E ⊥k k̄, then K ⊥k k̄ and K|k is regular. �

Proposition 3.2.7. If k is algebraically closed, then any extension of k is
regular.

Proof. Trivial. �

Theorem 3.2.8. Let K|k be regular and K | ( k L. Then K ⊥k L.

Proof. ... �

Theorem 3.2.9. Suppose that K|k is regular and K | ( k L, then KL|L is
regular.

Proof. If K | ( k L, then K | ( k L̄ as a general fact when K|k is regular, we get
that K ⊥k L̄. Then KL ⊥L L̄, meaning KL|L is regular �

Corollary 3.2.10.

1. Let K|k and L|k be regular and K | ( k L. Then KL|k is regular.

2. Let K = k(α1, . . . , αn) be a finitely generated regular extension with K | ( k
L. Then the natural k−algebra homomorphism

L⊗k k[~α]→ L[~α]

is an isomorphism.

Proof.

1. We have both KL|L and KL|K are regular by the previous theorem. Then
KL|k is regular by the proposition above.

2. This map is always surjective, and it’s injective if and only if L ⊥k K.
But if K | ( k L and K|k is regular, then L ⊥k K by the theorem above.

�
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