DEFINABLE SETS IN MANN PAIRS

LOU VAN DEN DRIES AND AYHAN GUNAYDIN

ABSTRACT. Consider structures (2,k,I') where Q is an algebraically
closed field of characteristic zero, k is a subfield, and I is a subgroup of
the multiplicative group of 2. Certain pairs (k,I') have been singled out
as Mann pairs in [3]. We give new examples of such Mann pairs, and
for a Mann pair (k,I") we axiomatize the first-order theory of (2,k,T")
in a cleaner way than in [3], and, as the main result of the paper, we
characterize the subsets of Q" that are definable in (Q,k,T").

1. INTRODUCTION

This paper is a sequel to [3]. We let Q be an algebraically closed (ambient)
field, k a subfield of 2, and T" a subgroup of 2*. Also m,n range over
N =1{0,1,2,...} and for a € Q and § = (s1,...,8,) € Q" we put a§ :=
(as1,...,asy) € Q". For n > 1 we set

r .= (47 .~ e} (a subgroup of I).

Other notations are explained as needed.
Let n > 2 and ay,...,a, € Q. A nondegenerate solution of the equation

a1x1+ -+ apxy, =0

is a tuple § = (s1,...,8,) € (%)™ such that a;s1 + -+ + aps, = 0 and
Y icr @isi # 0 for all proper nonempty subsets I of {1,...,n}; note that
then a1, ...,a, # 0, and that a§ for a € Q* is also a nondegenerate solution
of the same equation, and so for most purposes we can normalize to s, = 1.

Let n > 2 and define I'(k,n) to be the set of all ¥ = (y1,...,7,) € I'" such
that v, = 1 and 7 is a nondegenerate solution of some equation

a1x1+ -+ apxy, =0

with aq,...,a, € k. Recall from [3] that (k,I') is a Mann pair if and only if
I'(k,n) is finite for all n > 2.1 One example of a Mann pair is (Q, U) within
the ambient field C, where U is the subgroup of C* consisting of all the
roots of unity (see [7] for a proof of this fact). Also, if Q is of characteristic
zero, k is algebraically closed, k* NT' = {1} and I is of finite rank (that is,
I has a finitely generated subgroup I'y such that I'/T is a torsion group),
then (k,I") is a Mann pair; see Theorem 1.1 of [3].

Date: June 8, 2017.
IThis is not quite the definition of Mann pair in [3], but is equivalent to it.
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Let n > 2 and ay,...,a, € k*. A solution §= (s1,...,s,) € (2°)" of
() ax+ -+ apx, =0

is said to be primitive over k if (s;);cs is linearly independent over k for
every nonempty proper subset I of {1,...,n}. So a primitive solution of (x)
over k is in particular a nondegenerate solution of (x).

For n > 2, let I'(k,n)P" be the set of ¥ € I'™ such that v, = 1 and 7 is
a primitive solution of (x) over k for some ay,...,a, € k*; in particular,
I'(k,n)P" C I'(k,n). In Section 3 we axiomatize the first-order theory of
(Q,k,T") when (k,T") is a Mann pair. More precisely, let £ be the language
of rings augmented by two distinct unary relation symbols, and let T" be the
L-theory whose models are the structures (Q,k,T").

Theorem 1.1. Suppose k is infinite, (k,T') is a Mann pair with [Q : k]| > 2,
and (K, T") is a model of T with (,k,T') as a substructure such that
[ : K] >2, and T"(K',n)P" =T(k,n)P" for every n > 2. Then

(VK. T) =wr (L kT) < k=<K andT <T.

This improves on related results from [3] in not involving a choice of finite
subset of I'" for n = 2,3..., nor a choice of basis for the k-linear spaces
attached to the elements of these finite sets.

For Mann pairs (k,I") the subsets of k" x I'" that are definable in (2,k,I")
are determined in Proposition 7.2 of [3], but in the present paper we wish
to describe more generally the subsets of Q™ definable in (2, k,T):

Theorem 1.2. Suppose (k,T') is a Mann pair, k is algebraically closed,
k # Q, and F/F[p} s finite for each prime p. Then a subset of Q™ is
definable in (,k,T') if and only if it is a boolean combination of subsets of
Q™ of the form

U U x@9, (deeN)

aekd yere
where X C Q4™ s definable in the field Q and X (a@,7) is the set of all
§e€ Q™ such that (a,7,5) € X.

In other words, (€2,k,I") eliminates quantifiers down to existential formulas
with quantifiers ranging only over k and I'.

Acknowledgement. We thank the Fields Institute for providing us with good
working conditions during the preparation of this paper.

2. SOME NEW MANN PAIRS

We indicate here some natural Mann pairs that we noticed recently. The
first is an “easy” Mann pair in the sense of Section 2.2 of [3], and originates
from the following classical result due to E. Borel [1], p. 387:

Let f1,..., fn with n > 1 be entire functions of one complex variable z that
are linearly independent over C, and suppose each f; as well as f1+---+ fp
2



has only finitely many zeros. Then there is an entire function h and there
are polynomials p; € C[z] such that f; = pjel for j=1,...,n.

Consider now inside the field of meromorphic functions on the complex plane
C the subfield k = C(z) of rational functions, and the multiplicative group
I':= {e": his entire and h(0) = 0}. It is easy to see that Borel’s theorem
is equivalent to the proposition that (k,I') is an easy Mann pair. The
condition ~(0) = 0 is just a normalization to arrange that I' is torsion-free
and k* NI = {1}.

Next, let k be any field of characteristic 0. Then the generalized power series
field K := k((t?)) in the variable ¢ comes with a valuation v : K* — Q,
and a derivation d/dt on K with constant field k. Let

O={feK:vf>0}, m:={feK: vf>0}

be the valuation ring of v and its maximal ideal. The exponential function
o fn
f = exp(f) ::ZH :m—14m,
n=0
is an isomorphism of the additive group m onto the subgroup 1+ m of K*,

and exp(f) = f exp(f) for f € m, with ¢’ := dg/dt.

Proposition 2.1. Let L be a finite dimensional subspace of the k-linear
space m, and put I' := exp L. Then (k,T") is a Mann pair.

Proof. We can basically repeat the proof at the end of Section 6 of [3],
which is based on Corollary 2.7 in [5]: assume without loss that k is alge-
braically closed and extend the differential field K (with derivation d/dt) to
a differentially closed field 2 with constant field k. Consider the logarithmic-
derivative map 1d : Q% — Q, 1d(z) := 2'/x. Take r € Nand fi,...,f, €m
with L=k fi+---+ k- f. and put v; := exp f;. Then

AT) =k f{+ 4k fi=k-1d(y) ++k-1d(3),

and from here on the proof at the end of Section 6 of [3] goes through word
for word. (]

This proposition and its proof go through for some other differential fields

with a (partial) exponential function, like the field R[[[z]]] of transseries.

3. AxiomaTiZING (Q,k,T)

Inspired by Section 6 of [2] we first show that the solutions in I' of equations
arry + -+ apry, =0, (a1,...,a, € k™)

are generated in a certain way by its primitive solutions in I.
3



3.1. Linear considerations. Below, §= (s1,...,s,) € (2%)", n > 2, and
I C{1,...,n}. We say that I is §-minimal over k if the tuple (s;);es is
linearly dependent over k (hence |I| > 2), and for each proper subset J of I
the tuple (s;);e is linearly independent over k.

Suppose I is &minimal over k. Then there is a tuple (a;);c; with all a; € k
and some a; # 0 such that ) . ;a;s; = 0; such a tuple (a;) is unique up to
multiplication by a nonzero scalar from k and has a; # 0 for all 4.

Define V' (5) to be the k-linear subspace of k™ consisting of all @ = (ay, ..., an)
such that a1s1 + -+ aps, = 0. If I is S-minimal over k, then V((Si)iel) is
a one-dimensional subspace of k!. For each I that is &minimal over k, fix
an element a’ of k™ such that (a!);c; generates V((s;)icr) and a§ = 0 for
j ¢ I. The next two lemmas are reformulations of Lemmas 4 and 5 in [2].

Lemma 3.1. The k-linear space V(5) is generated by the a’ for which I is
S-minimal over k.

For J C{1,...,n} we put J¢:={1,...,n}\ J.

Lemma 3.2. Leta € V(5), J C{1,...,n}, and } ;. ya;s; # 0. Then there
is an I that is s-minimal over k and meets both J and JC.

The direction (1) = (2) of the next lemma is essentially Lemma 6 of [2], but
we also need (2) = (1), so we give a complete proof.

Lemma 3.3. Assume k is infinite. Then the following are equivalent:

(1) §is a nondegenerate solution of some equation ajx1+---+apxy, =0
with ai,...,a, € K;

(2) {1,...,n} can be covered by subsets Ir,..., I, that are §-minimal
over k, such that for every nonempty proper subset J of {1,...,n}
some I, with p € {1,...,m} meets both J and J°.

Proof. To show that (1) implies (2), let ai,...,a, € k* be such that §'is a

nondegenerate solution of a1z1 + -+ + apx, = 0. Take an I} C {1,...,n}
that is S~mininal over k. Note that if I; = {1,...,n}, then (2) holds with
m = 1. Suppose I1,...,In C {1,...,n} with m > 1 are S-minimal over k,

we have a strictly increasing chain
LChUlLC---CLU---Uly,

and for every nonempty proper subset J of I := Iy U---U I, some I, with
p € {1,...,m} meets both J and J¢ If I = {1,...,n}, then (2) holds.
Assume I # {1,...,n}. Then ), ;a;s; # 0, so by Lemma 3.2 we have
an Ip,y1 C {1,...,n} that is &minimal over k and meets both I and I°.
It follows easily that then for every nonempty proper subset J of I U I, 41
some [, with p € {1,...,m+ 1} meets both J and J¢. So in a finite number
of steps we obtain a covering as in (2).
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To prove the converse, assume (2). Take I,..., I, as in (2), and for p =
1,...,m, take ap; € k, j =1,...,n, such that

n
Zapjsj =0, apj =0for j ¢ I,, ap; #0 for j € I,
j=1
With z1,..., 2z, € k we have

n
OZLL’l E alij-i—”--i—a:m E QAmyjSy
Jj=1 J

m m
= (Z ap1;)s1 + -+ (Z Apnp)Sn
p=1 p=1

Thus it suffices to find z1, ..., 2, € k such that for each nonempty proper
subset J of {1,...,n} we have > .. ;377" apjz;)s; # 0, that is,

(Z alij)l'l —+ -+ (Z aijj)xm 7é 0.

jeJ jeJ
For each nonempty proper subset J of {1,...,n} we take p € {1,...,m}
such that I, meets both J and J¢, and so > ;. ;ap;s; # 0. Since k is
infinite, this yields x1,...,x,, € k as desired. O

Lemma 3.3 says basically how I'(k,n) is determined by the sets I'(k, m)?"
with m = 2,...,n. Here are some consequences:

Corollary 3.4. (k,T") is a Mann pair iff T'(k,n)P" is finite for all n > 2.

Proof. Let n > 2 be given and assume I'(k, m)P" is finite for m = 2,... n.
We shall derive that I'(k,n) is finite. Let ¥ € I'(k,n). The proof of the
direction (1) = (2) of Lemma 3.3 does not use that k is infinite, so we have
a covering of {1,...,n} by subsets I, ..., I, that are 4-minimal over k, such
that for every nonempty proper subset J of {1,...,n} some I, meets both
J and J¢. By renumbering the I’s we arrange that n € I;, and since v, = 1
this leaves only finitely many possibilities for (7;)ier,- If I1 = {1,...,n} we
are done. Otherwise, we can assume that I meets both I; and I{. Taking
11 € I; NIy we have only finitely many possibilities for «;,, and so there
are only finitely many possibilities for (v;)icr, and thus for (vi)ier,ur,- If
Lul,={1,...,n} we are done, and otherwise we continue as above. [

Corollary 3.5. Suppose k is infinite and K 2 k is a subfield of 2 such that
L'(k,n)P" =T(K,n)P" for alln > 2. Then I'(k,n) =T(K,n) for alln > 2.

Proof. Let n > 2 and 4 € I'(k,n). Then the direction (1) = (2) of

Lemma 3.3 yields a covering of {1,...,n} by subsets I,..., I, that are ¥-

minimal over k, such that for every nonempty proper subset J of {1,...,n}

some I, with p € {1,...,m} meets both J and J¢. Then Iy, ..., I, are also

#-minimal over K, so by the direction (2) = (1) of Lemma 3.3 we have

¥y eT'(K,n). O
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This gives an improvement of (4) in Section 5 of [3] for infinite k:

Corollary 3.6. Suppose k is infinite and K O k is subfield of Q that is
linearly disjoint from k(T') over k. Then I'(k,n) = T'(K,n) for alln > 2.

Proof. The linear disjointness assumption yields I'(k,n)P" = I'(K,n)P" for
all n > 2. Now use Corollary 3.5.

3.2. Elementary classification. Consider a model (£29,ko,Ig) of T" such
that ko is infinite and (ko,p) is a Mann pair. We now have Theorem 1.1
in the following stronger form.

Theorem 3.7. Let (Q1,k;,T'1) and (Q2,ko,'2) be models of T' such that
(1) [Ql : k1] > 2 and [QQ : kg] > 2;
(2) (Qo,kg,f‘o) - (Ql,kl,l“l) and (Qo,ko,ro) - (QQ,kQ,Fz);
(3) I'i(ky,n)P" =Ta(ke,n)P" = Ty(ko,n)P" for all n > 2.

Then: (1, k1, T1) =xour, (22,ke,T2) <= k; =i, ko and I'y =, I's.

Proof. 1t follows easily from Lemma 3.1 and Corollary 3.5 that (€;,k;, I';)
satisfies the Mann axioms of (€9, ko, o) for ¢ = 1,2, in the sense of [3]. It
remains to use Theorem 8.4 in [3]. O

For algebraically closed k; this gives:

Corollary 3.8. Let (Q1,k;,T'1) and (Q2,ke,T'2) be models of T' such that
(1) ky and ke are algebraically closed, ki # Q1, ko # Qo;
(2) (Qo, k(), Fo) Q (Ql, kl, Fl) and (Qo, ko, FQ) Q (QQ, kg, FQ),‘
(3) T'y(k1,n)P" =Ta(ke, n)P" = To(ko,n)P" for every n > 2.

Then: (Ql, kl,rl) =koUlo (QQ, kg,rz) — I =ry Is.

4. DEFINABLE SETS IN (2,k,TI")

A back-and-forth system. To define a back-and-forth system adequate
for proving Theorem 1.2 is not so obvious, and we managed to do it only after
much trial-and-error; see Lemmas 4.1, 4.2, 4.3. Throughout this subsection
we fix a model (Q9,ko,Tg) of T such that ko is infinite and (ko,Tp) is a
Mann pair.

Lemma 4.1. Let (Q,k,T") be a model of T such that (Qo,ko,T9) C (2, k,T")
and T'(k,n)P" = Ty(ko,n)P" for every n > 2. Then

(1) k and ko(T') are linearly disjoint over kq;

(2) if k|kg is regular and T'|Ty is pure, then k(I')|ko(Tg) is regular.

Proof. Let y1,...,7, € I be linearly dependent over k; to get (1) it is enough
to show that then they are linearly dependent over ky. We can reduce to the
case that n > 2 and (7;);ey is linearly independent over k for all nonempty
proper subsets I of {1,...,n}. Then by Corollary 3.5 we have

(715"'7’yn) :75}07 '}/GF, ’?0 GFO(kOan)pTa
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SO V1, - - -,V are indeed linearly dependent over kg.

Suppose now that k|kg is regular and I'|T'g is pure. Then by (1) and The-
orem 4.13 from [6] the extension k(I')|ko(I") is regular, and by Lemma 5.13
of [4] the extension ko(I")|ko(I'g) is regular. Hence k(I")|ko(I'g) is regular,
by Proposition 4.11(b) of Chapter VIII of [6]. O

Fix a cardinal k > |Qp|, and let (©,k,I') be a k-saturated model of T" such
that (Qo,ko, o) C (2,k,T") and I'(k,n)P" = T'g(ko,n)?" for every n > 2.
Define Sub(£,k,T") to be the collection of all models (', k’,I") of T such
that:

Q (as fields) and || < &;

k/ C k (as fields) and the extension k|k’ is regular;

I CT (as groups), and the extension T'|T” is pure;

') and Q' are free over k'(I").

So (V,K/,T") € Sub(, k, ') yields a diagram of field inclusions:

Q

k(T o

k/
Lemma 4.2. Let (', k' ,T7) € Sub(,k,T"). Then
(1) k(T") and Q' are linearly disjoint over k'(T”),
(2) k and Q' are linearly disjoint over K,
(3) k(') NT =T,
(4) (Y, K, T7) is a substructure of (Q,k,T).

Proof. From the linear disjointness of k and ko(I') over ko—item (1) of
Lemma 4.1—we obtain the linear disjointness of k and k’(T") over k’. Hence
k(I')|K/(T") is regular. We then argue as in the proof of (2) in Lemma 4.1,
with k' instead of ko, that k'(I')|k’(I) is regular, and so k(I')|k'(I") is
regular. Then (1) follows from condition (iv) above and Theorem 4.12 on
page 367 of [6]. This also gives (2).

For (3), let v € k(I')NT, so vy = %, with ai,...,am,b1,...,b,
fromk, and a1, ..., m, B1,..., By from IV, and b1 S+ - -+b, 3, # 0. Taking
such a representation of v with minimal m +n, we have m,n > 1, and using
Corollary 3.5, this gives

(alu"'vaWL)Bl’Ya"an’Y)er’?()a ’VOGFO(kOam—’_n)'
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In particular, ’62—17 el CIV,soyel.
As to (4), by (2) we have Q' Nk =K/, so if y € @' NT, then v € K'(I") by
(1), and hence v € I by (3). O

Next, for i = 1,2, let (2;,k;,I';) be a k-saturated model of T such that
(Qo,ko,ro) Q (QZ,kZ,Fl), [Qz : kz] > 2, and Pi(ki,n)pr = Fo(ko,n)pT for
every n > 2, and put Sub; := Sub(£;, k;, T';).

Let Z be the set of isomorphisms
vo (91K, 1) = (Q9,k5,T5), (94, K, T) € Sub; fori=1,2,

that are the identity on kg and on I'y, such that ¢|k] is a partial elementary
map from kj to ko, and ¢|T"} is a partial elementary map from I'; to I'g; we
do not require that ¢ is the identity on €.

Lemma 4.3. 7 is a (possibly empty) back-and-forth system.

Proof. Let v : (Q,Kk},T) — (95,k5,T%) be in Z, and r € Q; \ Qf; by
symmetry it is enough to show that then ¢ extends to an isomorphism in Z
that has r in its domain.

First, consider the case that r € ky. Then we take a field k! < k; such
that ki (r) C kf and |k}| < . Using saturation we extend ¢[k] to a field
isomorphism f : k{/ — kJ < ko that is a partial elementary map between
k; and ks. It is clear that k;|k! is regular, and that k;(T;) and €} are free
over k(I'}), where Q := (Q/k)* and i € {1,2}. So (Q/,k/,I'}) € Sub; for
i =1,2. Then by (2) of Lemma 4.2 we have a common extension of + and f
to an isomorphism

(7, k1, T7) — (25,k5,T%)
in Z; it has r in its domain.

Next, assume that » € I';. Then we take a group I'Y < T'; such that
r2T) C I and || < k. Using saturation we extend |} to a group
isomorphism ¢ : I'/ — I'j < I'y that is a partial elementary map between
I'; and T'y. It is clear that I';|T; is pure, and that k;(I';) and €} are free
over kj(I'/), where Q := (Q(I'/))" and i € {1,2}. So (Q/,k},I'/) € Sub;
for i = 1,2. Also I';(k;,n) = T'g(ko,n), for n > 1 and i = 1,2, and thus
we have a field isomorphism h : K} (I']) — k4(I'%) that extends ¢k} and g.
Then by (1) of Lemma 4.2 this gives a common extension of ¢ and h to an
isomorphism

(KT > (1 TY)
in Z; it has r in its domain.
If r € Q) (k; UT1)?¢, then we can take a finite number of steps of the two
types above to extend ¢ to an element of Z with r in its domain.

Finally, suppose that r ¢ ) (k; UT'1)?°. By saturation and the smallness
assumption [Qg : ko] > 2 we can take s € Qg with s ¢ Q) (ky U T'9)?¢. With

e ), 0 = s,



it is clear that (), k., I"}) € Sub; for i = 1,2. We can extend ¢ to a field
isomorphism Q) — QF that sends r to s, and this gives an isomorphism

(O.1.T5) = (94,1 T%)

in Z with r in its domain. ]
Corollary 4.4. Suppose that (9, ko, T0) C (Q,k,T) =T and [Qo : ko] > 2.
Then (20,ko,To) = (2,k,T) if and only if (1) — ( ) below are satisfied:

(1) 21 > 2;

(2) T'(k,n)P" =To(ko,n)P" for every n > 2;
()k0-<kandf‘0<1“

(4) k(I") and Qq are free over ko(Ty).

Proof. 1t is easy to check that if (Q0,ko, o) = (©,k,I'), then (1)—(4) hold.
For the converse, assume (1)-(4). By passing to an elementary extension of
(Q,k,I') we arrange that (2,k,I") is k-saturated. Put

(Qlaklv Fl) = (Qa k7F)

and let (Q9,ko,T'2) be a k-saturated elementary extension of (g, ko, ).
Then (Q0,ko,T9) € Sub(,k;,T;) for ¢ = 1,2. Let Z be the back-and-
forth system considered in the previous lemma. Then the identity map on
(Q0, ko, T'g) belongs to Z, and so (21, k1, T'1) and (2, ke, I'y) are elementarily
equivalent over Q. Thus (Qo, ko, Ig) < (2, k,T). O

Definable Sets. We now specify the two unary relation symbols of £
to be U and V, to be interpreted in a model of T" as the underlying set
of the distinguished subfield and of the distinguished multiplicative group,
respectively. Let a model (2,k,I") of T" be given and let z = (z1,...,2m)
be a tuple of distinct variables. Call a subset of Q™ special if it is defined

in (,k,I') by a special formula in = (x1,...,z,,), that is, a formula

Fy (U(y) AV (2) Ao, y, 2)),
where x1,...,Zm, Y1, .-, Ys, 21, - - - , 2t are distinct variables, y = (y1,...,¥s),
z=(z1,...,2t) and ¢(x,y, z) is a quantifier-free formula in the language of

rings augmented by names for the elements of 2, and where U(y) and V(z)
abbreviate U(y1) A-+- AU(ys) and V(z1) A -+ AV (z), respectively.

Now we are ready to prove Theorem 1.2, which we first reformulate using
the above terminology.

Theorem 4.5. Let (0, k,T") be a model of T such that k is an algebraically
closed field, k # Q, (k,T) is a Mann pair, and T'/TP! is finite for each
p. Then the subsets of Q™ definable in (Q,k,T") are exactly the boolean
combinations in Q" of special subsets of Q™.

Proof. We take k := X;, and may assume that (Q,k,I") is x-saturated. Let

(26, ko,Tg) be a countable elementary substructure of (2, k,T'), and let Qg

be the algebraic closure of ko(I'p) in ©f. Then (Qo,ko,To) C (2,k,T),
9



(ko,T9) is a Mann pair, and I'(k,n)P" = I'g(ko,n)?" for every n > 1. Let
7= (r1,...,mm) and §= (s1, ..., Sm) be two tuples from Q™ that satisfy the
same special formulas in z using only names for elements of A := kg U I';
it suffices to show that then they realize the same type in (Q,k,I") over A.

For i = 1,2, put (Q;,k;, ;) = (Q,k,I'). Hence all the structures in
Sub(Q;,k;,I';) are countable. Set Z to be the back-and-forth system of
Lemma 4.3; it is enough to construct an isomorphism in this system that
takes 7 to S.

Let d be the transcendence degree of k(I')(7) over k(I'). We can assume
that r1,...,7q are algebraically independent over k(I'). As in the proof of
Theorem 3.8 in [4] it follows that si,...,sq are algebraically independent
over k(I'), and sg41,..., sy are algebraic over k(I') (s, ..., sq).

Take some countable (', k',T") < (Q,k,T') such that Q' 2 Qy and
k/(I")(7) has transcendence degree d over k/(I"). In particular, (', k/,T") €
Sub(Q,k,T'). Let a = (ag,a1,as2,...) be an enumeration of k', let g =
(90,91, 92,-..) be an enumeration of I, and let yo,y1,y2,- ., 20, 21, 22, - - -
be distinct variables, also distinct from 1, ..., x,,, and put

vy = (Y0,y1,92,---), z=(20,21,22,.-.,)-

Suppose ©¥1(y),...,Yr(y) are quantifier-free formulas in the language of
rings augmented by names for the elements of kg, and 6;(2),...,0(z) are
quantifier-free formulas in the language of groups augmented by names for
the elements of T'g, and ¢1(z,y, 2),...,dk(x,y, z) are quantifier-free formu-
las in the language of rings augmented by names for the elements of A, such
that k = v¢j(a), I' = 0;(g) and (Q,k,T") = ¢(7,a,g) for j =1,..., k. Then

(k1) EJy3z(U(y) ANV(z) Nb(y) ANO(z) A (7, y,2)), where
7/}(:'4) 32/\%’(9% Q(Z) ::/\ej(z)a 80(13,3/, Z) = /\QOj(ZL‘,y, Z)‘

The assumption on 7 and § then gives

(©,%, 1) = Fy3z(U(y) AV(2) Aib(y) AO(2) A o(8,y, 2)).

Hence we have a partial y, z-type over AS in (Q,k,I") consisting of the for-
mulas U(y;) and V(z;) for i = 0,1, 2, ..., the quantifier-free formulas ¥ (y) in
the language of rings augmented by names for the elements of kg such that
k = ¢(a), the quantifier-free formulas 6(z) in the language of groups aug-
mented by names for the elements of 'y such that I' = 6(g), and the formulas
#(8,y, z) such that ¢(z,y, z) is a quantifier-free formula in the language of
rings augmented by names for the elements of A and (2,k,T') &= ¢(7,a,g).
Let b, h with b = (bg, by, ba,...) € kKN and h = (hg, h1, ha,...) € TN realize
this y, z-type in (Q,k,T'). Then {bg,b1,bs,...} is the underlying set of a
field k”” < k and we have a field isomorphism

dik s K Hayn) = by for all n.
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Likewise, {hg, h1,ho, ...} is the underlying set of a group I’ < T' and we
have a group isomorphism

RN R t8(gn) = hy, for all n.

Note that f is a partial elementary map from k to itself and is the identity
on kg. Likewise, (% is a partial elementary map from I' to itself and is the
identity on I'y. Moreover, «f and (8 have a common extension to a field

isomorphism

R = K (3)
sending 7 to §. Put Q) := K/(I')(7)?® and Q) := k"(I")(5)?°. Then
(Q, K, T), (25, k",T") € Sub(Q,k,T'), and we have an isomorphism

(@K, T) = (0, K", T”)
that extends ¢. It carries 7 to § and belongs to Z. O

Note that if I" is divisible or of finite rank, then the condition in the theorem
that T'/T'P! is finite for each p is satisfied.

REFERENCES

[1] E. Borel. Sur les zéros des fonctions entieres. Acta Math., 20: 357-396, 1897.

[2] W.D. Brownawell and D.W. Masser. Vanishing sums in function fields. Math. Proc.
Camb. Phil. Soc., 100:427-434, 1986.

[3] L. van den Dries and A. Giinaydin. Mann pairs. To appear in Trans. AMS.

[4] L. van den Dries and A. Glinaydin. The fields of real and complex numbers with a
small multiplicative group. Proc. London Math. Soc. (8), 93(1):43-81, 2006.

[5] U. Hrushovski and A. Pillay. Effective bounds for the number of transcendental points
on subvarieties of semi-abelian varieties. Am. Journal of Math., 122: 439-450, 2000.

[6] S. Lang. Algebra. Addison-Wesley Publishing Co. Inc., Reading, Mass., 1997.

[7] H. Mann. On linear relations between roots of unity. Mathematika, 12:107-117, 1965.

UNIVERSITY OF ILLINOIS, DEPARTMENT OF MATHEMATICS, 1409 W. GREEN STREET,
URrBANA, IL, 61801

CMAF, Av. ProF. GaMA PINTO, 2, 1649-003, LiSBON, PORTUGAL
E-mail address: vddries@math.uiuc.edu, agunaydi@gmail

11



