THE FIELD OF REAL NUMBERS WITH A SMALL SUBGROUP
OF THE CIRCLE GROUP

1. ORIENTED ABELIAN GROUPS

In this section, we use additive notation for abelian groups, unless specified oth-
erwise. Let G be an ordered abelian group with distinguished element 1 > 0. We
define an abelian group Gpoq1 as follows: the underlying set of G0q1 is the subset

0,1):={9eG: 0<g<1}
of G, and its addition operation +; is “addition modulo 17, that is, for g, h € [0, 1),
g+i1h=g+h ifg+h<1l, g+1h=g+h—1 otherwise.

Let G(1) be the convex hull of Z -1 in G. For z € G(1) we define zpoa1 € [0,1) by
T — Tmod1 € Z - 1, so we have a surjective group morphism

T — Tmodl G(l) — Gmodl
with kernel Z - 1. We equip Gpoq1 with the ternary relation O on its underlying
set defined as follows: for g, h,k € [0, 1),
O(g,h,k) == g<h<k,orh<k<g, ork<g<h.
It is easy to check that for all g, h, k € [0,1) we have
O(g,h, k) < there are z,y,z € G(1) such that z <y < z, z —z < 1,
ZTmodl = 95 Ymodl = h, Zmodl = k.

The relation O is an orientation on G4 in the following sense: Let A be an
abelian group. An orientation on A is a ternary relation O on A such that for all
a,b,c,d € A:

(1) {(z,y) € A%2: O(0,z,y)} is a strict linear order on the set A\ {0},

(2) O(a,b,c) = O(b,c,a),

(3) O(a,b,c) = O(a+d,b+d,c+d),

(4) 0(0,a,b) = O(0,-b,—a).
Here it is part of (1) that if z,y € A and O(0,z,y), then z # 0 and y # 0.
Example. Let S := {(a,b) € R? : a® 4+ b = 1} be the (multiplicative) circle group.
It has identity (1,0) and multiplication given by

(a1,b1) - (az,b2) = (arag — bibz, a1bs + agby).
We have a group isomorphism
t — (cos2mt,sin27t) : Rpoar — S,

and we give S the orientation that makes this an isomorphism of oriented groups. It
is tedious but not hard to construct a quantifier-free formula O(z1, y1, 2, Y2, 3, y3)
in the sublanguage {0, <} of the language of ordered rings such that
O((al, bl), (ag, bQ), (ag, bg)) ~— R ': O(al, bl, as, bQ, as, bg)
1
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for all (a1, b1), (az,b2), (as,b3) € S. Thus Ryoq1 and S are definable groups in the
field R of real numbers, and are isomorphic as groups. Note that the isomorphism
indicated above is not definable in the ordered field R, but is definable in this
ordered field expanded by the restriction of the sine function to [0, 27].

For each real closed field R we put
S(R) := {(a,b) € R? : a®> +b* = 1}

and consider S(R) as a commutative group with identity (1,0) and multiplica-
tion given by the same identity used to define the multiplication of S. We also
give it the orientation defined by the equivalence above involving the formula
O(x1,y1, %2, Y2, T3, y3), but with R instead of R, and S(R) instead of S.

An oriented abelian group is an abelian group with an orientation on it. We are
going to show that every oriented abelian group is isomorphic to Gpod1 for some
ordered abelian group G with distinguished element 1 > 0. In the rest of this
section A is an oriented abelian group with orientation O, and we let a, b, ¢, d range
over A.

Observations.

(i) Given any a, the set {(z,y) € A% : O(a,z,y)} is a strict linear order on
A\ {a}, to be denoted by <,, so b <, ¢ means O(a,b,c), and b <, ¢ implies
in particular that a, b, ¢ are distinct.

(ii) O(a,b,¢c) & O(—c,—b,—a).

(iii) (O(a,b,c) & O(0,a,c)) = O(0,a,b).

(iv) (O(a,b,d) & O(b,c,d)) = O(a,b,c).

(V) a<ob = —b<pa-—b.

To see why (iii) holds, assume O(a,b,c) and O(0,a,c). Then O(a,c,0), so b <, ¢

and ¢ <, 0, hence b <, 0, so O(a,b,0), and thus O(0,a,b). To get (iv) we first

state (iii) as the implication (O(b, c,d) & O(0,b,d)) = O(0,b,c). By axiom (3) we

can replace 0 here by any element of A, and this gives (iv).

Lemma 1.1. We have the following equivalences:
(1) (a<g=banda+b<g—c) < (b<g—canda<g—-b—c),
(2) (-b<paand —c<pa+bd) <= (—c<gband —a<ob+c).

Proof. We only show (1), since (2) can be proved in a similar way. If the forward
direction of (1) holds, then the other direction follows by switching a and c. So
assume a <g —b and a + b <g —c; we want to show b <y —c and a <g —b — c. By
observation (v) above we get b <o a + b, hence b <y —c.

From O(0,a + b, —c) we get O(=b,a,—b — ¢) by adding —b, so O(a,—b — ¢, —b).
In combination with O(0, a, —b) this gives a <g —b — ¢ by observation (iii). O

Consider an ordered abelian group B with distinguished element 1 > 0, and let
a,b € [0,1) C B. Then we have the following equivalences:

a+b<1l & a=0 orb=0 ora<g—b,

a+b=1 < a#0 andb#0 and a+,b=0,

a+b>1 < a#0 andb#0 and —b <g a.
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Here the lefthand sides use addition in B and the righthand sides refer to the
operations and relations on By,q1, in particular, —b as used on the righthand sides
denotes the negative of b in Bp,oq1. This motivates the following case distinctions
in the abstract setting of any oriented abelian group A:

(a,0) <1 : & a=0 orb=0 ora<g —b,
(a,0) <1 & a#0 andb#0 anda+b=0,
(a,) =1 & a#0 and b#0 and —b < a.

Let a,b be given. Then exactly one of (a,b) < 1, (a,b) < 1, (a,b) > 1 holds, and
(a,b) < 1iff (bya) <1, (a,b) < 1iff (b,a) <1, and (a,b) > 1 iff (b,a) = 1. We also
define (a,b) < 1 to mean that (a,b) < 1 or (a,b) < 1, and define (a,b) > 1 to mean
that (a,b) > 1 or (a,b) < 1.

To construct an ordered abelian group G with an element 1 > 0 such that A and
Gmod1 are isomorphic as oriented abelian groups, we set A* = Z x A, and define
the binary operation + on A* as follows:

[ (k+1l,a+b) if (a,b) <1,
(k,a) + (I,b) = { (k+1+1,a+b) otherwise,

where k,l € Z. We shall prove that A* is an abelian group with + as its addition
operation. It is clear that (0,0) + (k,a) = (k,a), (k,a) + (=k,—a) = (0,0) if
(a,—a) < 1, and (k,a) + (—k — 1, —a) = (0,0) if (a, —a) £ 1. It is also clear that
the operation + on A* is commutative. Verifying its associativity requires many
case distinctions. To help in this we define:

((a,b),¢) <1 & (a,b) <1and (a+b,c) <1
1= ((a,b),c) <2 :& ((a,b) <1 and (a+b,c) = 1))
or ((a,b) = 1 and (a+b,c) < 1)
2 < ((a,b),¢) & (a,b) = 1 and (a+b,c) = 1.
Likewise, we define
(a,(b,c)) <1 & (b,c) <1and (a,b+c¢) <1
1= (a,(b,c)) <2 = ((byc) <1and (a,b+c) = 1))
or ((b,c) = 1 and (a,b+c) < 1)
2 < (a,(b,c)) = (b,c) = 1and (a,b+c) = 1.
Given a, b, ¢, exactly one of the three statements ((a,b),c) < 1, 1 < ((a,b),c) < 2,

2 < ((a,b),c) holds, and also exactly one of the three statements (a, (b, c)) < 1,
1 =< (a,(b,c)) <2,2=(a,(b,c)) holds.

Let j,k,l € Z; using the above notation, we have

(G+k+lLa+bdb+c) if ((a,b),c) <1
((Ga)+ (kD) + (Le)={ (G+k+l+La+tbtc) if1=((a,b),c)<2
(G+k+1+2,a+b+c¢) if2=((ad),c)
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and likewise,

(j+k+la+b+c) if (a, (b,c)) <1
(Jya)+ ((k,0)+ (Le) =< (G+k+1l+1,a+b+¢) ifl1=(a,(bec)) <2
(GJ+k+1+2,a+b+c) if2=(a,(bc))

So checking associativity of + reduces to verifying the equivalences
((a,b),c) <1 < (a,(b,c)) <1, 1=((a,b),c) <2< 1=(a,(bc)) <2,
2 < ((a,b),c) & 2= (a,(b,c)).
The first equivalence follows by making the obvious case distinctions, with the main

case handled by (1) of Lemma 1.1. The third equivalence follows likewise by (2) of
Lemma 1.1, and the second equivalence follows from the first and third.

We define a strict linear order on the set A* by

(k,a) < (I,b) & k<lor(k=land a<gb)or (k=1and a =0 and b#0).
Let j,k,1 € Z, and assume that (j,a) < (k,b). We claim that then

(U,a) + (1 ¢) < (k,b) + (I, 0).

Ifj4+1 <k, then j+1+1 < k+ 1, and so our claim holds. Other cases split
into various subcases that can be handled using the observations(i)—(v). We only
indicate the main points to be verified.

Suppose j+ 1 = k. Then a tedious checking of cases shows that the claim holds.

Suppose j = kand a <g b. If (b,c) < 1, then (a,c) < 1,50 (j,a)+(l,c) = (j+I,a+
¢), (k,b)+(l,¢) = (k+1,b+c¢), and a tedious checking of cases gives O(0, a+c¢, b+c),
and our claim holds. If (a,c¢) < 1 and (b,c) > 1, then (j,a) + (I,¢) = (j +1,a + ¢),
(k,b) + (I,e) = (k+ 1+ 1,b+ ¢), so the claim holds. Finally, if (a,c¢) > 1 and
(b,c) = 1, then (j,a) + (l,c) = (G +1+1,a+¢), (kbd)+ (l,¢) = (k+1+1,b+ ¢),
and one can check that a + ¢ <g b+ ¢, so the claim holds.

It is also easy to show that the claim holds when j = k and @ = 0, b # 0. Thus
A* is an ordered abelian group with the ordering defined above.

Let G = A* and take (1,0) € G as its distinguished element 1 > 0. Then
{reG:0<z<1}={(0,a):ac€ A},

and we have an isomorphism A — G041 of oriented abelian groups given by
a +— (0,a). This makes results from the beginning of this section available. When
convenient we identify A with the oriented abelian group Gp,0q1 via the isomorphism
above, and Z with the ordered subgroup Z -1 of G via k +— (k,0) =k - 1.

Lemma 1.2. For each n > 0 we have |A*/nA*| = |Z/Z NnA*|-|A/nAl.

Proof. The surjective group morphism A* — A taking (k,a) to a has kernel Z. For
n > 0, the induced map A*/nA* — A/nA has kernel isomorphic to Z/Z N nA*.
The lemma follows. O

We express the index |Z/Z NnA*| in the lemma above in terms of A alone without
mentioning A*, when n is a prime power. So let p be a prime number and let e
range over N. We have
(%) ZNp°A* =7 iff 1 € p°A* iff |A[p®]| = p°.

Also A[p¢] € A[p¢™?] if and only if |A[p¢T1]| = p¢*L. So either |A[p¢]| = p® for
all e, and then we set e(A4,p) := oo, or there is a largest e such that |A[p¢]| = p°®,
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in which case we define e(A4,p) to be this largest e. So e(A,p) € NU {oco}. Let
e > e(A,p). Then it is easy to see that |A[p¢]| = p*(AP). Also p¢=¢(AP)7 C ZNp° A*
since there is a* € A* such that p*(“P)g* = 1. Next we prove the other inclusion.

Lemma 1.3. Let p be a prime number and e > e(A,p). Then
7 ﬂpeA* C pe—e(A,p)Z.

Proof. We proceed by induction on e — e(A,p). If e = e(A,p) + 1, then Z N
peAP)TLA* C 7. Hence Z N p°A* C pZ. So let e — e(A,p) > 1, and let pa* €
7 with a* € A*. By induction hypothesis Z N p¢~tA* C pe~1=¢(AP)Z.  Hence
pea* € pe1meAn7, Qo peAP)tlg* ¢ 7. and by using the induction hypothesis
once again, we get pc(AP)Hg* € pZ. Thus

pea* _ pe—e(A,p)—lpe(A,p)-l-la* c pe—e(A,p)Z

b

finishing the proof. O

Using also Lemma 1.2 we have the following consequence.

Corollary 1.4. Let p be a prime number, e € N. Then
(1) ZNp°A* =7 and |A* /p°A*| = |A/p°A| for e < e(A,p).
(2) ZNpeA* = p=¢APZ and |A* [p° A*| = pe=(AP)|A/pe A| for e > e(A,p).

We want to define a notion of ‘regularly dense’ for oriented abelian groups, in
analogy with the corresponding notion for ordered abelian groups. First we prove
a general lemma on ordered abelian groups.

Lemma 1.5. Let G be an ordered abelian group with a distinguished element 1 > 0
such that Z - 1 is cofinal in G, and the interval (0,1) C G is a nonempty dense
linearly ordered set without endpoints. Suppose S is a subgroup of G such that
SN (0,1) is dense in (0,1). Then S is dense in G.

Proof. Note: we do not assume that 1 € S. By induction on m, we show that
for every g,h € G with 0 < g < h < 1, the interval (m + g, m + h) contains an
element of S. The case m = 0 is just the assumption that S N (0,1) is dense in
(0,1). Assume the statement holds for a certain m, and take 0 < g < h < 1. We
need to find x € S such that m +1+¢g < x < m+ 1+ h. Using the induction
hypothesis, take s € SN (m + h,m + 1). It suffices to find y € S such that
m4+1l+h<y+s<m—+1+h,thatis, m+1+g—s<y<m+1+h—1. There
issuchaysince0<m+14+g—s<m+1+h—s<l. O

We can now prove the following lemma, which says that a certain condition on A
is equivalent to A* being regularly dense as an ordered abelian group.

Lemma 1.6. The following conditions are equivalent:

(1) A* is reqularly dense as an ordered abelian group,
(2) |A| > 2 and for each prime number p and all a,b € A with a <o b there is
c € A\ {0} such thatic <o (i+1)c fori=1,...,p—1 and O(a, pc,b).

Proof. Assume (1), let p be a prime number, and and let a,b € A satisfy a <q b.
Put z = (0,a), y = (0,b),s0 0 < z <y < 1in A* where 0:= (0,0) and 1 := (1,0).
Take z in A* with x <pz <y. Then 0 < 2 <2z <--- < pz < 1,80 z = (0,¢) with
¢ € A\ {0}. One checks easily that then ¢ <g 2¢ <g - -+ <g pc and O(a, pc, b).
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Now assume (2). It is clear that A\ {0} is a nonempty dense linearly ordered
set without endpoints. Then (0,1) € A* is a nonempty dense linear ordering
without endpoints, and for each prime number p the set (0,1) N pA* is dense in
(0,1). Applying the previous lemma with G = A* and S = pA*, we get that A* is
regularly dense. O

Definition 1.7. We say that the oriented abelian group A is regularly dense, if
condition (2) of Lemma 1.6 is satisfied.

Hence A is regularly dense if and only if A* is regularly dense as an ordered abelian
group. checked so far

Remark. Suppose for every prime p there is nonzero a € A such that pa = 0.
Then A is regularly dense iff for every prime number p and all a,b € A with a <g b,
there is ¢ € A such that O(a, pc,b).

We say A is dense if it is nontrivial and < is a dense linear order without endpoints
on A\ {0}. It is easy to see that A is dense iff A* is dense as an ordered abelian
group.

Our main interest is in the dense subgroups of S. Note that S* and R are isomorphic
as ordered abelian groups. Thus the dense subgroups of S are exactly the regularly
dense subgroups. Therefore from now on we restrict our attention to regularly
dense oriented abelian groups.

Let £ be the language of abelian groups augmented by a ternary relation symbol.
Also let £, be the language of ordered abelian groups, and L,(1) the language
extending L, by a constant symbol 1. When A is an oriented abelian group, we
construe it as an L-structure by interpreting the ternary relation symbol as O, and
construe A* as an L,(1)-structure by interpreting 1 as (1,0) € A*. Note that then
the identification a — (0,a) : A — A* defines the structure A in the structure A*.

Below elementary equivalences of oriented abelian groups are in the language £, and
those of ordered abelian groups are in the language £,(1), unless stated otherwise.

Corollary 1.8. Let A, B be regqularly dense oriented abelian groups. Then A= B
if and only if A* = B*.

Proof. The implication A* = B* = A = B follows by defining A and B in A* and
B* as above.

Now let A = B. It is shown in [2] that A* = B* as L,-structures if and only
if |A*/pA*| = |B*/pB*| for every prime number p. Thus by Corollary 1.4, we get
A* = B* as L,-structures. To show A* = B*, it remains to prove that (1,0) has the
same Lo-type (over @) in A* and B*. By the quantifier elimination result, Lemma
7.7 from [1], for regularly dense ordered abelian group it is enough to show that

lenA<1€nB,

for every n > 0. This follows from the fact that |A[n]| = |B[n]| for every n > 0. O

From [2] we have a complete list of invariants for the elementary theory of a regularly
dense ordered abelian group, and together with Corollary 1.4 and the proof of
Corollary 1.8 this gives a complete double list of invariants for the elementary
theory of a regularly dense oriented abelian group:
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Corollary 1.9. Let A and B be regularly dense oriented abelian groups. Then
A = B if and only if for every prime number p we have [p]A = [p]|B and e(A,p) =

e(B,p).

For every prime p, take two elements d,, e, of NU {co}. We construct a regularly
dense oriented abelian group A such that [p]A = d, and e(A,p) = e, for every
p. Indeed for we construct a dense subgroup G of the additive group R such that
[p|G = dp, 1 € p»G \ p>»*1G for e, # 0o and 1 € p°G for all e for e, = co. Our
desired A is then Gpoq1-

Let G’ := @p Z?Z’;), where Z,) is the additive group of localization of Z at p. Then

we can embed G’ into R in a way that the image of G’ under this embedding
contains 1 € R and not 1/p € R for every p. Let G” denote the image of G’, and let
Z(p) denote plp Z if e, # oo, and |, ﬁZ if e, = co. Then let G := G" + P, Z(p).
This G satisfies the desired properties.

Let A be an oriented abelian group with a subgroup A’ such that A, = Af,,, and
let a € A. Then we define

Alayp :={b€ A:nb=a + ka for somen >0, a’ € A and k € Z}.
Note that A’{a) 4 is the smallest pure subgroup of A containing both A’ and a.

Next we obtain an extension procedure for regularly dense oriented abelian groups,
using the analogous procedure in [2] for regularly dense ordered abelian groups.

Let A and B be regularly dense oriented abelian groups with [p|A = [p]|B for every
prime p. Let f : A/ — B’ be an oriented abelian group isomorphism between
pure subgroups A’ and B’ of A and B respectively such that Aj,, = Ao and
B{,, = Btior- Suppose also that B is k-saturated, where x > |B’| is an uncountable
cardinal. This gives an ordered abelian group isomorphism f* : (4")* — (B’)*

taking (I,a’) to (I, f(a")) for all (I,a") € (A")*.

Let a € A\ A’. Please explicitly state as a claim what it is that you are
going to prove. Take a k-saturated elementary extension C'* of B*, and consider
a* := (0,a) € A*. Then by the extension procedure mentioned in [2], there is
¢* € C* such that for all o’ € (A")*, k € Z, n > O:

(1) d <na* <= f*(a') < nc*;

(2) o/ +ka* e nA* = f*(d) + kc* € nC*,
In particular ¢* is of the form (0, c¢), where ¢ is contained in the oriented group
extension C' := (C*)poq1 of B. By k-saturation of B, there is b € B such that
tpo(b|B’) = tpe(¢|B’). Thus for all «’ € (A")*, k € Z, n > 0:

(1) ¢’ <na* <= f*(a') < nb*,

(2) d +ka* € nA* = f*(a') + kb* € nB*,
where b* := (0,b). For this b* we can extend f* to an ordered group isomorphism
(A)*(a*)a» — (B")*(b*)p~ sending a* to b*. This induces an oriented abelian
group isomorphism A” — B” extending f, where A” := ((A")*(a*) 4*)mod1 C A
and B” := ((B")*(b*) g+ )moa1 € B. It is easy to see that A” is A’{a)4 and, and
similarly B” is B'(b)p.
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2. THE FIELD OF REAL NUMBERS WITH A SUBGROUP OF THE CIRCLE GROUP

Fix a dense subgroup T' of the oriented abelian group S C C* with the Mann
property. We identify C with R? in the usual way, via

z=a+bi— (a,b), (a,b € R).
This makes I' a subset of R%. For an element a = (a1, az) of C, we let Re(a) := o

and Im(«) := ag, so we have subsets Re(I') and Im(T") of R.

The orientation axioms of T are the following: given v1,...,7v, € I' and a polyno-
mial Q(X1,...,X,) € Z[X1,...,X,], the orientation axiom for ¥, Q is

QRe(), ..., Re(yn)) >0,
if this inequality holds in R, and it is

Q(Re(71)7 R 7Re(7n)) S 0

otherwise.

Let Lo, p(I') be the language of ordered rings augmented by a binary relation symbol
P and by a name ~y for each v € T.

For every linear equation
T+t apz, =1 (n>2, ay,...,a, € Q¥)
take a finite list of its nondegenerate solutions in T,

= (7117"'77177«)7"'77/6 = (Vkla"'a’ykn%

and let the corresponding Mann axiom of ' be the sentence

Vsz[ (y,z /\Z a;y; = 1/\2 a;z; = 0/\/\ Zazyz =+ 0\/2 a;z; #+ 0 —> \/ (y,2) = 74

i€l el

in the language L,(P,T), where y = (y1,...,yn) and z = (z1,...,2,) are tuples of
distinct variables, P(y, z) abbreviates P(y1,21) A -+ A P(yn, 2,), the conjunction
A; is over all nonempty proper I C {1,...,n}, “>°"  ay; = 17,%> 1 a;2z; = 07
“Zie 7 aiy; 7 07, and “Zie 7 a;z; 7 07 represent certain obvious formulas in the
language of rings, and (y, z) = y; abbreviates y1 = Re(;1)A- - -Ayn = Re(y;n)A21 =
Im(y;1) A= Az = Im(yn).

Let RCF(I') be the L,(P,T')-theory whose models are of the form (K, G, (7)yer)
such that
(1) K is a real closed ordered field,
(2) G is a dense subgroup of S(K) C K?,
(3) y—+":T = G is a group morphism,
4) (K ( ") er) satisfies the orientation axioms for T,
(5) (K,G,(7)yer) satisfies the Mann axioms for T,
(6) Gtor - Ftor

Whenever (K G, (o ),yer‘) is a model of RCF(T'), there is an isomorphic copy of the
abelian group I' in G. We identify this copy of I" with itself, and hence a model of
RCF(T") will be denoted as (K, G, (’y),yep) or simply (K, G, (’y)) Next is our main
result characterizing the models of RCF(T") up to elementary equivalence.
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Theorem 2.1. Let (K, G, (7)) and (L, H, (7)) be two models of RCF(T'). Then
(K,G, (7)) = (L,H, (7)) if and only if [p|G = [p|H for all p, and for ally € T, and
n >0,

v 15 an n™ power in G < Y s an n™ power in H.

Proof. We only prove the backward direction. So let (K, G, (v)) and (L, H, (7)) be
such that [p]G = [p|H for all p, and for all v € T, and n > 0,

7 is an n'" power in G < v is an n*® power in H.

We need to prove that (K,G,(v)) = (L, H,(y)). We do this by constructing a
nonempty back-and-forth system between (K, G, (v)) and (L, H, (7)). We assume
they are k-saturated with x an uncountable cardinal.

Let Sub(K, G) be the collection of L, (P)-structures (K’, G') such that K’ is a real
closed ordered subfield of K of cardinality less than x, G’ is a pure subgroup of
G containing T', and K'(i) and Q(G) are free over Q(G’)(as subfields of K(7)).
Using Lemma 5.13 from [1], we get that if (K’,G’) € Sub(K,G), then (K',G’) is
a substructure of (K,G), and Q(G)|Q(G’) is regular. Hence K'(i) and Q(G) are
linearly disjoint over Q(G’). Define Sub(L, H) likewise, and let Z be the collection
of isomorphisms between members of Sub(K, G) and Sub(L, H) fixing I pointwise.
We show that Z is a non-empty back-and-forth system. For non-emptiness, let

G :={geG:g" el for somen >0}, K :=QRel)) CK,

H :={he€ H:h" €T for somen >0}, L' :=QRe))™C L.

It is clear that (K’,G’) € Sub(K,G) and (L', H') € Sub(L, H) and by the orienta-
tion axioms there is an ordered field isomorphism K’ — L’ extending the identity
map on I', which in turn is an isomorphism between (K’, G’) and (L', H') belonging
to 7.

Now let ¢ : (K',G') — (L',H') bein Z, and o € K \ K.

Case 1. Let a € Re(G). Let o € K such that « + ia/ € G. Then by using the
previous remark on the regularly dense oriented abelian groups, there is an oriented
abelian group isomorphism G'{a)¢ — H'(B)m extending ¢|G’. In particular, S
realizes the cut over Re(H') corresponding to the cut of o over Re(G’). Moreover
we can arrange (3 to realize the cut over L’ corresponding to the cut of o over K'.
Hence K'(«)™ and L'(B)" are isomorphic as ordered fields through a map extending
t, sending « to 8. This is an isomorphism of £, (P)-structures (K'(a)*,G") and
(L'(B)re,H"). We need to check that K'(a,4)"™ and Q(G) are free over Q(G”). It
follows by usual arguments. (This also covers the case a € Im(G))

Case 2. If & € K'(Re(G)UIm(G))™, then we apply the previous case several times.

Case 8. Now let o ¢ K'(Re(G) UIm(G))™. Then take 8 € L such that § ¢
L'(Re(H) UIm(H))™ realizing the type over L’ corresponding to the type of «
over K'. So K'(«)™ and L'(8)"¢ are isomorphic as ordered fields. In fact, it is an
L, (P)-isomorphism extending ¢, finishing the proof.

(]
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