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1. INTRODUCTION

Let (R, 2%) be the the field of real numbers with the multiplicative group
of powers of 2. The elementary theory of (R, 2%) was determined in [3], with
simple valuation theory as the main tool, and [3] also shows that in (R, 2%),
each definable relation is a boolean combination of existentially definable
relations. But multiplicative groups like 2@ C R>? and 2%3% C R>? could
not be handled in this way. Using Mann [12], Zilber [21] axiomatized (C, U)
where U is the multiplicative group of roots of unity in the field C of complex
numbers. In [22] he showed that in (R, U) each definable relation is a boolean
combination of existentially definable relations.

Here we extend these results to all multiplicative groups in C and R of
finite rank. (The rank of an abelian group G is the dimension of the Q-
vector space G ® Q, where G is viewed as Z-module and the tensor product
is that of Z-modules. So the groups 2%, 29, 223% U have ranks 1,1,2,0.)

A fundamental fact about these multiplicative groups of finite rank is that
they have the Mann Property. To define this property, let K be a field
and G a subgroup of its multiplicative group K*. Consider an equation

() a1+ -+ apey, =1

with n > 2 and nonzero coefficients ay,...,a, in the prime field of K. A
solution of (%) in G is a tuple (g1,...,9n) € G™ such that

algl+"'+angn:17

and a nondegenerate solution of (%) in G is a solution (g1, ..., gyn) of (%) in
G such that ), ; a;g; # 0 for each nonempty subset I of {1,...,n}. We say
that G has the Mann property (in K) if every equation (x) has only finitely
many nondegenerate solutions in G. We call it by this name because Mann
[12] showed that U has the Mann property in C. Some twenty years later
came the proof of the deeper theorem that any multiplicative group of finite
rank in any field of characteristic 0 has the Mann property; see [17], [6], [10].
Mann’s proof, however, has the virtue of being effective: for any equation
(%) with rational a; it constructs all nondegenerate solutions in U.

Our results concern mainly the model theory of structures (K, G) where
K is algebraically closed or real closed, and where G is only assumed to have
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the Mann property, with “finite rank” as a special case. (A natural example
of infinite rank is (C,exp A) where A C C is the field of algebraic numbers.)
Here are precise statements of some of these results.

Proposition 1.1. For algebraically closed K, the following are equivalent:

(1) G has the Mann Property;

(2) for every algebraic set V.C K™ its trace V N G" is a finite union of
cosets of subgroups of G™;

(3) for every X C K™ that is definable in (K,QG) its trace X N G™ is
definable in the group G.

Speaking informally, this result says that, for G, the Mann Property and the
Mordell-Lang property are equivalent; in this connection, see also Pillay [15].
The subgroups of G™ in (2) come from a finite collection of subgroups of G™
that can be specified in advance in terms of n and a bound on the degree of
the polynomials that define V; see Section 5 for details.

In (3) we view (K,G) as an L(U)-structure where £ is the language of
rings and U is a unary relation symbol whose interpretation in the structure
(K, G) is the subset G of K.

Let T" be a subgroup of C* with the Mann property. In order to describe
the elementary theory of (C,I') we add a name for each v € I', and for
convenience we denote this name also by . For each equation

ari+ -t apr, =1 (n>2, a,...,ap € Q%)
take a finite list of its nondegenerate solutions in I,

Y1 = (7117 <. 7’7171)7 N (7]617 cee 77]6%)7
and let the corresponding Mann axiom of I' be the sentence

n k
Vy[(U(y) /\Zaiyz’ =1 /\/\Zaiyi #0) — \/ y= %’]

i=1 I el j=1
in the language £(U) with names for the elements of I', where y = (y1,...,yn)
is a tuple of distinct variables, U(y) abbreviates U(yi) A --- A U(yn), the
conjunction A; is over all nonempty I C {1,...,n}, “>°"  a;y; = 17 and
“> icr @iyi 7 07 represent certain obvious formulas in the language of rings,
and y = v; abbreviates y; = 1 A+ A yn = Yjn. We view (C,F, (v)wep)
as a structure for the language L£(U) with names for the elements of T.
The following yields a complete axiomatization of the elementary theory of

(C’ Fa (’7)’)/61") .

Theorem 1.2. Let K be an algebraically closed field of characteristic 0, let
G be a subgroup of K*, and let a map v — ' : T' — G be given. Then

(K, G, (7’)76p) = (C,F, ("}/)761“) if and only if
. (G, ('y’)yep) = (F, (’7)76F) as groups with distinguished elements;
. (K, G, (7)yer) satisfies the Mann azioms of T.
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This theorem is proved in a stronger form in Section 6, where we also describe
the definable sets of (K, G), and show that various stability conditions on
the group G are inherited by (K, G).

To state analogous results with R instead of C we define for any abelian
multiplicatively written group G and positive integer d,

Gl .= {4 g€ G} (its subgroup of d® powers),
with the corresponding elementary invariant

|G = { |G/GI| it G/GI s finite,

00 otherwise.
Let T be a dense subgroup of the positive multiplicative group R>° of R,
and suppose I" has the Mann property. We consider (R, I") as a structure for
the language L£,(U) of ordered rings with a unary relation symbol U, and
construe (R, r, (’)/),yer> as a structure for the language £,(U) augmented by
names for the elements of I'. In Section 7 we prove:

Theorem 1.3. Let K be a real closed ordered field, let G be a dense subgroup
of K=Y, and let a group homomorphism v — ~' : T' — G be given. Then
(K, G, (7’)7@) = (R,F, ("}/),yer) if and only if
e for each v € T' and each prime number p, if v is not a p™ power in
T, then ' is not a p™ power in G ;
o [p|G = [p|T for each prime number p ;
o forallay,...,an € Z and v1,...,v €T,

ayi+ A Y > 0= a1y + o+ any, >0 ;
. (K, G, (’y’)vep) satisfies the Mann axioms of T.

We also include results about the definable sets in (R,T") and the induced
structure on I' when I' is divisible.

In Section 8 we indicate cases where the Mann property holds effectively,
with decidability of some of the above theories as a consequence. One such
case is 7(k*) where 7 : k — WJk] is the Teichmiiller character of a perfect
field k of characteristic p > 0; this relates to an issue left over from [5]. We
discuss the positive characteristic case at the end of Section 8.

Originally we also planned to include results on (R, I") where T is a subgroup
of C* with the Mann property. (Here C is identified with R? in the usual way
so that I" becomes a binary relation on R.) But we were informed that the
case of main interest, where I' is a subgroup of the unit circle, will be treated
in a paper by O. Belegradek and B. Zilber; see also [22] for I' = U. Their
interest in this topic is connected with an attempt to understand quantum
tori model-theoretically. To minimize overlap and because we were not aware
of this connection, we decided not to execute this plan.

We thank Alex Berenstein, Clifton Ealy, David Marker, Chris Miller,
Anand Pillay, and Boris Zilber for discussions related to this paper.
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Conventions, Notations, and two Facts. Throughout, m and n (some-
times subscripted) range over N = {0, 1,2,...}. “Definable” will mean “de-
finable with parameters” unless indicated otherwise. We let | X| denote the
cardinality of a set X. Given sets X and Y we write

f:X-5Y

to indicate that f is a map from X to the power set of Y such that |f(x)] < n
for all x € X. For such an f its graph is by definition the set

{(z,y) e X xY :y € f(a)},

and for § € X we put f(5) := Uyeq f(x). If X and Y are definable in a
structure M, then such an f is said to be definable in M if its graph is.

In Section 4 the notion of a positive formula becomes relevant. To define it
we specify our logical symbols to be the nullary relation symbols T and L
(for “true” and “false”, respectively), in addition to the usual connectives
-, A, V, the quantifiers 3,V, and the binary relation symbol =.

We now define positive formulas to be formulas that do not contain the
negation symbol —; they may contain 1.

To prove that in certain theories the formulas are equivalent to formulas of
a very special form we shall sometimes use the following consequence of the
Stone representation theorem.

Fact 1. Let B be a boolean algebra and S(B) its Stone space of ultrafilters.
Let ¥ C B and suppose that the map F — FN¥ : S(B) — Z(V) is
injective. Then ¥ generates B as a boolean algebra.

From field theory we shall use the notions of linear disjointness, freeness,
and regular extension, in particular the following result from [9], p. 367.

Fact 2. Let E, K, L be subfields of a field 2 such that £ C K, F C L, and
K is a regular extension of F. If K and L are free over F, then they are
linearly disjoint over FE.

If K is a field, then K?° is its algebraic closure in the field theoretic sense.
If K is an ordered field, then K™ is its real closure.

Let M = (M,...) be a structure and A C M. Then acl(A) C M is the
model-theoretic algebraic closure of A in M. If A= (A4,...) is a substruc-
ture of M, then acl(.A) is the substructure of M with underlying set acl(A).

2. SMALL SETS IN A STRUCTURE

This section resembles Section 1 of [4]. In the background is the fact
(Lemma 6.1) that if a multiplicative group G in an algebraically closed field
K has the Mann property, then G is small in K in a certain technical sense.
Here we treat this notion of smallness in a general model-theoretic setting.

Below, L is a language, M = (M,...) is an L-structure, and G C M. If
f(G™) = M for some m,n and some f : M™ - M definable in M, we call
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G large in M, and otherwise we call G small in M. In particular, if M is
infinite and |G| < | M|, then G is small in M. We also say that a set S C M
is G-bound (in M) if S C f(G™) for some m,n and some f : M™ " M
definable in M. Note that the union of two G-bound sets is again G-bound,
and that if f : M™ - M is definable in M and Si,...,S, C M are
G-bound, then f(S1 x --- x S,,;) is G-bound. (It came to our attention that
Casanovas and Ziegler [2] have another notion of small. It is easy to see that
their notion is equivalent to ours for strongly minimal M.)

We use many-valued functions in these definitions because the proof of
Lemma 2.2 below would not work with single-valued functions. However,
see Lemma 2.4 for the case of algebraically closed fields.

Lemma 2.1. If G is small in M and b € M, then G U {b} is small in M.
Proof. Let b€ M \ G and fix some m. For I C {1,...,m}, put
G(I) :={(a1,...,am) € (GU{b})™ :a; € Gforie I,a; =bfor j ¢ I},

so there is a definable bijection between G(I) and GI'!, and

Gupphm=J ).

I1C{1,...,m}
Hence, if f: M™ -5 M is definable in M, then
fGufph™) =Ur(Gm)
I

is clearly G-bound. ]

Let U be a new unary relation symbol, and consider the £(U)-structure
(M, G). Smallness is a first-order property in the language £(U): there is a
set of L(U)-sentences whose models are exactly the £(U)-structures (M, G)
such that G is small in M. Thus if G is small in M, and the £(U)-structures
(M, G) and (M’,G") are elementarily equivalent, then G’ is small in M’.

Lemma 2.2. Suppose G is small in M, and the L(U)-structure (M, Q) is
k-saturated where k > |L|. Then:
(1) Suppose (S;)icr is a family of G-bound subsets of M with |I| < k.
Then J;ep Si is small in M.
(2) Suppose S C M and |S| < k. Then acl(G U S) is small in M.
(3) There is a sequence (by)a<k in M such that no by is algebraic over
GU{by :a <7} in M.

Proof. For (1), we can assume towards a contradiction that f : M™ = M

is definable in M and M = f((UiSi)m), with each S; of the form g;(G™¢) for

some g; : M™i % M definable in M. Then M = U f(Siq) X -+ X Si(m))

where the union is over all tuples (i(1),...,i(m)) € I"™. Since each set
5



f(Sia) x ==+ X Sim)) is definable in (M, G), it follows by the x-saturation
of (M, ) that there is a finite J C I"™ such that

M= U f(Si(l) X X Si(m))7
(i(1),....i(m))eJ
so M would be G-bound.
Now (2) follows from (1) by noting that

ac(GUS) = | J f(G™

m TL,f

n

where the union is over all m,n, f with f : M™ — M definable in M
over S. Property (3) follows by an obvious transfinite construction using
the previous lemma and (2). O

We can now generalize a theorem of Keisler [8]:

Proposition 2.3. Let T be an L-theory with QF whose models are infinite
and strongly minimal. Let M and N be models of T with substructures
G=(G,...) and H=(H,...), such that

(i) G is small in M and H is small in N;

(i) G=H and M =N
Then (M,G) = (N, H).

Proof. First some easy observations. Let ¢ : C 2 D be an isomorphism
between substructures C of M and D of N'. Then
(a) 7 extends to an isomorphism acl(C) = acl(D);
(b) ifz € M\acl(C) and y € N\acl(D), then ¢ extends to an isomorphism
acl(C)(z) = acl(D)(y) that sends z to y.

If the proposition is true for all countable £, then it is clearly true for all
L, so we assume in the rest of the proof that £ is countable. With this
assumption it is harmless to assume also CH, so we can reduce to the case
that (M,G) and (N, H) are saturated and of cardinality X;. Then G and
‘H are Nj-saturated, and thus either both finite, or both of cardinality Nj.
So we have an isomorphism e : G =2 H. Take a basis X of M over G, and a
basis Y of N over H. By (3) of the previous lemma we have | X| = Y| = R;.
Hence by the observations at the beginning of the proof we can extend e
to an isomorphism G(X) = H(Y), and such an isomorphism extends to an
isomorphism acl(G(X)) = M = acl(H(Y)) = N. This last isomorphism is
an isomorphism (M, G) = (N, H). O

The proof yields more: Let the language £* extend £ by relation symbols
and constant symbols. With the assumptions of the proposition, assume
that G* and H* are L*-expansions of G and H such that G* = H*. Then
(M, G*) = (N, H*) as L*(U)-structures.

If M is an algebraically closed field, then the many-valued functions in the
definition of “small” can be replaced by ordinary functions:
6



Lemma 2.4. Let K be an algebraically closed field and suppose G C K is
large in K. Then there is a function F : K¢ — K, definable in K, such that
F(GYH =K.

Proof. Take f : K™ -+ K definable in K such that f(G™) = K. We can
easily arrange that |f(a)| = n for all a € K™. Let 01, ..., 0, be the elemen-
tary symmetric polynomials in n indeterminates, and define f; : K™ — K
by fi(a) = o;i(b1,...,by,) where f(a) = {b1,...,b,}. Then there is for each
b€ K an a € G™ such that b" + f1(a)b" ' + - + fu(a) = 0. Let E be the
subfield of K generated by fi(G"™)U---U f,,(G™). Then by the above, each
b € K is separably algebraic of degree < n over F, and thus [K : E] < n.
By mimicking how FE is generated by addition, multiplication, and division
from fi(G"™)U---U f,(G™), and using a (finite) basis of K as vector space
over F, we obtain functions F; : K™ — K, each definable in K, with ¢
ranging over a countable index set I, such that

K =|JFE(@G™).
iel
We could have assumed from the outset of this proof that (K,G) is Ni-
saturated, so that K = J;c7, Fi(G™) for a finite subset Iy of I. The finitely

many functions F; with i € Iy easily yield a single function F : K¢ — K as
desired. O

Remark. Suppose F'is a subfield of the algebraically closed field K. Then F
is large in K if and only if F' = K, or F' is a real closed field and [K : F] = 2.
This follows from a theorem of E. Artin; see Lemma 3.1 in [8].

3. ALGEBRAICALLY CLOSED FIELDS WITH A MULTIPLICATIVE SET

From now on in this paper £ = {0,1,+, —, -} is the language of rings. We
shall also use its sublanguage Ly, := {1, -} of multiplicative monoids.

Throughout this section K is an algebraically closed field, with prime
field F, and G is a multiplicative set in K, that is, G is a subset of K that
contains 1 and is closed under multiplication. (For example, any subring of
K is a multiplicative set in K.) We consider G as an Ly-structure in the
obvious way. The addition of K also leaves a trace on GG, and to deal with
that we extend Ly, to the language

LX) ={1,}U{3r:ke€Z"\n=1,2,...}
of multiplicative monoids with additive relations: here X, is an n-ary relation
symbol for k = (ki,...,k,) € Z". We expand the monoid G to an L, (X)-
structure G(X) by interpreting ) as the n-ary relation
{(gla'-°7gn) eG": k191+"'+kngn:0}

on (G. As a special case of Proposition 2.3 we have:

Corollary 3.1. If G is small in K, then Th(K, G) is completely determined
by Th(G(X)).
7



In other words, if G is small in K, and H is a small multiplicative set in an
algebraically closed field L, then

(K,G) = (L, H) < G(X)=H(%).

To see how this follows from 2.3, note that algebraically closed fields can
be construed as L, (X)-structures, that their theory in this language admits
QE, and that the substructures of an algebraically closed field L viewed as
L, (X)-structure are exactly the structures H(X) where H is a multiplicative
set in L. Also, the characteristic of an algebraically closed field is determined
by the sentences (1) that it satisfies where 1 < k € Z = Z*.

In the next result G is not assumed to be small in K.

Proposition 3.2. Every subset of G" definable in (K, G) is definable in the
structure G(X).

Proof. Take a |K|"-saturated elementary extension (K’, G’) of (K, G). Then
K and F(G’) are linearly disjoint over F(G). Let a = (aq,...,qy) and
B=(b1,---,0,) bein (G')" such that
tpar(x) (@l G) = tpgr(x) (B|G).

By Fact 1, it suffices to prove that then tp g g (alK) = tpgr g (B1K).
The assumption on « and 3 gives an automorphism f of G'(X) over G that
takes a to 3. As f preserves the X;’s, it extends to a field automorphism
of F(G') over F(G). By linear disjointness the latter extends to a field

automorphism of K(G’) over K, and hence to an automorphism of K’ over
K. Therefore tp g gy (| K) = tpgr ) (8| K) as desired. O

Remarks.

(1) The proposition deals with a special case of the situation considered
in Proposition 3.1 of [15], but is a bit stronger in that special case.

(2) In case G is a subring of K, Proposition 3.2 says that the subsets of
G" definable in (K, G) are definable in the ring G.

(3) The proposition fails badly when K is replaced by the field R. For
example, every subset of Z is definable in (R,Z). Also, 223% has
the Mann property, but is dense in R>?, so has uncountably many
subsets that are definable in (R, 2%3%).

Lemma 3.3. Let G’ be a multiplicative subset of G such that G'(X) is
existentially closed in G(X). Then G NF(G') = G' and F(Q) is a regular
extension of F(G').
Proof. Let g € GNF(G’). Then
kihi e+ kb,

I U+ -+ b
where k1,...,kn,l1,...,bn € Z, h1,..., hy € G, l1hy + -+ Lyhy, # 0. This
expression for g yields

G(E) ): Ek,—é(h’lv R hn7gh17 s 7ghn)
8
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where k, —¢ denotes the tuple (ki,...,ky, —f1,...,—{,) € Z*". Existential
closedness gives ¢’ € G’ such that

G/(Z) EXp—e(h1,... hy, ghi,... ,g/hn).
This in turn yields g = ¢’. Thus G NF(G') = G', as promised.
Next, let a € F(G) be algebraic over F(G’). We claim that then a € F(G’).
To see this, let X™ + ¢ X™ ' + -+ + ¢, with ¢1,..., ¢ € F(G') be the
minimum polynomial of a over F(G’). We have

l_k‘lhl—i--"—l—/fnhn I
for suitable n > 1 and kq,...,kn, ki1, ..., kin € Z and hq,...,h, € G', with

kihy + -+ + kph, # 0. By taking n large enough we can also assume

L gt 4 Ggn
bigi + -+ lngn
where l1,... . 0y, 0y, ..., 00 €7, g1,...,9n € G, and l1g1 + -+ + Lngn # 0.
Substituting these expressions in the equality a™ + cia™ ' 4+ -+ + ¢, = 0,
clearing denominators, and multiplying out, this equality leads to

G(X)E0(gr, - gn has o )

where 0(x1,...,Zn, Y1, .., Yn) is a certain atomic L, (X)-formula. This gives
gis--., 9, € G'such that, with £ = ({1,...,4,):

G'(3) = ~Xe(g], -5 gn) ANO(Gys - gy B,y By,
which in turn yields an element

o - G+ + g,

- g+ g,

in F(G') such that '™ + 1™ '+ + ¢, =0,s0m=1and a =d

We are done in case K has characteristic 0. Suppose K has characteristic
p > 0,s0F =F,. It remains to show that then the subfields F(G)? and F(G")
of F(G) are linearly disjoint over F(G')P. Let c1,..., ¢ € F(G') be linearly
dependent over F(G)?, so alci + -+ + ahcp, = 0 where ay, ..., am € F(G)
are not all zero. It suffices to obtain af,...,al, € F(G’), not all zero, such
that a’lp c1+---+ake, =0. This is done along the same lines as we proved
that F(G") is algebraically closed in F(G). O

Back-and-forth. Suppose that G is small in K and the £(U)-structure
(K, G) is k-saturated where £ is uncountable. Let Sub(K, G) be the collec-
tion of L(U)-structures (K', G’) where K’ is an algebraically closed subfield
of K of cardinality < s, G’ is a multiplicative set in K’ such that G' C G
and G'(¥) <X G(X), and K’ and F(G) are free over F(G').

Consider an element (K’,G") € Sub(K, G). By Lemma 3.3 the field F(G)
is a regular extension of F(G’), and thus by Fact 2, K’ and F(G) are linearly
disjoint over F(G’). Using also the other part of Lemma 3.3 we conclude
that (K',G’) C (K, G).
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Let L be a second algebraically closed field and H a small multiplicative
set in L such that (L, H) is k-saturated, and define Sub(L, H) likewise. Let
T be the set of all isomorphisms ¢ : (K',G’) = (L', H') where (K',G') €
Sub(K,G) and (L',H') € Sub(L,H). (Possibly Z = ().) These definitions

and the next lemma are inspired by Section 2 of [4].
Lemma 3.4. 7 is a back-and-forth system.

Proof. Let ¢v: (K',G') — (L',H') be in Z and let « € K \ K'; our task is to
find an extension of ¢ in Z that contains « in its domain. We can assume K
and L have the same prime field F. We distinguish three cases:

(1) @ € G: Take a multiplicative subset G” of G of cardinality < & such
that G'U{a} C G”, and G"(X) <= G(X). Then K'(G") and F(G) are linearly
disjoint over F(G"). Put K" := K'(G")*¢, so (K",G") € Sub(K, G).

Since H(X) is k-saturated, we can extend ¢|G’ to an isomorphism G” (%)
H"(X) where H” is a multiplicative subset of H such that H' C H” and
H"(¥) = G(X). This isomorphism extends to a field isomorphism F(G") &
F(H"), and by the linear disjointness of K" and F(G) over F(G"), it extends
further to a field isomorphism K” = L" := L/(H")* that belongs to Z.

(2) @ € K'(G)**: Then « € K'(g1,...,9,)% for suitable ¢1,...,9, € G.
Applying the previous construction n times in succession yields the desired
isomorphism in 7.

(3) a ¢ K'(G)*: Then (K'(x)*,G') € Sub(K,G). By part (2) of
Lemma 2.2 we have L'(H)? # L, so we can choose 3 € L\ L'(H)?. Then
(L'(B)?,H') € Sub(L, H) and ¢ extends to a field isomorphism K’(«)? &
L'(3)* that sends « to 8 and belongs to Z. O

~

Here are some consequences of Lemma 3.4 and its proof:

Corollary 3.5. Suppose G is small in K and the Ly, (X)-structure G(X) is
w-stable. Then the L(U)-structure (K, G) is w-stable.

Proof. We can assume that (K, G) is Nj-saturated and (K’, G’) is a countable
elementary substructure; it remains to show that then the elements of K
realize only countably many different 1-types in (K,G) over K'. By the
proof of Lemma 3.4, all elements of K not in K'(G)*° realize the same
type in (K,G) over K'. Next, let a € K'(G)*. Take g1,...,9n, € G such
that o € K'(g1,...,9,)?°. Now that same proof shows that the type of
a in (K,G) over K' is completely determined by the type of (g1, ..., gn) in
G(X) over G'(X) and the specification of a polynomial P(Xy,...,X,,,Y) €
K'[X1,..., Xy, Y] such that P(g1,...,9n,Y) € K'(g1, ..., gn)[Y] is irreducible
and P(g1, ..., gn, @) = 0. This leaves only countably many possibilities for
the type of « in (K,G) over K'. O

In a similar way we obtain:

Corollary 3.6. If G is small in K and G(X) is superstable (stable), then
(K, G) is superstable (respectively, stable).
10



Corollary 3.7. Let G be small in K, and let K' be an algebraically closed
subfield of K with a multiplicative subset G’ that is small in K'. Suppose
G' C G with G'(X) < G(X), and K' and F(G) are free over F(G') in K.
Then (K',G") < (K, G).

Proof. Take an uncountable cardinal x > |K’| and a k-saturated elementary
extension (L, H) of (K',G’). Note that then (K’,G’') € Sub(L,H). By
passing to an elementary extension of (K, G) we can also assume that (K, Q)
is k-saturated, so (K’,G’) € Sub(K, G). The identity map on K’ belongs to
the back-and-forth system Z of Lemma 3.4. Hence (K,G) and (L, H) are
elementarily equivalent over K'. Thus (K’,G’) < (K, G). O

A relative quantifier elimination. Let ACF(m) be the L£(U)-theory
whose models are the structures (K, G) where K is an algebraically closed
field and G a small multiplicative set in K. To eliminate quantifiers for
ACF(m) we extend this theory by definitions to an £(U, X)-theory ACF (m, X)
by adding for each k € Z™ with n > 1 the n-ary relation symbol ¥; with its
defining axiom

Yy (Sr(y) «— Uy) A kyi+ -+ knyn = 0)

where y = (y1,...,yn) is a tuple of distinct variables and U(y) abbreviates
the formula U(y1)A---AU(yp). Thus each model (K, G) of ACF(m) expands
uniquely to a model of ACF(m, ¥), and we shall denote this expansion also
by (K, G), although (K, G(X)) might be more correct.
Note that £(U, X) contains £,,(X) as a sublanguage. The U-restriction of
an Ly, (3)-formula 6 is the £L(U, X)-formula 6y defined recursively as follows:
if 6 is atomic, then 0y := 0, if 0 = =0, then 0y := -0y,
if 0 =0 A0", then 0y := 0, A0}, if =0 Vv then Oy := 0} V0,
if @ = 326, then Oy := 3z (U(x) A 0y),
if @ =Vz0', then 0y := Vo (U(x) — 0y)).
Note that for an L, (X)-formula 0(y) with y = (y1,...,yn), a model (K, G)
of ACF(m, Y), and g € G we have

G(E) o) = (K,G)Fbu(g)

Let x = (x1,...,2m) be a tuple of distinct variables. A special formula in z
is by definition an L(U, ¥)-formula n(x) of the form

Wy (Uy) A Ou(y) A d(z,y))

for some L, (X)-formula 6(y) and some L-formula ¢(z,y), y = (Y1, -, Yn)-
We now have the following analogue of Theorem 1 in [4].

Theorem 3.8. Each L(U,X)-formula ¥ (x) is equivalent in ACF(m,X) to
a boolean combination of special formulas in x.
11



Proof. Let (K,G) E ACF(m, ) and (L, H) = ACF(m, X) be N;-saturated,
and let @ = (aq,...,apn) € K™, and 8 = (f1,...,0m) € L™ satisfy (in
(K,G) and (L, H), respectively) the same special formulas in z. So K and
L have the same characteristic, and thus the same prime field F (without
loss). Using Fact 1, it suffices to derive from this assumption that

Pk, (@) =t 1) (B)-

Let F(G)(a) have transcendence degree r over F(G); we can assume that
aq,...,q. are algebraically independent over F(G). We claim that then
F(H)(8) has transcendence degree r over F(H), and that (i,..., 3, are al-
gebraically independent over F(H). Suppose [, ..., 3, are not algebraically
independent over F(H), say, 8, € F(H)(f1,...,0r-1)*. Then we have an
L-formula @(x1,...,2,,y) with y = (y1,...,yn), an h € H" and an N € N
such that

L ): ‘P(ﬁl; e 7/87’7h) A ElSNxTSO(/Bh cee ,57«_1,.'177‘,}1),

hence (L, H) EIy(U(y) A@(Bry...,Bry) AINz0(B, ... ,Br_l,xr,y)),
and thus (K, G) = 3y(U(y)Ap(at, ..., ar, ) AN ap(an, . a1, 2, y)),
contradicting that a1, ..., «, are algebraically independent over F(G). This
proves our claim.

Take a countable multiplicative subset G’ of G such that G'(X) < G(X)
and F(G")(a) has transcendence degree r over F(G’), let g = (g0, 91,92, --)
be an enumeration of G', and y = (yo, y1, Y2, - .. ) a list of distinct variables.
Note that if 01(y),...,0k(y) are Lm(X)-formulas and ¢;(z,y),. .., pr(z,y)
are L-formulas such that G(X) |= 6;(g9) and K |= ¢j(a,g) for j =1,...,k,
then

(K,G) = WU(y) ANu(y) Ap(a,y)),  where
0w) == No;w),  el@.y) = \s(@y).

J
so (L,H) E Jy(U(y) N0y (y) Ap(B,y)). Hence we have a partial y-type over
B in (L, H) consisting of the formulas U(y;) for i = 0,1,2,..., the formulas
Oy (y) such that G(X) = 6(g) with §(y) an Ly, (3)-formula, and the formulas
©(B,y) such that (K,G) E ¢(a,g) with ¢(z,y) an L-formula. Let h =
(ho, h1, ha,...) realize this y-type in (L, H). Note that this yields a partial
elementary map between G(X) and H(X) given by g; — h;, i = 0,1,2,....
Put H' := {hg, h1,...}. Then H' is a multiplicative subset of H such that
H'(¥) < H(X), and we have a field isomorphism ¢ : F(G')(«) = F(H')(p5)
sending each g; to h; and each «a; to §;. Put K’ := F(G')(a)* and L' :=
F(H')(5)*. Then (K',G") € Sub(K,G) and (L',H') € Sub(L, H) (taking
k = Nj in the subsection on back-and-forth) and we have an isomorphism
(K',G") = (L', H'") that extends ¢. This isomorphism carries o to 3 and

belongs to the back-and-forth system Z, so we are done. O
12



Multiplicative sets with extra structure. All the above in this section
goes through when our multiplicative sets are equipped with extra structure.
To make this precise, let £} be a language that extends £, only by relation
symbols and constant symbols. We assume that the symbols of £} \ L, are
all outside L(U, ¥).

Let G* be an L} -expansion of the multiplicative monoid G, and construe
(K,G*) as an L*(U)-structure, where £*(U) is obtained from the language
L(U) by adding the symbols of £} \ L. We also use the language

Lr(X):=L U{E:keZ"\n=1,2,...}.

Expand G* to the L} (¥)-structure G*(X) by interpreting ¥ as earlier in
this section. The proofs of Corollary 3.1 and Proposition 3.2 go through
almost without change in the present setting and yield:

Corollary 3.9. If G is small in K, then Th(K, G*) is completely determined
by Th(G*(X)).

Proposition 3.10. Every subset of G™ definable in (K,G*) is definable in
G*(X%).

Next we consider the language
LNUYE):=L(U)U{S:keZ"\n=1,2,...},

and the theory ACF*(m, X)) in this language, whose models are the structures
(K,G*(X)) where G is a small multiplicative set in an algebraically closed
field K and G* is an expansion of the multiplicative monoid G to an L} -
structure. The U-restriction of an L} (¥)-formula 6 is the formula 6y of
L*(U,Y) defined by the same recursive clauses as before.

Let © = (x1,...,2m,) be a tuple of distinct variables. A special formula in
x is now an L*(U, X)-formula n(z) of the form

W (Uy) A Ou(y) A d(z,y))

for some £} (¥)-formula 6(y) and some L-formula ¢(z,y), y = (Y1, -, Yn)-
Then we have the following generalization of Theorem 3.8 :

Theorem 3.11. Fach L£*(U,X)-formula 1 (z) is equivalent in ACF*(m, X)
to a boolean combination of special formulas in x.

4. ELIMINATION THEORY FOR GROUP ACTIONS

Here we establish some very basic facts on group actions. This will be used
in the next section to derive the Mordell-Lang property from the Mann
property. We do a bit more than needed for this application because it
requires no more work and group actions are ubiquitous in mathematics.
Throughout this section G is a multiplicatively written group with iden-
tity 1, not necessarily commutative, and g (sometimes with a subscript or
accent) ranges over elements of G. By a G-set we shall mean a nonempty
set P together with an action (g,p) — gp : G x P — P. The language of
13



G-sets has for each ¢ a unary function symbol also denoted by g; the theory
of G-sets in this language has as its models the G-sets P with each function
symbol g interpreted as the bijection p — gp. The augmented language of
(G-sets has, in addition to these function symbols g, for each finitely gen-
erated subgroup F of G a nullary relation symbol sp, and the augmented
theory of G-sets is obtained from the theory of G-sets by adding for each F
as above a defining axiom

sp —— (fhiy=-=fay=y)
where f1,..., fn € G generate F. In the rest of this section x1,...,Zm,y
are distinct variables, and = = (z1,...,Zy).

Lemma 4.1. Let ¢1(z,y), ..., dr(x,y) be atoms in the augmented language
of G-sets. Then there are atoms 11(x),...,(x) in this language such that
the theory of augmented G-sets proves the equivalence

y(pr(z,y) Ao Az, ) —— hi(x) A Ady(x).

Proof. First we reduce to the case that each atom ¢;(z,y) contains the
variable y. Any atom giu; = goue with variables uj,uo, is equivalent to
u1 = gug where g = gl_lgg. Hence we can assume that each ¢;(z,y) is of the
form y = gy, or of the form y = gx; with j € {1,...,m}. If, say, ¢1(z,y) is
y = gz, then the desired equivalence is

It remains to consider the case that ¢;(z,y) is an atom y = g;y for i =

1,..., k. Then the desired equivalence is
y(pr(z,y) A A iz, y)) —— sp,
where F' is the subgroup of G generated by g, ..., gk. O

It follows that each positive existential formula ¢(z) in the augmented lan-
guage of G-sets is equivalent in the augmented theory of G-sets to some
positive quantifier-free formula ¢’'(x) of this language.

A free G-set is a G-set P such that gp # p for all g # 1 and all p € P.
The next result is crucial in the proof of Proposition 5.6.

Corollary 4.2. Fach positive ezistential formula ¢(x) in the language of G-
sets is equivalent in the theory of free G-sets to some positive quantifier-free
formula ¢'(x) in this language.

It will be useful to have a kind of normal form for conjunctions of atoms in
the theory of free G-sets. Let ¢(x) be a conjunction of atoms in the language
of G-sets. We consider ¢(z) as defining in each G-set P a certain subset of
P™. If L is among the atoms of ¢(z), then the theory of G-sets proves
—¢(x), and thus ¢(z) defines in each G-set P the empty subset of P™. So
let us assume that L is not among the atoms of ¢(z). Then the theory of
G-sets proves ¢(z) «—— ¢'(x) where ¢'(z) is a conjunction of atoms of the
form gz; = ¢'z;, 1 < i,j < m. Define a graph with vertex set {1,...,m}
14



and an edge between i and j iff ¢'(z) contains a conjunct gz; = ¢'z;. Let
I(1),...,I(l) be the distinct vertex sets of the connected components of
this graph. Then I(1),...,I(l) partition {1,...,m}, and the theory of free
G-sets proves an equivalence

<—>/\ /\ T; = giT ,(,\) A=1,...,1 (¢)
A

1€I(N)

where i(A) € I(\) for each A\. Thus within any block I()), each variable z;
with i € I(\) is equated to a fixed translate of the distinguished variable
zi(y) of this block.

Example. Suppose m > 7 and ¢/(z) has atoms x1 = gro, 9 = ¢'z7 and
x7 = ¢"x1, and no other atoms involving z1,x2 or z7. Then {1,2,7} is a
block of the partition of {1,...,m} figuring in the equivalence (¢) above.
Choosing x1 as the distinguished variable of this block, the conjunction
corresponding to this block is

=(99'9")v1 N 22 =(g'g")a1 N @7 =g"21.
Note that if g¢g'g” # 1, then the theory of free G-sets proves —¢(x).

It follows from (¢) that ¢(z) defines in each free G-set P the cartesian
product P(1) x --- x P(I) C P™ where

P\ :={(p;) € PIV . p; = gipi(y) for all i € I(\)}
with the obvious identifications
Pm = P{lv"'vm} — Pl(l) X oo X Pl(l)

Note that if g;(y) # 1 for some A, then ¢(z) defines in each free G-set P the
empty subset of P™, while if g;xy = 1 for all A, then ¢(x) defines in each
free G-set P a non-empty subset of P.

Next we consider the case of the free G-set G, given by the (left) action
(g, h) — gh. To discuss definability with parameters in this G-set, we con-
sider the language of G-sets augmented by a name for the element 1 of the
G-set G call this the language of G-sets with 1. This name should not be
confused with the unary function symbol 1 of the language of G-sets.

Corollary 4.3. Suppose the nonempty set S C G is defined in G by a
conjunction of atoms in the language of G-sets with 1. Then there are
1y 9m, @ set I(0) C {1,...,m} (possibly empty), and a partition of
{1,...,m} \ I(0) into distinct sets I(1),...,I(l), such that

S=250)xS5(1)x--x8(1)C GO xG x...x T = G™, where
S(0
S(A

{(g9i)icro)}s a one-element subset of G') . and

{(9:9)icrn) + 9 € G}, a subset of G'™ forx=1,...,L.
15
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Note that if S has just one element we can take I(0) = {1,...,m}, while
for S = G™ we can take I(0) =0, =m and I(\) = {\} for A\=1,...,m.

This is all we need for use in the next section, but for the sake of completeness
we briefly consider also the theory of infinite free G-sets. (If G itself is
infinite, then of course all free G-sets are infinite.) One verifies easily that
for any atoms ¢1(z,y),...,¢r(z,y) in the language of G-sets this theory
proves an equivalence

Vy(qﬁl(x,y) \VERRRV; gbk(x,y)) — O1(x)V--- VO (x)

for suitable atoms 6, (z), ..., 0;(z) in the language of G-sets. In combination
with Corollary 4.2 this yields:

Corollary 4.4. Every positive formula ¢(x) in the language of G-sets is
equivalent in the theory of infinite free G-sets to a positive quantifier-free
formula ¢'(z) in that language.

Note also that the theory of infinite free G-sets is k-categorical for infinite
k > |G|, in particular, this theory is complete. It is also easy to check that
this theory has elimination of quantifiers in the language of G-sets.

5. THE MANN PROPERTY

Throughout this section, K is a field, E is a subfield of K, and G is a
subgroup of the multiplicative group K* of K. Consider a linear equation

(*) apg = a1x1 + -+ + apy,

where ag, a1, ...,a, € K. A solution of (x) in G is a tuple (g1,...,9n) € G"
such that ag = a191 +- - - 4+ angn, and such a solution is said to be nondegen-
erate if Y, ;a;g; # 0 for each non-empty proper subset I of {1,...,n}. In
the homogeneous case ag = 0 the set of solutions in G and the set of nonde-
generate solutions in GG are both unions of orbits with respect to the action
of G on G" defined by ¢g(g1,--.,9n) = (991,---,99n). (In the introduction
we only considered the inhomogeneous case ag = 1 with nonzero aq,...,a,
in the prime field F of K.)

Let us say that G has the Mann property over E if each equation

a1+ Fapzy, =1 (n>2, ay,...,a, € EX)
has only finitely many nondegenerate solutions in G. For F = F this is
just the Mann property defined in the introduction. This terminology is

temporary, since the Mann property will be shown to be equivalent to the
Mann property over E. Consider a homogeneous equation

a1x1+"'+anxn:07 (a’la"-yaneEX7n21)'

Let S C G™ be its set of solutions in G and Syq its subset of nondegenerate
solutions in G. Then

Spd = U (@)@ C 5,

(91,--,9n—1)€S’
16



where S’ is the set of nondegenerate solutions of the equation
a1yr + -+ ap—1Yn-1 = —0n

in G. If G has the Mann property over F, then S’ is finite, so S,q € G" is
then defined in G by the positive quantifier-free formula

\/ I :glxn/\“'/\ﬂfn—lzgn_lxn
(glv'“’gnfl)esl
in the language of G-sets. Here we view G as a G-set by the (left) action

(g,h) — gh. Considering also degenerate solutions of the above homoge-
neous equation, and using the description above inductively, we obtain:

Corollary 5.1. If G has the Mann property over E, then S C G" is defined
in G by a positive quantifier-free formula in the language of G-sets.

In view of Proposition 3.2 this yields (1) = (3) of Proposition 1.1:

Corollary 5.2. If K is algebraically closed, G has the Mann property and
X C K" is definable in (K,G), then X N G™ is definable in the group G.

Next we consider a system of linear equations

anxy + -+ appxy, = by

U121 + -+ Ty = by

with all a;; € £/ and all b; € E. A solution of this system in G is a tuple
(g1,---,9n) € G™ that satisfies the equations of the system. Let S be the
set of solutions in G.

Corollary 5.3. If G has the Mann property over E, then S C G" is defined
in G by a positive quantifier-free formula in the language of G-sets with 1,
and in case by = --- = by, = 0, we can take such a formula in the smaller
language of G-sets.

We also need a converse of Corollary 5.1:

Lemma 5.4. Let ay,...,a, € K* and suppose that the set of solutions in
G of the linear equation a1xy + - - -+ apxn = 1 is defined in G by a positive
quantifier-free formula in the language of G-sets with 1. Then this equation
has only finitely many nondegenerate solutions in G.

Proof. Suppose S C G™ is contained in the solution set of the above equa-

tion, S is defined by a conjunction of atoms in the language of G-sets with

1, and S has more than one element (so G has more than one element). It

suffices to show that then all solutions in S are degenerate. By Corollary 4.3
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we have elements g1, ..., g, € G, asubset 1(0) of {1,...,n}, and a partition
of {1,...,n}\ I(0) into distinct sets I(1),...,I(l), such that

S=5(0)xS(1)x--x8(1) GO %G x...x GO = G™, where

S(0) == {(gi)icr0)}» a one-element subset of G'(®) and
S(A) :==1{(9:9)ic1») : 9 € G}, asubset of GI™ for X=1,...,1.
Since S has more than one element, I(0) is a proper subset of {1,...,n},

hence [ > 1. Let (s1,...,s,) € S. Then

n
daisi= Y aisi+ Y aisig= Y aisi+( Y asi)g
i=1 i1(1) iel(1) i¢1(1) iel(1)
for all g € G, so a = ag for all g € G, where a := Zie[(l) a;s;. Hence a = 0,
so (s1,...,8y) is a degenerate solution. O

We can now prove:

Lemma 5.5. Suppose that G C E* and G has the Mann property over E.
Then G has the Mann property over K.

Proof. Let ay,...,a, € K*,n > 1. Take a basis by, b1, . . ., by, of the E-linear
subspace E+a1E +---+apE of K with by = 1. Write a; = E?io a;;b; with
a;j € K. Then the solutions in G of the equation ajz1 + -+ + apz, = 1 are
exactly the solutions in G of the system of equations

ag1r1 + -+ apnTy =1
a1121 + -+ appry, =0

Hence by Corollary 5.3 the set of solutions in G of the equation
a1x1+ -+ apz, =1

is defined in G by a positive quantifier-free formula in the language of G-sets
with 1. Now apply Lemma 5.4. ([

Proposition 5.6. Suppose that G has the Mann property. Then G has the
Mann property over K.

Proof. By the previous lemma it suffices to show that G has the Mann
property over E := F(G). Let ag,a,...,a, € E* and consider the linear
equation

ag = @121 + -+ App.
By Lemma 5.4 it remains to show that the set S of solutions in G of this
equation is defined by a positive quantifier-free formula in the language of

G-sets with 1. After multiplying ag, ..., a, by a suitable non-zero element
18



we can assume that they lie in the subring F[G] of E that is generated by
G over F. Take g1,...,9m € G such that a; = > ", fijgi, with f;; € F for
i=1,...,m,j=0,...,n. Then we have for all (z1,...,z,) € G™

(1,...,2p) €S = Zfiogi = Zfilgiiln +---+ megz‘l‘n
— Hy[(/\yi =gi) N (/\yil =gir1) A A\ (/\yin = GiTn)

3
A Z fioyi = Z fiyin+ -+ meym],

where ¥ = (Y1, -+, Yms Y11y« Ymly - - - s Ylns - - - s Ymn) 1S a tuple of distinct
variables, each ranging over G. By Corollary 5.1 the subset of G™*t™"
defined by the equation

S fioyi=Y fayin -+ Y findin

is defined in G by a positive quantifier-free formula in the language of G-
sets. Thus by Corollary 4.2 the set S C G" is defined in G by a positive
quantifier-free formula in the language of G-sets with 1. O

The next consequence may be surprising since the definition of the Mann
property does not require any kind of uniform bounds.

Corollary 5.7. Suppose G has the Mann property. Then there is for each n
a natural number A(n) such that for any nonzero ay, ..., a, in any extension
field of K the equation ajx1+- - -+anx, = 1 has at most A(n) nondegenerate
solutions in G.

Proof. Consider the £(U)-structures (K’', G') where K’ is an extension field
of K, G’ is a subgroup of K'*, and (K’,G’) satisfies the Mann axioms for
G as defined in the introduction. Then G’ has the Mann property, and thus
G’ has the Mann property in K’. The structures (K’,G’, (a)qck) where
(K',@) is as above, are up-to-isomorphism exactly the models of a set of
sentences in the language £(U) augmented by names for the elements of K.
The uniform bound is now an easy consequence of compactness. O

Remark. We can arrange the function n — A(n) to be computable relative
to the set of Mann axioms for G. It needs some care to make sense of this
relative computability claim; we prefer not to elaborate here.

Mann implies Mordell-Lang. In this subsection K is algebraically closed.
For any n-tuple k = (k1,...,k,) € Z", consider the character

e (K)" = K%, xg(a1,...,20) = gk,

This is a multiplicative group homomorphism. For any d € N, let D(n, d) be
the finite collection of subgroups of (K *)™ that are intersections of kernels of
characters xi with |k| = |ki|+- -+ |k,| < d. The following yields (1) = (2)
of Proposition 1.1.
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Proposition 5.8. Let f1,..., fm € K[X1,...,X,] have degree < d, and let
V={zxeK": filx)y=--= fiu(x) =0}.

Suppose G has the Mann property. Then V N G™ is a finite union of cosets
of subgroups D N G™ of G™ with D € D(n,d).

Proof. The intersection of finitely many cosets of such subgroups is either
empty or again a coset of such a subgroup. Hence we may (and shall) assume
that m = 1. Put f := fi, and write f = >,.; ;X" where all a; € K and [
is the set of multi-indices i = (i1,...,i,) € N® with |¢| = i1 + -+ + 14, < d.
By Corollary 5.1 the set

{yed":> ay =0}

iel
is a finite union of finite intersections of subsets of G!!! of the form

I
{yeG": gyi = y;}
with g € G and i,j € I. It remains to observe that for such g,,j the set

{xr e G": gxi(z) = x(x)}
is a coset of the subgroup D N G™ of G™ where D is the kernel of x;_;. U

Mordell-Lang implies Mann. Proposition 5.11 below says that a weak
form of the Mordell-Lang property for G implies the Mann property for G.
In particular, it yields (2) = (1) and (3) = (1) of Proposition 1.1.

In this subsection K is algebraically closed. We refer to [20] for the basics
on algebraic groups over K, especially Chapter 3. Terminology like “open”
and “closed” refers to the relevant Zariski topology. The group (K*)" is
viewed as an algebraic torus over K in the usual way.

Lemma 5.9. Let ai1,...,a, € K*, and let H be an infinite subgroup of
(K*)™ contained in the solution set of the equation aix1 + -+ + apx, = 1.
Then all (hy,...,hy) € H are degenerate solutions of this equation.

Proof. Replacing H by its closure in (K *)™ we can assume that H is a closed
subgroup of (K*)". Let H" be the connected component of the identity in
H, so HY is a closed subgroup of H and of finite index in H. Consider
a coset (by,...,b,)H® C H of H°. We are going to show that this coset
consists entirely of degenerate solutions of the equation above.

Let dim H° = d. Then d > 0, and we have an embedding

¢ = (1, s ¢n) : (KX)! — (K*)"
of algebraic groups over K with image H®. For i = 1,...,n we have a
tuple e(i) = (ei1, .. .,eiq) € Z4 such that ¢;(y) = y*@) := yi* ... yF¢ for all
y=(y1,...,9q) € (K*)% Thus

by -t anbye™ = 1
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for all y € (K*)4. Let E :={e(i) :i =1,...,n}. Then this identity means
that for all y € (K*)¢ we have

Zcey6 =1, where ¢, := Z a;b;.

eckE e(i)=e

It follows that ¢, = 0 for all e # (0,...,0) € Z%. Note that E contains an
element e # (0,...,0), since d > 0 and ¢ is injective. For such e we have

therefore

> ailby) =y ) aibi=yte. =0

e(i)=e e(i)=e
for all y € (K*)? Since the elements of (by,...,b,)H? are exactly the
(b1, ... by™) with y € (K*)%, it follows that all these elements are
degenerate solutions, as claimed. [l

Lemma 5.10. Let H be a commutative algebraic group over K, let A be
a dense subgroup of H, let By,..., B, be subgroups of A of infinite indez,
and let C; be a finite union of cosets in A of B;, fori = 1,...,n. Then
A—(CLU---UCY,) is dense in H.

Proof. Till further notice we assume that H is connected.

We first consider the special case that no B; is dense in H. Let U C H
be nonempty and open. Since dim U = dim H and the closure of each coset
of each B; in H has dimension < dim H, the set U — cl(C1 U --- U Cy,)
is nonempty and open in H, and thus intersects A. Hence U intersects
A—(CLU---UCY).

After having settled this special case, we now proceed by induction on
n. The case n = 0 is trivial, so let n > 0. We can assume that B; N B;
is of infinite index in B; for all distinct i, j, since if B; N B; were of finite
index in Bj;, © # j, then each coset of B; is a union of finitely many cosets
of B; N Bj, so Cj is contained in a finite union of cosets of B;, and hence we
can decrease n by eliminating B; and increasing C; suitably.

Because of the special case treated at the beginning of the proof we can
assume cl(B;) = H. Take a coset aBj in A that is disjoint from Cy. Then

aB; — (CLU--UCy) CA—(C1U---UCy),
aB; — (C1U---UC,) =aB; — (CoU---UCy)
=a[B; — (C3U---UCY})]

where each CJ’. is a finite union of cosets of B1 N B; in By. By the inductive
assumption, By — (C4U---UCY},) is dense in H, hence a[B; — (C4U---UC))]
is dense in H, and so is A — (C1 U --- U () by the inclusions above.

We have now established the lemma under the assumption that H is
connected. We now drop this assumption and consider the connected com-
ponent HY in H of the identity of H, a closed subgroup of H of finite index.

Consider a coset C of H? in H; it remains to show that CN[A—(C1U---UC,,)]
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is dense in C. Take a ¢ € CN A. Then C N A = cA°, where A? .= HON A,
hence

CNA—(C1U---UC,)]=(CNA)—-[(CNCHU---U(CNCY)]
=cA'—[(CNCHU---U(CNCY)]
=c[A"— (CYu---uCY)]

where C? := ¢ }(C' N C;) = H°N (¢71C;). Note that C? is a finite union
of cosets of BY :== H'N B; in H, so A’ — (CY U---UCY) is dense in H°

(by what was proved in the connected case), so by the equalities above,
CN[A—(C1U---UCy)] is dense in C, as desired. O

It is an easy exercise to check that if H is a commutative group, then any
boolean combination of cosets in H of subgroups of H is a finite union of
sets of the form h- (A — (ByU---U By)) where h € H, A is a subgroup of
H, and each B; is a subgroup of A of infinite index.

Proposition 5.11. Suppose that for all a1, ...,a, € F* the set of solutions
of arx1 + -+ apxy, =1 in G is a boolean combination of subgroups of G™.
Then G has the Mann property.

Proof. Given a boolean combination of subgroups of G", represent it as a
finite union of sets of the form
- (A= (BiU---UBy))

where g € G™, A is a subgroup of G", and each B; is a subgroup of A of
infinite index. By Lemma 5.10 the closure of the displayed set in (K *)" is
g-cl(A). Now use Lemma 5.9. O

Lemmas for the real case. This subsection gets used in Section 7.

Lemma 5.12. Let I' be a subgroup of G such that for all ay,...,a, € E*
the equation a1x1 + - - -+ apxy, = 1 has the same nondegenerate solutions in
I' as in G. Then we have for any g,91,...,9n € G:
(1) if g is algebraic over E(T') of degree d, then g% € T;
(2) if g1,...,9n are algebraically dependent over E(T'), then they are
multiplicatively dependent over T'.

Proof. Let g € G be algebraic over E(T") of degree d. Then

d n;
Z Z ai;vij9" =0
i=0 j=1
with all a;; € E* and all v;; € T', and Zyil agivgy 7 0. Thus ng > 0. Also
no > 0, since g # 0. Fix such an identity with minimal ) n;. The tuple
(7i59") is a solution of the linear equation

d ng
E E aijq:ij =0.
i=0 j=1
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The minimality of Y  n; yields the non-degeneracy of this solution. Hence
there are h;; € I' and h € G such that %jgi = h;;h for all 4, j. For ¢ = 0 we
get h € T', and then for i = d this yields ¢¢ € I'. This proves (1).

For (2), assume that gy, ..., g,—1 are algebraically independent over E(T'),
but g, is algebraic of degree d over E(T', g1, ..., gn—1); it suffices to show that
then gl €T - g%--- g% |. Apply (1) to T - g¥--- g%, instead of . O

Lemma 5.13. Let I' be as in the previous lemma, and also pure in G. Then
GNE[) =T and E(G) is a regular field extension of E(T).

Proof. The first claim does not need the purity assumption and follows from
part (1) of the previous lemma. To prove the regularity, we can assume that
G is finitely generated over I'. Since G/T is torsion-free, it is a free as an
abelian group, so there are g1,...,¢g, € G that generate G over I" and are
multiplicatively independent over I'. Hence gy, ..., g, are algebraically in-
dependent by (2) of the previous lemma, so E(G) is a purely transcendental
extension of E(I). O

The hypothesis of Lemma 5.12 can be satisfied as follows:

Lemma 5.14. Let T" be a subgroup of E* and g € K transcendental over E,
and let G be the subgroup of K* generated by I' and g. Then each equation
a1x1+ -+ anry, =1 withn > 1 and all a; € E* has the same nondegenerate
solutions in I' as in G.

Proof. Write each element of G as cg® with ¢ € T, k € Z. ([l

Lemma 5.15. Let " be a subgroup of E*, v € ', d a positive integer, and
suppose the polynomial X — v € E[X] is irreducible. Let g € K satisfy
g% =, and let G be the subgroup of K* generated by T and g. Then each
equation a1x1 + - + apxy = 1 with n > 1 and all a; € E* has the same
nondegenerate solutions in I' as in G.

Proof. Write each element of G as cg’ with ¢ € I' and 0 < i < d, and use
that 1,g,...,9% ! is a basis of E(g) over E. O

The last two lemmas yield a profusion of groups with the Mann property.
For example, one can manufacture infinite subgroups of the multiplicative
group of F¢ with the Mann property; see Section 8.

Let now K be an ordered field and F an ordered subfield. It is sometimes
convenient to restrict attention to pure subgroups of E>?. For example, the
subgroups 2% and 2%23% of Q> are pure subgroups of Q>°, but 4% is not.

Proposition 5.16. Suppose I is a pure subgroup of E=° and
G={geK": g® €T for some positive integer d}.

Then for all a1,...,a, € E* the equation a1x1 + -+ + anxy, = 1 has the
same nondegenerate solutions in I' as in G.
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Proof. By the previous lemma and a straightforward induction it suffices to
show the following:

Let p be a prime number, and let ¢ € K~° be such that ¢ = v € T and
g ¢ I'. Then the polynomial X? —~ € E[X] is irreducible, and the subgroup
of K=Y generated by g over I is pure in in E(g)>°.

That XP — is irreducible in E[X] follows from Theorem 9.1 on page 297
of [9]. Suppose h € E(g)>° is such that h ¢ T and h? € T where d is an
integer > 1. We can assume that h™ ¢ T" for 1 < m < d, and it remains
to show that then h = cg® for some ¢ € T' and some integer k. By the
minimality property of d and Theorem 9.1 in [9] the polynomial X% — h is
irreducible in E[X]. Because E(h) C E(g) and [E(g) : E] = p this yields
d = p. Let ¢ be a primitive p' root of unity in the algebraic closure of K,
so E(g) N E(¢) = FE and E(g,() is a cyclic extension of degree p of E(().
Let o € Gal(E(g,¢)|E(C)) be given by o(g) = (g. Then o(h) = ¢*h with
0 <k <p. Writing h =co + c1g+ - + cp_19P~ with all ¢; € E this gives

a(h) =co+Cerg+ -+ P lep1gP ™t
= (Feo+ CFerg+ -+ Fepagh
This forces ¢; = 0 for all i # k, so h = c;,¢*, as desired. O

In particular, this yields the Mann property for subgroups of R>? like 22
and 2932 in an effective way from the Mann property for 2% and 2%3%. In
the next sections we consider the groups 2% and 22 as members of the same
family, and likewise with 2%23% and 223Q,

The last result suggests the following question: if I' is a pure subgroup of
E* with the Mann property and K is algebraically closed of characteristic
zero, does it follow that the divisible hull

{ge K™ g® €T for some positive integer d}

of I' in K* has the Mann property? Maybe one should assume also that all
roots of unity in E belong to I'.

6. ALGEBRAICALLY CLOSED FIELDS WITH A MULTIPLICATIVE GROUP
HAVING THE MANN PROPERTY

In this section K is an algebraically closed field and G is a subgroup of K*
with the Mann property.

Smallness. In order to use the results in Section 3 we have to show that
G is small in K. We shall derive this from the fact that no infinite field
is interpretable in any abelian group. (“Interpretable in a structure M”
means “definable in M*®1.”) This fact follows from three other results:

(1) Each abelian group is one-based; see [14], pp. 157-158.
(2) If a group is interpretable in a one-based structure, then it has an
abelian subgroup of finite index; see [14], Chapter 4.
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(3) if E is an infinite field, then the group SLa(E) does not have an
abelian subgroup of finite index; see [9], p. 589.

Lemma 6.1. G is small in K.

Proof. Suppose towards a contradiction that G is large in K. Then by
Lemma 2.4, we have K = f(G™) where f : K™ — K is definable in K.
Consider the equivalence relation £ on K™ defined by

aEb <= f(a) = f(b).

By Proposition 3.2 the equivalence relation Eg := ENG?™ on G™ is defin-
able in the group G. The restriction f|G™ : G™ — K induces a bijection
G™/Eq — K. Using again Proposition 3.2, one checks easily that the ad-
dition and multiplication of K correspond under this bijection to binary
operations on G /E¢ that are definable in the many-sorted structure G4
where G is considered as a group. This contradicts the fact that no infinite
field is interpretable in any abelian group. O

In combination with Lemmas 3.5, 3.6 and Corollary 5.1 this yields:

Corollary 6.2. The L(U)-structure (K,G) is stable. If the group G is
w-stable (superstable), then (K, G) is w-stable (respectively, superstable).

Here is another consequence (not used later) of the non-interpretability of
infinite fields in abelian groups. Put

Go:=GU{0} C K,
G™:=Gy+ -+GyC K (with n summands).
Note that G =G C G2 C G C ...

Corollary 6.3. If G is infinite, then the increasing sequence of sets (G+”)
is strictly increasing.

Proof. Assume towards a contradiction that G = G*(®*t1 1 > 1. Then
Gt = Gt for all m > n. Hence R := Gt — GT" is the subring of
K generated by G, so this ring R can be interpreted in the multiplicative-
monoid-with-additive-relations G(X). Since G has the Mann property, it
follows that the ring R, and thus its fraction field, can be interpreted in the
abelian group Gj this is impossible if R is infinite. U

As an application, for G = 22321 —2%3% there is no n such that all rational
numbers are of the form a/b with a,b € G™"; we do not know how to prove
this particular fact other than by the argument above.

More on the w-stable case. Let H be an infinite subgroup of the mul-

tiplicative group of a field. Then H has only finitely many elements of any

given finite order, so by Macintyre [11], the group H is w-stable if and only

if there is an infinite divisible subgroup D of H and a finite subgroup B of H

such that H = DB and D N B = {1}. For such D and B we have H'¥ = D

for each positive integer d that is a multiple of | B|, so the subgroup D does
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not depend on the particular product decomposition chosen; hence D is a
definable subgroup of the group H. By Szmielew’s quantifier simplification
for abelian groups, D has no infinite proper subgroups definable in the group
H. Thus, for w-stable H, the subgroup D is the connected component of
the group H, and MR(H"™) = n for each n, where the Morley rank is with
respect to the theory of the group H. We shall use these observations for
H := G to prove the following:

Theorem 6.4. Suppose G is infinite and w-stable. Then MR(K) = w,
where the Morley rank is with respect to the w-stable theory Th(K,G).

First we show that, with the assumptions of the theorem, MR(G™") = n.
Next we use the analysis of 1-types in the proof of Lemma 3.5 to show that
these types have Morley rank < w. We shall need the following basic fact
about Morley rank in any, not necessarily w-stable, structure M = (M,...):

Lemma 6.5. Suppose M is w-saturated. Let X C MP, Y C M9, and
f: X — Y be definable in M such that |f~1(y)| < oo for ally € Y. Then
MR(X) < MR(Y).

Proof. By induction on MR(Y). The case that MR(Y) € {—00,0, 400} is
obvious, so we can assume MR(Y) is an ordinal > 1, and make a further
reduction to MD(Y) = 1. Saturation gives an n such that |f~!(y)| < n for
all y € Y. Suppose that MR(X) > MR(Y). Take disjoint definable subsets
X1, Xns1 of X with MR(X;) > MR(Y) for all i. If MR(f(X;)) < MR(Y)
for some i, then by the induction hypothesis,

MR(X;) < MR(f(X;)) < MR(Y)

for such i, a contradiction. Hence MR(f(X;)) = MR(Y) for all i. As
MD(Y') = 1, there is an element y in the intersection f(X1)N---N f(Xp41),
which contradicts |f~1(y)| < n. O

If X C G™ is definable in (K, G), then by Proposition 3.2, X is definable in
the group G, so the Morley rank of X with respect to the theory of (K, G)
equals its Morley rank with respect to the theory of the group G.

Lemma 6.6. Let G be infinite and w-stable. Then MR(GT™) = n.

Proof. We can assume that (K, G) is w-saturated. Consider the map
f:Ggg)G—H/L’ f(glavgn):gl++gn

By the surjectivity of f we have MR(G*™) < MR(G}) = MR(G") = n. For

the opposite inequality we argue as follows: If I C {1,...,n} is nonempty,
then the set
G7={(g1,.-,9n) €G™ Y _gi =0}
i€l

is contained in the image of a definable map G"~! — K™, so MR(G?) < n.
Thus MR(G}:;) = MR(G™) = n, where

= G"\ U G7 (I ranging over the nonempty subsets of {1,...,n})
ji
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is the set of “non-degenerate” elements of G™. By the Mann property, the
restriction of the map f to G],; satisfies the condition in Lemma 6.5, so
MR(G”,;) < MR(G*"), and thus n = MR(G"™) < MR(G™™"). O

We can now finish the proof of Theorem 6.4:

By Lemma 6.6 we have MR(K) > w. For the opposite inequality we can
assume that (K, Q) is Ny-saturated. Let (K', G’) be a countable elementary
substructure of (K,G), let @ € K, and let p be the type of a in (K, Q)
over K'. Tt suffices to show that then MR(p) < w. First consider the case
that a« € K'(G)*, say a € K'(g)*® where g € G". Take a polynomial
P(X1,...,Xn,Y) € K'[Xy,...,X,,Y] such that P(g,Y) # 0 and P(g,«a) =
0. Let

X :={(h,a) e G"x K : P(h,Y)#0, P(h,a) =0},
a definable subset of K"*! in (K, G) over K'. The map
(hya) —h : X - G"

satisfies the condition of Lemma 6.5, so MR(X) < MR(G™) = n. The map
(h,a) — a : X — K is definable over K’ and contains « in its image, so
MR(p) < MR(X) < n.

By the proof of Lemma 3.5, all elements of K not in K'(G)?° realize the
same type in (K, G) over K'. The Morley rank of this type in (K, G) must
be < w, since the other 1-types in (K, G) over K’ were just shown to have
finite Morley rank.

Definable sets. With a mild assumption on G the definable relations
in (K,G) are boolean combinations of existentially definable relations. To
formulate this precisely, recall that G4 denotes the subgroup of d™ powers
in G. Let L(K) be the language of rings augmented by names for the
elements of K, and let z = (z1,...,%,) be a tuple of distinct variables.

Proposition 6.7. Suppose G/G[d] is finite for each integer d > 0. Then
every subset of K™ definable in (K, G) is a boolean combination of subsets of
K™ defined by formulas EIy(U(y) /\(;S(x,y)) where ¢(x,y) is a quantifier-free
L(K)-formula.

Proof. Consider a special formula

¥(x) = y(Uy) Abu(y) Ad(z,y))

in x where ¢(z,y) is an L-formula, y = (y1,...,yn), and 0(y) is an Ly (X)-
formula. By quantifier elimination for abelian groups, the set

{(g1,---y9n) €G" :GE0(g1,---,9n)}
is a boolean combination of subsets of G™ of the form
{(g1,---,90) €G": xk(91,---,9n) = 1}, and

{(g1,---,90) €G™: xklg1,- -, 9n) € G}
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where k = (k1,...,k,) € Z™ and d is a positive integer. (One can even
restrict the d to range over powers p® of prime numbers p with exponent
e € N.) Since G/G¥ is finite, the complement in G" of a set

{(g1.---.9n) € G" : Xi(g1.- .., gn) € G}

as above is a finite union of sets of the form

{(91,---.9n) € G" : xk(g1, -, gn) € 7GM}
where v € G. Hence 9(z) is equivalent in (K, G) to a formula

P (x) = EIZ(U(Z) A gb’(x,z))

where ¢/(z,z) is an L(G)-formula, z = (21,...,2n). (Here L£(G) is the
language £ augmented by names for the elements of G.) Thus the desired
result follows from Theorem 3.8 and quantifier elimination for algebraically
closed fields. O

Note that the assumption on G in the proposition is satisfied when G has
finite rank, and also when G is divisible.

Elementary classification within the I'-family. Let E be a field and I
a subgroup of E* with the Mann property. All multiplicative groups that
contain I' and satisfy the Mann axioms of I' are treated below as members
of the same family, the I'-family. For example, if I' = {1} C Q*, each
subgroup of C* generated by algebraically independent elements belongs to
the I-family. Likewise, with E = Q and T = 2%, the subgroups 2% and 2%
of C* belong to the I'-family. The formal setting is as follows.

Let L(U,T') be the language of rings augmented by a unary relation sym-
bol U, and by a name (constant symbol) 7 for each element v € I'. Let
ACF(I") be the theory in the language £(U,I') whose models are the struc-
tures (K, G, (7')yer) such that

(1) K is an algebraically closed field of the same characteristic as E,
(2) G is a subgroup of K*,
(3) y—+' :T — G is a group homomorphism,

(4) (K,G,(7)yer) satisfies the Mann axioms of T'.
Here 7/ is the interpretation of (the name of) v in (K, G, (¥ )yer). If E
is algebraically closed, then (E, r, (’7)761_‘) is clearly a model of ACF(T).
The theory ACF(I") is never complete, but we can classify its models up to
elementary equivalence. Note that for a model (K, G, (7’)761“) of ACF(I")
we have a unique field embedding F(I') — K that sends each v € T to 7/;
from now on we identify F(I") with a subfield of K via this embedding, and
accordingly write ~y instead of 4/. Theorem 1.2 from the Introduction is the
special case K = C and G =T of the next result.

Theorem 6.8. Let (K,G,(y)) and (K',G’,(7)) be models of ACF(T).
Then (K, G, (7)) = (K',G', (7)) if and only if (G, (7)) = (G, (7)) as groups

with distinguished elements.
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Proof. We just combine earlier results. The forward direction being obvious,
suppose that (G, (y)) = (G’ , (7)) as groups with distinguished elements. In
order to obtain (K,G,(v)) = (K',G, (7)) it suffices by Corollary 3.9 to
show that

(G(®), () = (G"(%), (7)) (1)

as multiplicative monoids with additive relations and distinguished elements.
Construe G as a I'-set by the action

(7,9)—v9: T xG — G,

and construe G’ likewise as a I'-set. Let any k € Z" with n > 1 be given.
Applying Corollary 5.1 for E = T, we see that the set ¥;(G) C G is defined
in the I'-set G by a positive quantifier-free formula in the language of I'-sets.
Likewise, the set Xp(G') C G™ is defined in the T'-set G’ by a positive
quantifier-free formula in the language of I'-sets. More precisely, it follows
from the proof of Corollary 5.1 that ¥;(G) and X;(G’) are defined in the
I'-sets G and G’ by the same positive quantifier-free formula in the language
of I'-sets. In particular, there is a formula in the language of groups with
names for the elements of I' that defines £;(G) in (G, (7)) and that defines
(@) in (G, (7)). Hence (1) holds, as desired. O

Much of this section goes through when G is equipped with extra structure,
for example, one or more distinguished subgroups of G or G2. The interested
reader can easily make this precise as needed, using the results at the end
of Section 3.

7. THE REAL CASE

The modifications needed to deal with the real case are not entirely obvious.
One basic fact is that a subgroup of R>Y is either cyclic and discrete (and
thus taken care of in [3]), or dense, in which case a result by Robinson and
Zakon [18] on regular ordered abelian groups turns out to be relevant.

Let T' be a subgroup of R>? with the Mann property. Examples to keep
in mind are I' = {1}, ' = 2%, and " = 223%. Let L,(U,T") be the language
of ordered rings augmented by a unary relation symbol U and by a name
(constant symbol) v for each element v € I'. The ordering axioms of I are
the following: given any tuple & = (ki,...,ky,) of integers, and any tuple
v = (Y1y--.,7n) of elements of ', n > 1, the ordering axiom for k,~ is the
sentence

kiyi+--+ knyn >0

if this sentence holds in R, and otherwise it is the sentence
kl’)’1+"‘+k7n’7/n <0.

Let RCF(I") be the theory in the language L£,(U,T"') whose models are the
structures (K, G, (7')yer) such that

(1) K is a real closed ordered field, and G is a dense subgroup of K>,
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(2) y+—+" : T — G is a group homomorphism;
(3) (K, (7')yer) satisfies the ordering axioms of T,
(4) (K, G, (7)yer) satisfies the Mann axioms of T'.

Here 7/ is the interpretation of (the name of) v in (K, G, (’}//),YEF). If T is
dense in R>Y, then (]R,F, ("}’)761") is clearly a model of RCF(I"). The the-
ory RCF(I") is not complete; we shall classify its models up to elementary
equivalence. To do this, we introduce Q(I"), the ordered subfield of R gener-
ated by I'. Then we have for any model (K, G, (7')yer) of RCF(T') a unique
ordered field embedding Q(I') — K that sends each v € T' to 4/, and from
now on we identify Q(I") with an ordered subfield of K via this embedding,
and accordingly write +/ instead of . Theorem 1.3 from the Introduction
is the special case G = I' of the next result.

Theorem 7.1. Let (K, G, (7)) and (L, H, (7)) be models of RCF(T'). Then
(K,G, (7)) = (L,H, (7)) if and only if [p|G = [p|H for every prime number
p, and for each v € I' and each n > 0:

v 18 an nth power in G <= v is an nth power in H.

Some remarks on regularly dense groups. We are going to use the
easy but important fact that if K is a real closed field and G is a dense
subgroup of K>0, then for each n > 0 the group of n'® powers of elements
of G is dense in K> It follows that such G is regularly dense as an ordered
group in the sense of Robinson and Zakon [18], who classified regularly dense
ordered abelian groups A up to elementary equivalence by their invariants
[p]A as defined in the introduction. The key step in their proof is needed
below, and is as follows, where for simplicity we use additive notation for
the abelian groups A in question (so [p]A = |A/pA| if A/pA is finite, and
[p]A = oo otherwise). Recall from [18] that an ordered abelian group A is
said to be regularly dense if A is nontrivial and for all a,b € A with a < b
and all n > 0 there is x € A with a < nx < b.

Let A and B be regularly dense ordered abelian groups such that [p]A =
[p]B for each prime number p, and let h : A” — B’ be an ordered abelian
group isomorphism between a pure (ordered) subgroup A’ of A and a pure
(ordered) subgroup B’ of B. Assume B is s-saturated, where x > |A’|. Let
a € A\ A’. Then there exists b € B\ B’ such that for all «’ € A, k € Z and
n > 0:

(1) @ <na <= h(d') < nb;

(2) ' +kaenA < h(d)+kbenB.
Moreover, for any such b we can extend h to an ordered group isomorphism
A'(a) — B'(b) sending a to b, where

a + ka
n

inside the divisible hull of A, and where B’(b) is defined likewise.
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Proof of Theorem 7.1. The “only if” part is obvious. For the “if” part,
assume that [p|G = [p]H for every prime number p, and that for each v € T’
and n > 0:

7 is an n'® power in G <= ~ is an n' power in H.

We can assume also that (K, G, ('y)) and (L, H, ('y)) are k-saturated where
k is an uncountable cardinal > |I'|. Let Sub(K,G) be the collection of
Lo(U)-structures (K',G') where K' is a real closed ordered subfield of K of
cardinality < s, G’ C K'>Y is a pure subgroup of G containing I', and K’
and Q(G) are free over Q(G’). Note that if (K',G’") € Sub(K,G), then by
Lemma 5.13 we have (K', G') C (K, G), the field Q(G) is a regular extension
of Q(G"), and thus by Fact 2, K’ and Q(G) are linearly disjoint over Q(G’).

We define Sub(L, H) likewise. Let Z be the set of all isomorphisms ¢ :
(K',G") = (L', H") where (K',G") € Sub(K,G), (L',H') € Sub(L, H), and
1y =~ for all v € I'. We first show that Z # (): Let

G ={geG:g" €T forsomen >0}, K :=QI)*CK
H':={he€ H:h" €T forsomen >0}, L :=QI)*CL.
Then (K',G’) € Sub(K,G) and (L', H') € Sub(L, H), and the ordered field

isomorphism K’ = L/ that is the identity on I' belongs to Z.
To establish the theorem, it remains to prove:

Claim. 7 is a back-and-forth system.

To prove the claim, let ¢ : (K',G') — (L', H’) be in 7 and let o € K \ K';
our task is to find an extension of ¢ in Z that contains « in its domain. We
distinguish three cases:

(1) @ € G: By the discussion preceding this proof we can pick a § € H
such that for all x € G’, k € Z and n > 0 we have:

o’z is an n'" power in G < 6kb(x) is an n' power in H.

We shall now adjust this 8 to make it realize the cut in L’ that corresponds
under ¢ to the cut of a in K’. By saturation, this cut in L’ is realized in L
by all elements of an entire interval (p,q) where 0 < p < ¢ in L. Since H is
dense in L= we can assume that p,q € H. Also by saturation, the elements
h € H that are n'® powers in H for each n > 0 lie dense in H. Hence for a
suitable such h we have p < h3 < ¢q. Put

K/I = K/(a)rc G// — KI/ N G
L// = L/(hﬂ)rc, H// — L// N H
By the discussion on regularly dense groups preceding this proof, and by

Lemmas 5.12 and 5.13 we have (K", G") € Sub(K,G), (L",H") € Sub(L, H)
and an isomorphism (K”,G") — (L”, H") that takes a to hf3.

(2) @ € K'(G)™: Then o € K'(g1,...,g,)™ for some g¢1,...,9, € G, so
we can extend ¢ by applying (1) n times.
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(3) a ¢ K'(G)*: As in the first case, we consider the cut of o in K'.
By saturation and smallness of H we have L'(H)™ # L, so there is a 8 €
L\ L'(H)* that realizes the corresponding cut in L’. By linear disjointness,
we can extend ¢ to an isomorphism (K”,G') — (L”, H') sending a to 3,
where K" = K'(a)* and L” = L'(8)™. In this case the freeness of K" and
Q(G)™ over Q(G")re follows from the assumption that o ¢ K'(G)™. This
concludes the proof of Theorem 7.1.

The assumption that I' is a subgroup of R>? was made just for the sake of
concreteness, and can be dropped throughout this section by replacing R by
any real closed field R and assuming instead that I' is a subgroup of R>°
with the Mann property.

Induced structure on the group. In this subsection K is a real closed
field and G is a dense subgroup of K> with the Mann property. For divisible
G we can describe the structure induced on G by (K, G) as follows:

Theorem 7.2. Suppose G is divisible and X C G™. Then X is definable
in (K,G) if and only if X =Y NG™ for some Y C K™ definable in K.

Proof. The “if” direction is clear. For the converse, it suffices by Fact 1 to
prove:

Claim. Let (K1,G1) and (K2, G2) be two elementary extensions of (K, G),
and let g1 € GY*, g2 € G4 realize the same types over K in K; and Ko,
respectively. Then g and g9 realize the same types over K in (K7, G1) and
(K3, G3), respectively.

We may assume that (K, G;) is k-saturated for ¢ = 1,2, where x > |K]| is
an uncountable cardinal. Note that (K1,G1,(9)geq) and (K2, G2, (9)g¢eq)
are elementarily equivalent models of RCF(G), and thus we have a back-
and-forth system Z between (K1,G1) and (K2, G2) as defined in the proof
of Theorem 7.1. Also K and Q(G;) are free over Q(G), and G; is divisible
fori=1,2.

Put K := K(g;)*, G} := K/ NG}, (1 =1,2). By Lemmas 5.12 and 5.13,

G ={(ggf)/" e K7°:ge Gk eZ™n>0}, (i=1,2)

Since ¢g; and go realize the same type over K we have an ordered field
isomorphism ¢ : K| — K} fixing K pointwise and taking g; to go. Hence
1(G]) = G, so ¢ is an isomorphism between (K1, G) and (K5, G5).

It is easy to check that K| and Q(G;) are free over Q(G}), and G} is a
pure subgroup of G;. Thus (K, G}, (9)gec) € Sub(K;, G;) for i = 1,2 and ¢
is in Z. Therefore by the proof of Theorem 7.1, g1 and go realize the same
types over K in (K7, G1) and (K3, Ga) respectively. This finishes the proof
of the claim and of the theorem. (]

By “G with its induced structure” we mean the ordered group G equipped
with the relations X C G™ that are definable in (K,G), (m=1,2,...).
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Corollary 7.3. If G is divisible, then G with its induced structure is weakly
o-minimal, even in the strong sense that its theory is weakly o-minimal.

We also note the following converse of the theorem above:

Corollary 7.4. Suppose every set X C G definable in (K, G) is of the form
Y NG withY C K definable in K. Then G is divisible.

This is because the assumption here implies weak o-minimality of the
ordered group G, which in turn implies the divisibility of G.

Definable sets. In this subsection K is a real closed field and G is a dense
subgroup of K>% with the Mann property. With a mild assumption on G,
the definable relations in (K, G) are boolean combinations of existentially
definable relations. To formulate this precisely, let £,(K) be the language
of ordered rings augmented by names for the elements of K, and let x =
(1,...,2m) be a tuple of distinct variables.

Theorem 7.5. Suppose that [p|G is finite for each prime number p. Then
every subset of K™ definable in (K,G) is a boolean combination of subsets
of K™ defined in (K,G) by formulas Hy(U(y) A gb(x,y)) where ¢(x,y) is a
quantifier-free Lo(K)-formula.

We shall derive this from a real analogue of the relative quantifier elimination
of Section 3. The key here is the back-and-forth system constructed in the
proof of Theorem 7.1.

To eliminate quantifiers for RCF(I') we extend this theory by definitions
to an Lo(U,T', ¥)-theory RCF(I', ¥) by adding for each k € Z™ with n > 1
the n-ary relation symbol ¥; with the same defining axiom as in Section
3. Thus each model (K, G, (v)) of RCF(I') expands uniquely to a model of
RCF(I',Y), and we shall denote this expansion also by (K , G, ('y)) Note
that £,(U,I',X) has the sublanguage Lom(I',X), the language of ordered
multiplicative monoids with additive relations and a name for each element
of I'. Given a model (K,G, (7)) of RCF(I'), we let G(X) be the ordered
multiplicative monoid G with additive relations given by the defining axioms
for the X’s, and with a copy of I inside, construed as Lop (I, X)-structure.

The U-restriction of an Loy, (T', X)-formula 6(y) is an L, (U, T, ¥)-formula
Ou (y); it is defined by the same recursive clauses as used in Section 3 to define
the U-restriction of an Ly, (X)-formula §(y). Note that for an Lom (T, X)-
formula 6(y) with y = (y1,...,Yn), a model (K, G, (’y)) of RCF(T', X), and
g € G" we have

G(X) E0(g) = (K.G.(7) fulg)-
A special formula in z is by definition an L, (U,T", ¥)-formula n(z) of the
form
Fy(Uy) A Ou(y) A b, y))
for some Loy (T, X)-formula 6(y) and some L,(I')-formula ¢(z,y), where

y = (y1,-..,Yn) is a tuple of variables.
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Lemma 7.6. FEach L,(U,T', X)-formula ¥ (x) is equivalent in RCF(I",X) to
a boolean combination of special formulas in x.

Proof. Let x be an uncountable cardinal > ||, let (K, G, (7)) and (L, H, (7))
be k-saturated models of RCF(I',X) and let a = (o, ..., ) € K™, and
B=(01,...,0m) € L™ satisty (in (K, G, (7)) and (L,H, (’y)), respectively)
the same special formulas in z. Using Fact 1, it suffices to derive from this
assumption that

0 (k,c1) (a) = 0 (1,11,() (B3).

The assumption on « and ( easily yields that [p|G = [p|H for every prime
number p, and for each v € I' and each n > 0:

7 is an '™ power in G — 7 is an n'™ power in H.

Hence we have a back-and-forth system Z between (K,G) and (L, H) as
constructed in the proof of Theorem 7.1. It remains to find an element of Z
that has each «; in its domain and sends o to 3.

Let Q(G)(«) have transcendence degree r over Q(G); we can assume
that a1, ..., q, are algebraically independent over Q(G). As in the proof of
Theorem 3.8 it follows that then Q(H)(f3) has transcendence degree r over
Q(H), and that (i, ..., 3, are algebraically independent over Q(H ).

Let kg := Vg if I is countable, including the case I' = {1}, and k¢ := |T|
otherwise; so kg < k. Take a subgroup G’ of G containing T, of cardinality
Ko, such that G'(X) <= G(X) and « has transcendence degree r over Q(G").
It follows that G’ is a pure subgroup of G. Let g = (g; : i < ko) be an
enumeration of G, and y = (y; : i < ko) a list of distinct variables. Note
that if 61(y), ..., 0k(y) are Lom(T', X)-formulas and ¢1(x,y), ..., ¢r(x,y) are
Ly(I')-formulas such that G(X) = 0;(g) and K |= ¢j(a,g) for j =1,...,k,
then

(K,G, (7)) = (U ) Au(y) Adlay)), where
0(y) = /\93'(1/)7 P(z,y) = /\cbj(x,y)-

So (L,H, (7)) = y(U(y) Abu(y) A ¢(B,y)). Hence we have a partial y-
type over [ in (L,H, (7)) consisting of the formulas U(y;) for i < kg, the
formulas 0y (y) such that G(X) = 6(g) with 6(y) an Lo (T, ¥)-formula, and
the formulas ¢(3,y) such that K = ¢(«, g) with ¢(x,y) an Lo(I')-formula.
Let h = (h; : i < ko) realize this y-type in (L, H, (y)). This yields a partial
elementary map g; — h;, i < Ko, between G(X) and H(X). Put H := {h; :
i < ko}. Then H' is a subgroup of H such that H'(X) < H(X), and we
have an ordered field isomorphism ¢ : Q(G’)(«) = Q(H')(3) sending each g;
to h; and each a; to 3;. Put K’ := Q(G’)()™ and L' := Q(H')(5)". Then
(K',G") € Sub(K,G) and (L', H') € Sub(L, H) and we have an isomorphism
(K',G") = (L', H') that extends ¢. This isomorphism carries o to 3 and
belongs to the back-and-forth system Z, so we are done. O
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In order to derive Theorem 7.5 from this lemma we briefly return to
the theory of regularly dense ordered abelian groups. Let for each prime
number p a number e(p) € NU {oo} be given. As noted in [18], there exists
an ordered additive dense subgroup A of R such that [p]A = p°®) for each
prime number p, in particular, A is a regularly dense ordered abelian group,
and thus exp(A) is a dense ordered subgroup of R>?. Here we note:

Lemma 7.7. The (complete) theory of reqularly dense ordered abelian groups
A such that [p|A = pe®) for all prime numbers p, admits elimination of
quantifiers after extending it by definitions as follows: augment its language
{<,0,—,+} by extra unary predicates Dy, (n > 0), with defining axioms

Va (Dy(z) < Jy(z = ny)).
This follows easily from our earlier remark on the extendability of isomor-
phisms between pure ordered subgroups of models of the theory in question.

(Robinson and Zakon [18] state model completeness but not the stronger
quantifier eliminability.)

Proof of Theorem 7.5. Consider a formula

W(z) = y(U(y) Abu(y) A dla,y))

where ¢(x,y) is an Lo-formula, y = (y1,...,yn), and 6(y) is an Lom(X)-
formula. By the above quantifier elimination for the ordered group G, the
set

{(g1,---y9n) €G" :GE=0(g1,..-,9n)}
is a boolean combination of subsets of G™ of the form
{(glv cee ;gn) eG": Xk’(gh cee 7gn) = 1}7
{(g1,---y9n) € G": xk(91,--.,9n) <1} and

{(91,---,9n) € G™: xi(g1,--,9n) € G}

where k = (k1,...,kn) € Z™ and d is a positive integer. (One can even
restrict the d to range over powers p® of prime numbers p with exponent
e € N.) Since G/G is finite, the complement in G™ of a set

{(‘gl" T agn) € G": Xk(glv v 7gn) € G[d]}

as above is a finite union of sets of the form

{(g1,-+,9n) € G": xa(g1, -, 9n) € 1G1}
where v € G. Hence 9(z) is equivalent in (K, G) to a formula

P (x) = EIZ(U(Z) A gb’(x,z))

where ¢'(z,z) is an Lo(G)-formula, z = (21,...,2n). (Here L,(G) is the
language L, augmented by names for the elements of G.) The desired re-
sult now follows from Lemma 7.6, and quantifier elimination for real closed
ordered fields. This concludes the proof.
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Question: do the results in this section have good analogues for structures
like (R, 2%,3%) and (R,29,32)? This question was raised at the end of [3],
but comes up in a very different way in [13]. Note that (C,2%,3%) can be
viewed as (C,T*) where T is the group 2%3% with distinguished subgroups
27 and 3%, so the complex version of the question is under control.

8. MORE ON THE MANN PROPERTY

We present here some natural examples of groups of infinite rank for
which the Mann property holds effectively. We also show that the Mann
property holds effectively in the cyclic case. This yields the decidability of
some of the theories discussed in the previous two sections. We conclude
with a discussion of the positive characteristic case.

The group of exponentials of algebraic numbers. Let A be the field of
algebraic numbers in C. Then the subgroup exp(A) of C* has the strongest
possible Mann property:

Proposition 8.1. For any c1,...,cn € QF, the equation
cr1+ -+ emTym =1
has the same nondegenerate solutions in exp(A) as in {1}.

To see this we use the following lemma where we assume K is a field with
subfield F, and G and I" are subgroups of K* with I" C G.

Lemma 8.2. Suppose I' is a pure subgroup of G and each root of unity in
G lies in I'. Then the following two conditions are equivalent:

(1) for any ci,...,cm € E* the equation c1x1 + - -+ + ¢y = 1 has the
same nondegenerate solutions in I' as in G;

(2) whenever g1, ..., gn € G are multiplicatively independent over T', they
are algebraically independent over E(T).

Proof. The implication (1) = (2) is part of Lemma 5.12. Assume (2). Note
that by the hypothesis on I" the quotient G/I' is torsion-free. To prove
(1) we can further reduce to the case that this quotient group is finitely

generated. Hence there are gi1,...,¢9, € G that generate G over I' and
are multiplicatively independent over I'. Then g¢y,..., g, are algebraically
independent over E(I'). Now apply Lemma 5.14. O

To obtain Proposition 8.1 we apply this lemma with K = C, £ = Q, ' = {1}
and G = exp(A) using Lindemann’s theorem [9] that if a1,...,a, € A
are linearly independent over Q, then exp(ay),...,exp(a,) are algebraically
independent (which in particular yields the injectivity of exp|A).

Corollary 8.3. The elementary theories of (C,exp A) and (R,exp(ANR))
are decidable.
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Algebraic independence for Teichmiiller representatives. In this
subsection we fix a prime number p and let k O F, be a perfect field of
characteristic p. Let W k] denote the ring of Witt vectors over k, let 7 :
k — Wk] be the Teichmiiller character, and 7 : W[k] — k the residue map
(so mo 1 =idy). We consider W[k] as a ring extension of W[F,] = Z,; thus
the fraction field W (k) of Wk] is a field extension of the fraction field Q)
of Zp.

Theorem 8.4. Put T := 7(k*), a subgroup of W(k)*. Then

(1) T has the Mann property;
(2) wheneveray,...,a, € k* are multiplicatively independent, then their
images 7(a1),...,7(an) are algebraically independent over Q.

Proof. By extending k we can make k algebraically closed so that F;¢ is an
elementary substructure of k. By [5] this makes the two-sorted structure
(W[F2],F2% m,7) an elementary substructure of (W k], k;m, 7). (Here the
underlying sets of the two sorts are indicated on the left of the semicolon
and are equipped with their ring structure, and 7 and 7 indicate the obvious
maps between these one-sorted reducts.) The subgroup 7 (™) of W (IF5¢)*
consists of roots of unity, so by [12] it has the Mann property. Now (1) and
(2) follow from (W[F2°],Fi%m,7) X (W[k],k;m,7) and Lemma 5.12. O

This ties up a loose end from [5]. At the end of that paper, the first author
related a comment by Hrushovski to the effect that all Z-linear relations
between elements of T' are generated by the Z-linear relations among the
roots of unity in 7". The reference to [7], however, did not suffice for the
first author to understand this comment. The argument above might be
different from what Hrushovski had in mind.

Incidentally, the complete axiomatization in [5] of structures like (W k], T)
contains a red herring, namely an axiom scheme that describes the Z-linear
relations among the elements of T'. This axiom scheme is never used in the
proof of the Theorem in [5]! To set the record straight, here is what this
proof gives:

Theorem 8.5. Consider the L(U)-theory whose models are the structures
(B, G) such that B is a henselian valuation ring with fraction field of char-
acteristic 0, perfect residue field k of characteristic p > 0, maximal ideal pB,
and such that G C B is closed under multiplication and is mapped bijectively
onto K* by the residue map B — k.

Two models of this theory are elementarily equivalent if and only if their
residue fields are and their value groups are.

Here the value group of a model (B, G) is the value group of the valuation
on the fraction field of B that has B as its valuation ring, and this value
group is viewed as an ordered abelian group. The notation used here is a
tiny bit different from that in [5], where (B, G U {0}) instead of (B, Q) is
considered.
Theorem 8.4 now has the following variant:
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Corollary 8.6. Let (B,G) be as in Theorem 8.5, and let K be the frac-
tion field of B. Then G is a subgroup of K> with the Mann property, and
whenever g1, ..., g, € G are multiplicatively independent, then g1,..., g, are
algebraically independent (over the prime field Q).

Proof. Passing to a suitable algebraic extension field of K and replacing B
by its integral closure in that extension (without changing the residue field
or (G) we can arrange that the value group is a Z-group, so that (B,G) =
(Wk],T). Now apply Theorem 8.4. O

Effectiveness of the Mann property in the cyclic case. The proofs in
[6], [10] and [17] that finitely generated multiplicative groups in characteris-
tic zero have the Mann property are not effective. Here we give an effective
proof in the cyclic case. Let K be a field and ¢ € K*.

Proposition 8.7. The group a” has the Mann property.

Proof. This is obvious when K has characteristic p > 0, and also when K
has characteristic 0 and « is either a root of unity or transcendental over
Q. Assume that K has characteristic 0 and « is algebraic over Q but not
a root of unity. Then we have an absolute value | - | on the field Q(a) such
that |a| > 1. Consider a tuple k = (k1,...,kn) € Z" of nonzero integers,
n > 1, and define E(k) as the set of all tuples (ey,...,e,) € N" such that
0=¢e < -+ <ep, k1a®* + -+ + kpa® = 0 and k1a® + -+ - 4+ kpa® # 0
for each positive m < n. It suffices to show that then E(k) is finite. Let
(e1,...,en) € E(k). Note that n > 1. By descending induction on positive
m < n we shall obtain a bound B(m) € R>?, depending only on k,m,n,a
but not on (eq,...,e,), such that that e, 11 — e, < B(m). From

kl + -4+ kn71a6n71 + knGEn —
we obtain |k, ||al®® < (Jk1| + - + |kn_1])|a|®*—, so
kol + - - + [kn—1]
[Fen] '

If the base |a| logarithm on the right hand side is < 1, then E(k) = 0.
Assume it is > 1 and denote it by B(n — 1). Let 1 < m < n, and suppose
B(m),B(m +1),...,B(n —1) € R>? have the desired property. Let o be
the least of the numbers

km 4 kme1a? ™ 4o ket ™)

en —€en—1 < lOg|a\

such that 0 <i(m+1) <--- <i(n) and
ilm+j)<Bm)+---+B(m+j—1)forj=1,....,n—m.

Then ki + - -+ kp—1a°m +a®m (K, + k1@t 4 -—G—k:nai(")) = 0 with

i(m=+1):=emns1 —€n,y...,i(N) := ey — €m, SO

lal* e < ([ka] 4 - - + [km—1])]a ™.
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Hence
|Ey] + - 4 |Em—1]

5 .
If the base |a| logarithm on the right hand side is < 1, then E(k) = 0.
Assume it is > 1 and denote it by B(m — 1). This bound has the required
property. ]

em — em—1 < 10g|a\

This proof is effective: it leads to an algorithm that, given any irreducible
polynomial f(7T') € Q[T], decides whether f({) = 0 for some root of unity
¢ € C, and if not, constructs for a € C such that f(a) = 0 and any tuple
k € Z™ of nonzero integers, n > 1, the finite set F(k) defined in the proof
above.

Corollary 8.8. Given any a € C*, the elementary theory of (C,a”) is
decidable. Given any algebraic a € R>C, the elementary theory of (R, a”) is
decidable.

The second claim depends also on a remark at the end of [3].

The positive characteristic case. Let p be a prime number. While the
multiplicative group of Fj¢ is of rank 0, it fails, of course, to have the Mann
property. But we can use Lemma 5.15 to produce a natural class of infinite
subgroups of this multiplicative group with the Mann property.

Recall that each nonzero a € F; is a primitive N th root of unity for a
unique positive integer N, and that this IV is not divisible by p. Conversely,
for each positive integer N not divisible by p there is a primitive N** root
of unity in FJ°.

Theorem 8.9. Let P be a finite set of prime numbers # p, and let S(P)
be the set of positive integers all whose prime factors are in P. Then the
subgroup

G:={aclF)": a¥ =1 for some N € S(P)}

of the multiplicative group of F° has the Mann property.

Proof. Take a power g = p° with e > 1 such that [|¢g — 1 for all odd | € P,
and 4|¢ — 1 in case 2 € P. For each | € P, take a primitive (I")*® root of
unity ¢(I) in F, where I"|g — 1 and I"* Jg—1, so n =n(l) > 1.

Claim. Let I' be the subgroup of F; generated by the ((I) with [ € P.
Then G has the “same” Mann property over [, as its finite subgroup T',
that is, each equation a1z1 + -+ + amx;,, = 1 with m > 1 and all a; € IF;
has the same nondegenerate solutions in I' as in G.

To prove this claim, consider an [ € P, and let n = n(l). Then F, does not
contain a primitive (I"*1)™ root of unity. But {"*!|¢! — 1, so the extension
F, of F, does have a primitive (I"™1)™ root of unity = with «! = ((1),
and has prime degree [ over F,, hence the polynomial X! — ((I) € F,[X] is

irreducible. Moreover, I"*2 ¢ — 1, and if A € P, X\ # [, then A**1 ¢! — 1
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with v := n()\). Let IV be the subgroup of ]F:l generated by I" and an x

with 2! = ¢(I). Then I'" C G has the same Mann property over F, as T,
by Lemma 5.15. Also, I is the subgroup of IF‘le generated by this x and

the ((A) with A € P, X\ # [. Thus the procedure that took as input F,, T’
and produced F, I can be repeated by taking the latter as a new input
(and instead of [ any element of P). In this way we produce larger and
larger subgroups of G with the same Mann property as I' over F,. Taking a
suitable union we get all of G. U

This proof is effective, so the elementary theory of (Fj¢, &) is decidable for
G as in the theorem. Note that the group G in the theorem is isomorphic
to the direct product of the Priifer groups Z(I*°) with [ € P; in particular,
G is divisible, and thus (F;¢, ) is w-stable.

Question: are there subgroups of the multiplicative group of Fj¢ with the
Mann property that are not contained in any G as in the theorem?

We finish by characterizing the multiplicative groups in extension fields of
F, with the Mann property in terms of their algebraic parts:

Proposition 8.10. Let K be any extension field of Fp, and let G be a
subgroup of K*. Then G has the Mann property if and only if the following
two conditions are satisfied:
(1) its subgroup I' := {y € G : 7 is algebraic over F,} has the Mann
property;
(2) whenever g1,...,gn € G are multiplicatively independent, they are
algebraically independent over IF,.

Proof. Suppose G has the Mann property. Then, given any c1,...,¢, € Fp
the equation ciz1 + - - - 4+ ¢y = 1 has the same nondegenerate solutions in
I" as in G: a nondegenerate solution in G outside I" would produce infinitely
many nondegenerate solutions in G by applying powers of the Frobenius
map to the solution. Thus (1) and (2) hold by Lemma 8.2.

Conversely, if (1) and (2) hold, then G has the Mann property, again by
Lemma 8.2. (]

Final comments. After submitting the paper we learned of overlap with
existing work: Boxall [1] and Scanlon and Voloch [19] contain Theorem 8.9
(with very different proofs from ours), and [19] also answers the question
just before Proposition 8.10 affirmatively, assuming two widely believed con-
jectures in number theory. Poizat [16] contains special cases of Theorem 6.8.
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