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Introduction

In simplest terms, the aim of this course is to define truth and to
construct a machinery of proof. We compare these: true vs. provable.
The study of these are respectively referred to as sematics and syntazx.

Actually, we construct two machineries of proof, among many possible
ones. They are propositional logic and first order logic. The former is a
toy model to play with and get aquatinted with the rules of the game.
Honestly, it is not very useful for mathematical purposes. However,
first order logic is very useful and it actually solves problems.

In order to talk about truth, we would have to construct the object
whose truth makes sense. In the case of propositional logic, these
objects are propositions. One may think of these as basic daily life
statements like “Mars is the third biggest planet on the solar system”
and more complicated statements obtained from these by using con-
nectives such as “and” and “if ... then”. So far there is nothing about
truth; these are just a bunch of symbols. We have to determine some
of the basic statements as “true” and others as “false”. For instance,
the statement about Mars needs to be determined as false. Then we
automatically know the truth or falsity of more complicated proposi-
tions. Next we introduce a totally formal proof system that defines
which propositions can be proven from given propositions (sometimes
called “premises”). The propositions that can be proven from given
premises are the theorems of those premises. The interesting thing
is these two concepts turn out to capture the same thing; namely a
proposition is true under the assumption that certain propositions are
true if and only if it is a theorem of those premises. This is called the
completeness theorem for propositional logic. We develop the details of
this in the first chapter.

Then we move on to do a similar thing in a much more complicated yet
flexible setting, called first order logic. Here formulas take the place of
propositions, and the main difference is that we have quantifiers. This
means that we may start to talk about something being true for all
elements (varying in a given set), or the existence of an element (from
the given set) satisfying some properties. The concept of truth is much
more complicated in this setting: we can talk about truth in structures.
After introducing structures and truth in them, we again construct a
proof system for formulas, and it turns out that we once again have
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6 INTRODUCTION

that truth of a formula is the same thing as its being provable. In this
setting, this fact is called Godel’s Completeness Theorem.

There are many equivalent ways to define the proof system for the first
order logic; as long as we can prove the completeness theorem for a
proof system, it has to be equivalent to the one we construct since
provability is equivalent to the absolute concept of being true. You
may check other systems in other books and lecture notes. Some great
examples of such sources are Enderton’s A Mathematical Introduction
to Logic (]2]), van den Dries’ Mathematical Logic Lecture Notes ([1]),
and Loeser and Hils’ A First Journey Through Logic ([3]).

After proving Godel’s Completeness, we give some applications of it.
As a matter of fact, most of those applications are proven using a con-
sequence of the proof of Gédel’s Completeness, called the Compactness
Theorem. These are done in the third chapter and we hope to empha-
size the importance of the mathematical applications.

In the final part, we give a brief introduction to Godel’s Incompleteness
Theorem. This theorem very roughly states that a mathematical theory
containing basic arithmetic cannot be axiomatized in a nice way. The
first italic part is easy to understand and to make precise. Most of the
last chapter is devoted to defining the latter italic part: What does it
mean to axiomatize a mathematical theory in a nice way? We need
to introduce some basic computability theory in order to achieve this
goal.



CHAPTER 1
Propositional Logic

1. Syntax

In order to have a ‘logic’, we need an alphabet and propositions
written in that alphabet: An alphabet is just a set; or rather a union
of some sets since we want to distinguish different types of elements
of the alphabet. We shall call elements of a given alphabet symbols
of that alphabet, and an ezpression of that alphabet is a finite se-
quence of symbols. The mathematically correct way to define “ex-
pression” is as follows: Let A be an alphabet. Then expressions are
elements of | J,,.y A". However, we do not write elements of this union
as (ai,as,...,a,), but instead we write ajas - - - a,. The expression of
length 0 is called the empty expression.

Propositions are certain expressions in the alphabet. We do not get into
the details of these concepts in general and below we define the alphabet
and the propositions of propositional logic. In the next chapter, we
present the alphabet and propositions of first-order logic(s).

The naming of the objects below differ quite a bit from one author to
another. I'll stick with these until we introduce first order logic, where
we have similar but different meanings for them.

The alphabet of propositional logic contains the following symbols:
(1) Logical Symbols: = —
(2) Atomic Proposition Symbols: Ay As
(3) Parentheses: ()

So there are two logical symbols, two parentheses, and countably many
atomic proposition symbols.

These symbols do not have a meaning yet, however it is a good idea to
think of the logical symbols with their usual meanings; namely not and
implies. The atomic proposition symbols could be thought as daily life
sentences. We will call them atomic symbols or more simply atoms.

Assumption. One subtlety is that we assume that none of the symbols
is a finite sequences of others; for example Asg; cannot be = —— Az4—.

Next, we’d like to introduce the propositions. First, we shall do that
in a sloppy way, but then we do it in the correct way.
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DEFINITION 1.1. The set P of propositions of propositional logic is
the smallest set X of expressions such that
(1) Each A4, is in X,
(2) If ¢ is in X, then so is (—¢),
(3) If ¢ and 1 are in X, then so is (¢ — ¥).

The reason that this definition is sloppy is that it is not very clear what
‘smallest” means. Also it is a little bit hard to show that an expression
is a proposition with this definition. (It is easier to show that it is not.)

We let P4 denote the set of atoms; as a set it is just A.
ExaMPLE 1.2. Let’s see that the expression
(=(A2 = (=45)))
is a proposition.

Since Ajp is a proposition, so is (—As). Similarly, (A2 — (—A45)) is a
proposition since A, is a proposition. Applying the second part to this
proposition, we get that (—(As — (—As))) is also a proposition.

ExAMPLE 1.3. The proposition above is quite simple. How about
something slightly complicated as

(=(A2 = (245))) = (=(A5 = A7)))?

We can go through the same recursive reasoning as above, but it is
cumbersome to write it down. So we show this with a tree:

((=(A2 = (=45))) = (=(As = 47)))

(= (A2 —>‘ (=45))) (=(4s ‘—> A7)
(A2 — (_\A5)) (A5 — A7)

TN PN
Ay (—A5) As Az

A
The way we construct this tree is that we separate —if we can— a given
expression into smaller expressions using the (2) and (3) in the defi-
nition. There may be more than one way to do this! For instance,
((Ay — Ay) — Ag) could be separated into (A; and Ay) — Ag, but
also into (A; — Ay) and Ag. We do this on every branch until we
cannot do it any more. So we obtain a few different trees, because
of the different ways of separating. If there is a tree in which all the
leaves of the tree are atoms, then the expression we have started with
is a proposition. This sort of gives an algorithm to determine whether
an expression is a proposition; such algorithms are called parsing al-
gorithms. However, giving a mathematical proof that this algorithm
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really determines the propositions requires intricate work; see Propo-
sition 1.6 and Example 1.10 below.

ExAMPLE 1.4. Even though it looks like one, the expression A3 —
As is not a proposition. One may just use the parsing algorithm in
the previous example and say that we cannot continue even one step.
In this particular case, we may give a rigorous mathematical proof.
Consider X = P\ {43 — As}. Clearly, every atom is still in X as
Az — As is not an atom according to our assumption. Suppose ¢ € X.
Then (—¢) is not A3 — Ajs, because the former start with (. Therefore
(—¢) is in X. Similarly, one may see that X satisfies 3 in the definition
of P as well. Since X C P, we need to have X = P. Thus A3 — As is
not in P.

DEFINITION 1.5. Let ¢ be an expression. A construction sequence
for ¢ is a sequence ¢, ..., ¢, of expressions where ¢,, = ¢ and for each
i € {1,...,n}, the expression ¢; is either an atom or is one of of the
forms (—¢;) and (¢; — ¢y) with j, k < i.

PROPOSITION 1.6. An expression is a proposition if and only if it
has a construction sequence.

PROOF. Let C be the set of expressions that have a construction
sequence. Clearly, C C P. It is also clear that C satisfies (1), (2), (3)
in the definition of P. Hence C = P. O

So we could have defined propositions as expressions that have a con-
struction sequence. Now this is the less sloppy definition.

Next result somehow reduces defining functions on P to defining func-
tions on Py.

PRrROPOSITION 1.7. Let X be a set and let H-, : X — X and H_, :
X x X — X be functions. Then every function G4 : P4 — X has a
unique extension G to P such that

(1) G((-¢)) = H-(G(9)),
(2) G((& = v)) = H.(G(¢), G(v)).

Proor. HW... O

ExAaMPLE 1.8. Let X = N and we would like G(¢) to be ‘the
number of parentheses in ¢’. So we define G4(A;) =0, H-(z) =z +2,
and H_,(z,y) = z+y+2. It is easy to see that the function G extending
G4 as in the proposition is the one we’re looking for. It is easy to see
that the image of G is the set of even natural numbers. This shows that
the number of parenthesis in a proposition has to be even. Therefore
gives an easy way to determine some expressions as non-propositions.

EXAMPLE 1.9. Again let X = N. Define G4(A4;) = 0, H-(z) =
x+1,and H_(z,y) = max(x,y) + 1. We call the function G as in the
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proposition the rank function. It will be useful when we prove or define
things by induction.

ExAMPLE 1.10. This example differs from the previous ones as the
set X is the set of all finite (rooted) trees. Our aim is to define the tree
we constructed in Example 1.3 for every proposition.

So we define G4(A;) to be the tree with one node labeled A;.
Define H_(T') to be the following tree:
(=)

|
T

So we add a node ‘on top of” T" and label it as (=7").
Similarly we define H_, (T}, 7T3) to be:

(Tl — Tg)
N
T T
Note that we really need the trees to be rooted for this to makes sense.

Setting GG to be the function given by Proposition 1.7, we see that, when
ordered correctly, the nodes of G(¢) gives a construction sequence for
the proposition ¢.

ExXAMPLE 1.11. This example defines G(¢) to be the set of ‘sub-
propositions’ of ¢. So the set X is the power set of P. We do not define
G4, H-, and H_,. We define G directly:

o G(A) = {Ai},
o G((—9)) = G(9) U{(=9)},
* G(l¢ = ¢) =G()UG[H) U{(¢ = )}

Readability Conventions. As illustrated by Example 1.4, there
are some expressions that look like propositions, but are not actually
propositions. The reason is the extra parentheses. It would be good to
remove irrelevant parentheses for the ease of reading. Here is how we
do it.

e The outmost parentheses are omitted. So we write the expres-
sion A; — A, instead of (4; — Ay).

e Parentheses around negation are omitted. So instead of (—¢),
we write ¢ even when it is not the outmost parentheses. For
instance, Ay — —Az means (Agy — (—A3)).

Of course, we do not apply the recursive definition of propositions to
these simplified versions. In other words, we make the simplifications
at the very end.

Another convention is about atomic proposition symbols. We use the
letters P, @, R for atomic proposition symbols. This is to say that
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when we write P, it means P = A; for some ¢. This way, we may add
subscripts and primes to P, Q, R.

We also introduce the usual shorthand uses for certain propositions.
Let ¢, be propositions.
e (¢ V1) means ((—¢p) — ); so it is ~¢ — 1) with the new
parentheses conventions.
e (¢ A1) means (—(¢p — (—1))); or =(¢ — —) with the paren-
theses convention.
o (¢ < ¢) means (¢ — ¥) A (v — ¢). (Here we used the
conventions; it is quite cumbersome to write down the actual
formula.)

We apply the parentheses convention to these new definitions as well;
so we write A; V —A, rather than (A, V (—Ay)).

Our last convention is that V and A are stronger than — and <. For
instance, ¢ V¢ — 0 is (¢ V) — 6.

2. Semantics

Now we start to attach meanings to propositions. More rigourously,
given truth values of atoms, we determine the truth values of proposi-
tions.

A wvalue assignment assigns values false and true to atomic proposi-
tion symbols, but we shall use 0 and 1 in the place of false and true
respectively. So letting A = {0,1} a value assignment is a function
va : Pa — A. There are 2% many of such functions.

We'd like to extend any value assignment to P. In order to do this, we
define H-, and H_, on A as follows:

H.(0)=1 H.(1)=0,

H_(0,0)=H,(0,1) = H,(1,1)=1 and H_(1,0)=0.

Now we can extend vy to v : P — A using Proposition 1.7. We call
this function a value assignment on propositions; most of the times, we
will simply call it a valuation.

So for propositions ¢, we have v(—¢) = 1 if and only if v(¢) = 0.

We sometimes write [¢], in the place of v(¢). We sometimes even drop
the letter v and write [¢].

A given proposition ¢ is a finite string of symbols, hence in particular
it contains finitely many atoms; say Pi,..., P,. Then for a valuation
v, the value v(¢) depends only on the values v(P;),...,v(F,). Also
the values of v(F;) are independent in the sense that any two of the 2"
possible value assignments to P, ..., P, give a different valuation.
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We illustrate the possible values of v(¢) depending on v(Fy),...,v(P,)
using truth tables. For instance if ¢ is =P, then we have the following
truth table:

P | =P
0| 1
110
If ¢ is P — @, then the truth table is:
PlQ|P—=Q
010 1
01 1
110 0
1|1 1

Let’s construct the truth table for PV (). Recall that PV(Q is =P — Q.

PQ[-P[-P=Q
0[0] 1 0
01 1 1
1]0] 0 1
11110 1

Let’s consider something more complicated: Let ¢ be P A (). Recall
that this means ¢ is =(P — —Q).

PlQI-Q|P—=Q | ~(P — Q)
0[0]1 1 0
0[1]0 1 0
1[0 1 1 0
1[1]0 0 1

Although the values of atoms are independent, the values of proposi-
tions might depend on each other. For instance, the value of a propo-
sition certainly depends on the atoms appearing in it.

DEFINITION 2.1. Let I' be set of propositions and ¢ a proposition.
We say that ¢ is a logical consequence of T if v(¢) = 1 for every
valuation v with v(¢) = 1 for every ¢ € I'. We denote this by I' = ¢.

So in human words this means ‘if all the elements of I' are true, then
5018 ¢’

EXAMPLE 2.2. If ¢ € T, then T" = ¢. A slightly more complex
example is when I' = {P,Q} and ¢ is P A Q.

If T is a finite set, say I' = {41, ..., 1, }, then we write 11, ...,¢, E ¢
in the place of ' = ¢.
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DEFINITION 2.3. If ) = ¢, then we say that ¢ is a tautology and
we write = ¢.

In other words, a proposition is a tautology if it is true under every
valuation. For instance, using truth tables one may easily conclude
that ¢ — ——¢ is a tautology for every ¢, or ¢ — (b — ¢) is also a
tautology for every ¢, 1.

PROPOSITION 2.4. Let ¢ and v be propositions. Then the following
hold:

(1) ¢ — ¢ is a tautology if and only if ¢ = 1.
(2) ¢ = 9,0 .

PROOF. Suppose that ¢ — 1 is a tautology and let v be a valuation
with v(¢) = 1. Then v(¢ — ) = 1, which can only happen when
v(y) = 1. So ¢ = 1. Conversely, let ¢ = ¢ and take a valuation wv.
If v(¢) = 0, then v(¢ — 1) = 1 regardless of v(¢)). If v(¢) = 1, then
v(¢) = 1 by the assumption, and hence v(¢ — 1) = 1, proving (1).

For (2), let v be a valuation with v(¢ — ) = v(¢) = 1. But then

o(¥) = 1.
O

According to this proposition, given formulas ¢ and v, the proposition
¢ <> 1 is a tautology if and only if ¢ = ¢ and ¥ = ¢. When that
situation occurs we say that ¢ and ¢ are logically equivalent and we

denote this by ¢ = 1.

PROPOSITION 2.5. Logical equivalence is indeed an equivalence re-
lation on P.

PROOF. Only transitivity is not totally trivial. Let ¢ =~ % and
¥ =~ 0. We would like to show that ¢ ~ . It suffices to show that
¢ = 0, since the roles of ¢ and 0 are symmetric. So let v be a valuation
with v(¢) = 1. Then v(¢)) = 1 and hence v(f) = 1. O

Next theorem lists some logical equivalences that we shall use fre-
quently, whose proofs are left as exercises.

THEOREM 2.6. Let ¢,1,0 be propositions. Then we have the fol-
lowing equivalences:

(V) VooV (Vo).

(BAY) AT~ PA (W AD).
YDV .
YA

V) =g A —p.
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(9) oV o~ o

(10) o N~ ¢.

(11) =g =~ ¢.

Proor. HW... g
Boolean Functions and Propositions. Let ¢ be a proposition such
that the atoms appearing in ¢ are among {P,...,P,}. (So some of
these symbols might not appear in ¢.) Then we can define a map
fs : A" — A as follows: Let @ = (aq,...,a,) € A" and take a valuation

v such that v(P;) = a;. Then we define f,(@) = v(¢). Note that this is
well-defined as v(¢) depends only on v(P),...,v(FP,).

This f, is an example of a Boolean function: Any function A" — A for
some n > 1 is called a Boolean function. So it makes sense to call fy4
as the Boolean function attached to ¢, but we need to fix an ordering
of Pi,..., P, and assume that this list is a minimal list. This is to say
that these are exactly the atoms appearing in ¢; so no irrelevant P;’s
appear.

We state some easy facts in the next result.

PROPOSITION 2.7. Let ¢, be propositions such that the atoms ap-
pearing in ¢ are among { Py, ..., P,}. Then we have the following.

(1) ¢ = if and only if fs(@) < fy(@) for every a € A™.
(2) 6~ ¢ if and only if fy = f,.
(3) ¢ is a tautology if and only if f, is constantly 1.

PROOF. First note that every valuation v gives @ € A™ such that

fs(@) = v(¢) and fy(@) = v(vp). Also ¢ B 1 if and only if there is a
valuation v such that v(¢) = 1 and v(¢») = 0. So (1) follows.

The second part is a direct consequence of the first part.

Tha last part is clear from the correspondence of valuations and ele-
ments of A" as mentioned in the first sentence of the proof. O

Next we prove that every Boolean function indeed arises from a propo-
sition.

THEOREM 2.8. Let f : A™ — A be a Boolean function with n > 0.
Then there is a proposition ¢ such that f = fy.

PROOF. If f =0, then we may define ¢ to be A; A—A;. So we may
assume that there are dy,...,d, € A" such that f(a;) = 1 for every i

and f(l;) =0forbe A"\ A{dy, ..., d}.

Write Eil = (aﬂ, Ce ,&in) and put wij = Aj if Ai5 = 1 and wij = _\Aj if
a;; = 0. Now define ¢ = ¢ V -V ¢, where ¢; = ;1 A -+ A1y, for
i1=1,...., k.

It is easy to check that f = f,. O
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Remark. Note that the proposition ¢ constructed in this proof is of

the form

k n

\ N\ i,

i=1j=1
where each 1);; is either an atom or is the negation of an atom. Such
propositions are said to be in disjunctive normal form; we often shorten
this as DNF. Combining the theorem with the second part of the pre-
vious proposition we get that any proposition is logically equivalent to
a formula that is in DNF.

COROLLARY 2.9. Let Py,..., P, be atoms. Then there are exactly
22" many (logical) equivalence classes of propositions whose atoms are
among Py,..., P,.

PROOF. Clear. O

Homework 1. Write down all the equivalence classes of proposi-
tions containing two distinct atoms P, Q.

Homework 2. A proposition is said to be in conjunctive normal
form (CNF) if it is AY_, /iy %ij, where each v;; is either an atom or
is the negation of an atom. Show that any proposition is equivalent to
a formula in CNF.

Homework 3. Understand what the following sentence might
mean: Every proposition can be written as an expression in the al-
phabet obtained by replacing — by V in the alphabet of Propositional
Logic.

Homework 4. Show that the sentence in the previous homework
is correct. (I guess you need to understand it in a way that it is correct.)

3. Natural Deduction

Now we are going to introduce an axiomatic system for deriving
conclusions from premises. We do it in such a general way that it
applies to first order logic as well as propositional logic.

DEFINITION 3.1.

(I) A formal theory, ¥ consists of the following data:
(1) Alphabet: A set of symbols.
(2) Well-formed Formulas: A set W of expressions in the
alphabet; we shortly write wff in the place of well-formed
formula.

(3) Azioms: A set A of wff’s; so A C W.
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(4) Inference Rules: Finitely many relations Ry, ..., R, among
wil’s; this means that each R; is a subset of W™ ™! for
some my; > 0. If ¢1,..., ¢, are wit’s such that

(Cbly---aqujaw) € Rj’

then we say that ¢ follows from ¢y, ..., ¢m; by R;.

(IT) Let ¥ be a formal theory. A finite sequence ¢ ..., ¢, of wit’s
of T is called a proof (in ¥), if for each i € {1,...,n} the
wif ¢; is either an axiom or follows from previous wft’s by
some inference rule. If ¢; ..., ¢, is a proof, then ¢, is called a
theorem (of ¥).

(IIT) Let ¥ be a formal theory, I' a set of wif’s, and ¢ a wff. We say
that ¢ is a deductive consequence of T' if there is a sequence
o1 ...,0, of wit’s such that ¢ = ¢,, and each ¢; either is an
axiom, or is an element of I', or follows from previous ¢;’s by an
inference rule. We denote this by I' -+ ¢ and we sometimes say
“ follows from I'” in the place of ‘¢ is a deductive consequence
of I”. We also drop ¥ from notations if there is not doubt
about which formal theory we are working in.

One can work in this generality, but we will do that very briefly and
then focus on two kinds of formal theories: Propositional Logic (just
one theory) and First Order Theories (many theories).

Note that I' k¢ v means that if we add I" to the set of axioms of T to
get a new formal theory ¥, then 1 is a theorem of T’. In particular,
() b5 v just means that 1) is a theorem of ¥ and in this case we simply
write g 1.

We record the following facts.
PROPOSITION 3.2. Let ¥ be a formal theory, I'; A sets of wff’s, and
¢ a wff. Then we have the following.

(1) FT CA and T b5 ¢, then A Fx ¢.
(2) T k= ¢ if and only if there is a finite set Ty C T' such that

Lo s 9.
(3) If Atz ¢ and for every b € A we have I' bz ¢, then T' g ¢.
PRrooOF. Straightforward. O

3.1. Propositional Logic as a Formal Theory. Now we present
the long promised formal system for propositional logic. It is a formal
theory Tp whose alphabet is the same as the alphabet of propositional
logic (namely {(,), =, =} U{A1, As,...}) and its wit’s are propositions.
We still need to introduce the axioms and the inference rules. Below
are the axioms of propositional logic:

(1) For every wif’s ¢, 1 we have the axiom:

¢ = (= 0)
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(2) For every wit’s ¢, 1,60 we have the axiom:
(0= W —0)) = (¢ = v) = (¢ —10))

(3) For every wit’s ¢, 1 we have the axiom:

(=9 = ) = (¢ = ¥) = 9)

Note that we are using the conventions for propositions. By an earlier
exercise, we know that we could have given all the axioms in terms of V
in the place of —, after making the necessary modifications. However,
it will be more convenient to use — in the forthcoming proofs.

Note that we have as many axioms as the number of propositions,
although we seem to have only three of them at first look. We call each
of these three items an aziom scheme.

The formal theory of propositional logic has a single inference rule,
called Modus Ponens (MP):

Y follows from ¢ — 1 and ¢ by Modus Ponens for every ¢, .

We show this as
¢ =, 9
(0

The correct way of presenting this inference rule is to say that it is the
following ternary relation on P:

{(0 = v.0.90): 0,0 € P}

Our eventual goal is that being a logical consequence is the same as be-
ing a deductive consequence in this formal system for the propositional
logic. In particular, we would like to show that tautologies of propo-
sitional logic are exactly the theorems of propositional logic. Actually,
that’s all we are going to do and leave the general case as an exercise.
We handle the general case when dealing with first order theories.

It is easier to show that theorems are tautologies and that implication
is called the Soundness Theorem (for Propositional Logic). The harder
implication is to construct proofs for tautologies and that is called the
Completeness Theorem (for Propositional Logic).

A particular case of the Soundness Theorem is that the axioms are
tautologies.

Homework 5.  Show that the axioms of the formal theory of
propositional logic are tautologies. (Hint: Just use truth tables.)

After these remarks, let’s start to deduce things. Below we do not refer
to the formal theory as it is fixed as Proposition Logic; for instance we
simply say ‘¢ is a theorem’, rather than saying ‘¢ is a theorem of
Propositional Logic’. Similarly we use i rather than k<.
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LEMMA 3.3. The proposition ¢ — ¢ is a theorem for every propo-
sition ¢.

Proor. We write down each proposition in the proof and next to
it, we indicate why is it allowed:
(1) (@ = (¢ = &) = 9) = ((¢ = (¢ = ¢) = (¢ = ) (Ax-
iom 2 with ¢ — ¢ and ¢ in the places of 1) and 6 respectively)
(2) ¢ = ((¢ = @) — ¢) (Axiom 1 with ¢ — ¢ in the place of 1)
(3) (q§ — (0 — @) = (¢ — ¢) (MP applied to 1 and 2 above)
(4) ¢ ((b — ¢) (Axiom 1 with ¢ in the place of 1)
(5) ¢ — ¢ (MP applied to 3 and 4 above)
O

As we have seen in this proof, writing down a proof can be painful;
even for something as simple as ¢ — ¢. The next results eases the pain
a little.

THEOREM 3.4 (Deduction Theorem). Let I' be a set of propositions
and let ¢ and ¢ be propositions. If T U{¢} F 1, then T'F ¢ — 1.

PROOF. Let ¢1,...,¢, be a proof of ¢ from T' U {¢}; so ¢, = 9.
We prove that T' F ¢ — ¢; for every i € {1,...,n} by induction on i.
(In particular, I' - ¢ — ¢,, which is to say that I' - ¢ — ¥.)

1 =1: ¢ is either an axiom, or an element of I'; or ¢. In the first two
cases, we have the following deduction of ¢ — ¢; from I':

¢1, 91 = (0 = ¢1), 9 — o1
If ¢p1 = ¢, then we get - ¢ — ¢; by the previous lemma.

1> 1: ¢; is either an axiom, or an element of I', or ¢, or obtained
from ¢; and ¢, for some j,k < ¢ by MP. The first three cases are
handled in exactly the same way as in the 7 = 1 case. So suppose ¢;
is ¢ — ¢; with j, k < . By induction, we know that I' - ¢ — ¢ and
'k ¢ — (or — ¢;). Also being an axiom the proposition

(@ = (dx = ¢i)) = ((¢ = o) = (& — ¢4))
follows from I'. Now applying MP twice, we get that I' = ¢ — ¢;, as
desired. O

As in the case of logical consequences, we write ¢1, ..., ¢, - 1 rather

than {¢1,..., 00} F .
COROLLARY 3.5. Let ¢,1,6 be propositions. Then the following
hold:

(1) ¢ >, - 0F ¢ — 0.
2) o= W —0),0F¢—0.
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PRrROOF. (1) By Deduction Theorem, it suffices to prove that

o=V, —=0,0F0.

Here is the formal deduction of 6 from {¢ — 1,1 — 0, ¢} without any
explanations:

¢—=v, v —=0,0,9,0.
(2) This time it suffices to prove ¢ — (¢ — 0),1, ¢ F 0. Again here is
the formal deduction without explanation:
¢— (W —0), ¢, 90,1, 0.
O

The converse of the Deduction Theorem is also correct, but it is much
easier to prove. So we leave it as an exercise.

Homework 6. Let I' be a set of propositions and let ¢ and v be
propositions. Show that if I' F ¢ — ¢, then I' U {¢} F 9.

PROPOSITION 3.6. Let ¢ and v be propositions. Then the following
are theorems of propositional logic.

(1)~ — 0.
2) ¢ = 0.

(3) ¢ — (¢ — )

(4) (=6 = ) = (b > 6)

(5) (¢ = ¢) = (=6 = ~v).

(6) & — (~1 = (6 — 1)),

(7) (6= %) = (=6 = ¥) = v).

PRrROOF. In each of the following, we just write down the formal
proof and leave some of the justification to the reader.
(1) (¢ = ==¢) = ((=¢ = ~¢) — ¢) - Axiom 3
—¢p — —¢ - Lemma 3.3
(m¢ — —==¢) — ¢ - Corollary 3.5, second part
¢ — (1 = 7¢) - Axiom 1
——¢p — ¢ - Corollary 3.5, first part
(2) (=6 — ) = (=6 — ¢) — —6) - Axiom 3
———¢p — —¢ - Part 1 of this
(~=¢ — §) =~ - MP
¢ — (= — ¢) - Axiom 1
¢ — ——¢ - Corollary 3.5, first part
(3) By the Deduction Theorem, it is enough to show that ¢, —¢
1. Here is that deduction:
¢ — (- — ¢) - Axiom 1
¢
—) — ¢ - MP
—¢ — (- = —¢) - Axiom 1
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-

—rw — —@ - MP

(= = =) = (¢ = ¢) = ¢) - Axiom 3

(~) = ¢) = ¥ -MP

Y - MP

By the Deduction Theorem, it is enough to show that ¢ — ¢
follows from —¢ — —1). So here that deduction:

(=6 = 1)) = (=6 = ) — @) - Axiom 3

¢ — =) - Assumption

(~6 =) = ¢ - MP

Y — (¢ — ) - Axiom 1

1 — ¢ - Corollary 3.5, first part

Once again, it suffices to show that —¢ — —1 follows from
1 — ¢ by the Deduction Theorem, and here is how it is done:
——) — ¢ - Part 1

1 — ¢ - Assumption

-1 — ¢ - Corollary 3.5

¢ — ——¢ - Part 2

——1) — ——¢ - Corollary 3.5

(= = ==¢) = (—¢ — —¢) - Part 4

—¢p — —p - MP

First note that ¢, — 1 F ¢ and hence using the Deduction
Theorem we get ¢ — ((¢ — ) — ). We also have the
following theorem by the previous part:

(¢ =) =) = (¢ = =(0 = ¢)).

Now using Corollary 3.5, we get the desired result:

Fé = (¢ = =(¢ = 1)).
We show that 1 follows from {¢ — ¥, ¢ — ¢} as follows:
(¢ = ¢) = (=) = =¢) - Part 5
¢ — 1 - Assumption
) — —¢p - MP
(¢ — ) = (=) = —=¢) - Part 5
—¢ — 1 - Assumption
(— = ==¢) = (= = —¢) — ¢) - Axiom 3
() = =¢) = ¢ - MP
b - MP

Now we are ready to state and prove the Soundness Theorem.

THEOREM 3.7 (Soundness Theorem). Let ¢ be a proposition. If

F @, then = ¢.
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PROOF. Suppose that ¢ is a theorem and fix a proof ¢1,..., ¢, = ¢
of it. We shall prove that each ¢; is a tautology, by induction on .
When ¢ = 1, the only possibility is that ¢; is an axiom, and by an
earlier exercise we know that axioms are tautologies. Suppose that
¢ > 0 and assume that ¢; is a tautology for each j < i. Now there
are two possibilities: either ¢; is an axiom or ¢; is obtained from ¢;
and ¢, by MP for j,k < i. We are again done if ¢; is an axiom.
In the latter case we know by the induction hypothesis that ¢; and
¢ are tautologies, and that ¢ is ¢; — ¢;. By the second part of
Proposition 2.4, if ©» — 6 and v are tautologies, then so is . Therefore
¢; is a tatutology.
0

Homework 7. Let I be a set of propositions and ¢ a proposition.
Show that if I' - ¢, then I' |= ¢.

COROLLARY 3.8. There are no propositions ¢ such that = ¢ and
F —e.

PROOF. Suppose - ¢ and F —¢, then by Soundness Theorem = ¢
and = —¢, which is not possible by the definition of |=. O

DEFINITION 3.9. A set I' of propositions is called inconsistent if
there is a proposition ¢ such that I' = ¢ and I' - —¢; this is denoted as
I' k. Otherwise, we say that I' is consistent.

With this new notion, Corollary 3.8 says that () is consistent.

Homework 8. Let I' be a set of propositions and ¢ a proposition.

(1) Show that I' is inconsistent if and only if T - ¢ for every .
(2) Show that I U {—¢} is inconsistent if and only if I' F ¢.

As mentioned before the converse of the Soundness Theorem, the Com-
pleteness Theorem, is considerably harder to prove. There are two
proofs. Ome is more constructive: Given a tautology, it allows us to
construct a proof of that tautology. The second one is not as construc-
tive. Indeed, it proves the contrapositive: If a proposition is not a
theorem, then we may construct a valuation that makes that proposi-
tion false. Both of these proofs have advantages over the other. The
first one works in a lesser generality. So we give that proof for proposi-
tional logic and we present the second proof for first order theories in
the next chapter.

The constructive proof is due to Laszl6 Kalmar, and it heavily de-
pends on the following lemma.

LEMMA 3.10. Let ¢ be a proposition whose atoms are among Py, ..., P,
and let v be a valuation. Make the following definitions:
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1
0

g_[ ¢ =1 o[ PP
=6 ifv(¢) =0 B

Then Pl,...,P b ¢

PrRoOOF. We proceed by induction on the number of connectives in
0.
¢ is P;: In any case, ¢’ = P|. Then P| - ¢'.

¢ is =): First note that the atoms appearing in v are also among

Py,....,P,. If v(¢) = 1, then v(¢p) = 0. So ¢ = ¢ and ' = —).
By induction we have

P,...,P. -
So P{,..., P/ = —. But this means P/,..., P/ F ¢'.
Now suppose v(¢) = 0. Then v(¢p) = 1. So ¢ = —¢ and ¢ = 1.
Again, by induction we have

Pl,...,P .

Then using the second part of Proposition 3.6 and applying MP, we
get
P/,...,P ==
This means
Pl,...,P I =¢.
This finishes the case as —¢ = ¢'.
¢ is 1) — 0: Suppose that v(¢) = 0. This happens only when v(¢)) =1
and v(0) = 0. Then ¢/ = —¢, ' = 1, and ¢ = —0. By induction, we
have
P,...,P F4¢and P,..., P, - 6.
By the sixth part of Proposition 3.6 and using MP twice, we get
P/,....,P F=(¢—0).
This means
Pl,....,P ¢
Suppose v(¢) = 1. Then either v(y)) = 0 or v(¢)) = v(0) = 1.
First assume that v(¢)) = 0. Then ¢/ = ¢ and ¢’ = —1). By induction
Pl,..., Pt —.
Using the third part of Proposition 3.6, we get
Pl,...,P ¢y —0,

which is the same as
P{,...,Pfl .
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Finally, suppose that v(¢)) = v(f) = 1. Then ¢ = ¢, ¢/ = 1, and
0’ = 60. Then
P/,...,P 0.
We also know that
P,....,P -0 — (¢ —0).
So by MP we get
Pl... Py —0,
as desired. O

Now we are ready to prove the Completeness Theorem for Propositional
Logic.

THEOREM 3.11 (Completeness Theorem). Let ¢ be a proposition.

If = ¢, then - ¢.

PROOF. Let the atoms appearing in ¢ be among Py, ..., P,.

Let v; be a valuation with vy(P,) = 1. Then P} = P,, v1(¢) = 1 and
¢ =¢. So
Pl... . P

n—1

P, Fo.
Now let v9 be the valuation whose value at P; is the same as the value
vy at P, for each i € {1,...,n — 1} and vy(P,) = 0. This time we have

P,...,P |, =P, ¢.
Then
P, ..,P  FP,—¢and P/,...,P,_F=P, = ¢

Using the last part of Proposition 3.6, we get
P,....,P | ¢.

Applying the same arguments to P,_; in the place of P, we get
P,...,P _,F ¢.

Then continuing this way we get = ¢ as desired. U

Homework 9. Let I' be a set of propositions and ¢, v, 8 propo-
sitions.

(1) Show that if T, ¢ - 6 and T',¢ - 6, then T, ¢ V 0 - 6.
(2) Show that if T', ¢ -1 and T, ) F ¢, then T' - ¢ <3 .

Homework 10. Let I' be a set of propositions and ¢ a propo-
sition. Show that if I' = ¢, then I' - ¢. (Hint: Imitate the proof of
Completeness Theorem.)

DEFINITION 3.12. A set I' of propositions is called satisfiable if
there is a valuation v such that v(¢) =1 for every ¢ € I'.
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The following is a straightforward exercise.

Homework 11. Let I' be a set of propositions. Show that I is
not satisfiable if and only if there is a proposition ¢ such that I' = ¢
and I' = —¢.

Using this equivalence we may prove the so called Compactness The-
orem for Propositional Logic. We will get into more details of the
corresponding theorem for first order theories.

COROLLARY 3.13 (Compactness Theorem for Propositional Logic).
Let T be a set of propositions. Show that I' is satisfiable if and only if
every finite subset of I' is satisfiable.

PROOF. It is clear that if I is satisfiable, then any subset of it is
also satisfiable; in particular finite subsets. For the converse direction
assume that I' is not satisfiable. Then using the homework above,
there is a proposition ¢ such that I' = ¢ and T' = —¢. Therefore we
have I' - ¢ and I' = =¢ by the Completeness Theorem (the version in
Homework 10). Since proofs are finite sequences, there is a finite subset
[y such that I'y F ¢ and 'y - —¢ (or we could refer to the second part of
Proposition 3.2 for this). Then by Soundness Theorem, we get I'y = ¢
and 'y = —¢, which is to say that I'y is not satisfiable, using the
converse direction of the statement in the homework above. U



CHAPTER 2

First Order Logic

The structure of this chapter will be very similar to the previous
one, however it’ll be much more technical. Propositional Logic is just a
toy we played with to get acquainted with the the ideas. Now we have
an idea about the concepts of ‘truth’ and ‘proof’, and we will work in
an actual mathematical context.

So we will introduce the syntax and semantics of First Order Logic
and then we will construct a formal system of proof for First Order
Logic.

1. Syntax

DEFINITION 1.1. A first order alphabet A consists of the following:

1) Connectives: = —»
) Parentheses: ()

) Quantifier: ¥V

) Variables: vy g

) Equality: =

)

)

Function Symbols: f™)  fim2) .

Relation Symbols: R{™  R{™ ..
(8) Constant Symbols: ¢; ¢y

Function and relation symbols require a little bit of explanation. Each
such symbol comes with a positive integer called its arity, and we write
it on top of the symbol in parentheses. As before, the symbols do not
have meaning yet, but later we will construe a function symbol of arity
n as a function from n many Cartesian copies of a set to that set.
Similarly a relation symbol of arity n will be interpreted as a subset of
n many Cartesian copies of a set. When the arity of a function or a
relation is 1, then we say that it is unary. Similarly, we use the words
binary and ternary for arities 2 and 3.

Next order of business is to determine the well-formed formulas as in
Definition 3.1 in the previous chapter. This will be done in several
steps.

DEFINITION 1.2. The terms of a given first-order alphabet A are
certain expressions of A that are built as follows:
(1) Variables and constant symbols are terms.
(2) If t1, ...ty are terms, then so is £ (tits - - - tm, ).
25
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(3) Nothing else is a term.

Once we start to give meanings, we will think of terms as basic functions
that can be expressed in the alphabet.

DEFINITION 1.3. The atomic formulas of A are expressions that
are either of the form ¢; = t5 or of the form Rl("i)(tltg -+ t,,) where
t1,...,t,, are terms of A.

Atomic formulas are like atomic propositions of Propositional Logic and
we will construct formulas from them as we have constructed proposi-
tions from atomic propositions. There is again one difference: Quanti-
fiers.

DEFINITION 1.4. The formulas of a first-order alphabet A are ex-
pressions that are built from atomic formulas as follows:

(1) Atomic formulas are formulas.
(2) If ¢ and 1 are formulas, then so are (—¢), (¢ — ), (Vv;0).
(3) Nothing else is a formula.

We could have defined formulas in terms of ‘construction sequences’;
how to do this must be clear to you even though technicalities might be
bothersome. That way we could define concepts such as the construc-
tion tree of a formula, rank of a formula and subformulas of a formula.
We shall use these concepts freely in the rest of this text.

We write A-formula, rather than a formula of the language A.

Conventions. We keep the parentheses conventions from Proposi-
tional Logic. Namely, we omit the outmost parentheses and parenthe-
ses around negation are omitted. We also have a convention similar to
the negation convention: We omit parentheses around (Yv; ¢).

As before, we define the shorthand notations as V,A, <». We add
the following shorthand: (Jv;¢) is short for (=(Vv;(—¢))). With the
conventions above, this can be written as =Vv;—¢.

We write fi(mi)(tl, to, -+ ,tm,) and Rgni)(tl, to, -+ ,t,,) in the places of
F 4ty - ty,) and R (tyty -+ - t,,). The reason for this convention
is to make it more suitable with the usual notation for functions and
relations; that way we hope the readability will be increased as well.
An alternative way would be to add commas in the alphabets; so that

fi(m)(tl, -+« t,,) would be an expression in a given first-order alphabet.

We use letters x, y, z for variables; possibly with decorations. This way
we do not have to distinguish which v; we are using.

We write a term t as t(zy,...,x,) if the variables occurring in ¢ are
among xy,...,T,; if £ = (x1,...,x,) is a tuple of variables, then we
simply write £(Z).
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Most of the times, we omit the arities of function and relation symbols.
Also we use other letters in the neighborhood of f to denote function
symbols; again with possible decorations. Sometimes we use familiar
function symbols in the familiar way. For instance, in a while + will
denote a binary function and we write x + y rather than +(z,y). Sim-
ilarly we use letters around R to denote relation symbols and familiar
relation symbols are used; such as <.

Note that what distinguishes alphabets are the function, relation and
constant symbols in them; they are called non-logical symbols of the
alphabet. So when talking about an alphabet, we need to specify only
them. As a matter of fact, we will not refer to alphabets any more,
but to languages. When we say L is a language, we mean that we fix a
first-order alphabet and consider terms and formulas in that alphabet;
and we write only the non-logical symbols; see examples below.

ExAaMPLE 1.5. Let L, = {<} be the language of orderings. This
means that there is only one non-logical symbol, which is a binary
relation symbol. As mentioned above, we write x < y rather than

< (z,y).

EXAMPLE 1.6. We call L., = {+, —, 0} as the language of abelian
groups. It has one binary function symbol, one unary function symbol,
and one constant symbol.

ExXAMPLE 1.7. Let Q be the field of rational numbers. The language
Lg.s of Q-vector spaces extends L,;, by countably many unary function
symbols; one for each rational number g. We denote it by s,.

Variable Occurrences. A variable z may appear in a formula
with two different roles; after V or not. We would like to set some
notation for these and more.

Consider the formula Vx¢. We say that ¢ is the scope of Vz. The
formula Vx¢ might appear as a subformula of a more complicated for-
mula; we still say that ¢ is the scope of Vz. However, Vx may appear
more than once in a formula. In that case, we should make sure scope
of which one we are talking about.

DEFINITION 1.8. An occurrence of a variable x in a formula ¢ is
said to be bound if it is either in Vz or in the scope of Vx. Otherwise,
we say that the occurrence is free.

EXAMPLE 1.9. Let £ = {f, R, ¢} where f is a binary function sym-
bol, R is a binary relation symbol, and c is a constant symbol c. Let
x,y, 2z be distinct variables and let ¢ be the following £-formula:

R(f(x,0), f(c,y)) = (Vy(f(z,¢) = f(y,¢)) = ~(Vz(R(f(c, 0), f(z,2))))).
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All four occurrences of the variable x are free. The first occurrence
of y is free, but the next two occurrences are bound. Finally, the only
occurrence of the variable z is bound.

Consider Vy(¢). Then all the occurrences of y become bound. However,
there is a strange thing happening: The third y in ¢ seems to be bound
(in Yy¢) by two different quantifiers. This is not a problem. Later
when we interpret this formula, we will see that the second Vy is the
one bounding that y and the first one will have no effect on it.

DEFINITION 1.10. A formula in which there are no free occurrences
of any variable is called a sentence.

We would like to capture the concept of “replacing free occurrences of
variables in a formula by a term”. In order to do this, we first need to
define how to replace variables in a term by other terms.

DEFINITION 1.11. Let s,t4,...,t, be terms in a language L, and
let 1, ..., x,, be variables. We define s(t;/x1, ...t /%) by induction
as follows:

(1) If s is a constant symbol or a variable other than xy,..., z,,
then s(t1/z1, ..., tm/Tm) is s.

(2) If s is the variable x;, then s(t1/x1, ..., tym/y) is t;.

(3) If sis f(s1,...,sy,) for a function symbol f and terms sq, . .., Sy,
then s(t1/z1, ..., tm/Tm) is

f(si(ti/xe, - stm/Tm),y ooy Sn(ti/x, ot /).

Note that the expression s(t1/z1,...,tn/Ty) is really a term by con-
struction.
DEFINITION 1.12. Let ¢ be a formula, x4, ..., x,, distinct variables,

and ti,...,t, terms. We define ¢(t;/x1,...,tm/xm) as follows:
(1) If ¢ is s1 = so, then ¢(ty/x1,. .., ty/xm) 1S
s1(t1/x1, oy tm/Tm) = So(t1/x1, .ot/ Tm).
(2) If ¢ is R(s1,...,8n), then ¢(t1/z1, ..., tym/Tp) is
R(s1(ti/x1, ..y tm/Tm)y ooy Su(t1/T1, .yt /Tm)).
(3) If ¢ is =, then ¢(t1/1, ..., tm/Tp) is
Yt /21, b/ Tm).
(4) If ¢ is ¢ — 6, then ¢(t1/x1, ..., tm/Tpm) s
(it /z1, .t Tm) = Ot 21, .t Tm).

(5) If ¢ is Wy for some variable other than zi,...,z,,, then
O(tr/z1, .yt Ty) s

Vlﬂﬁ(tl/l’l, s 7tm/xm)
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(6) If ¢ is Va0 for some i € {1,...,m}, then ¢(t1/x1, ..., tm/Tm)
is

Vo (ty/oe, oot /@i, Ty i1 [Tig 1y - ooy b/ T

Once again, it is clear from the construction that ¢(t1/x1, ..., tm/Tm)
is a formula. The subtlety of this definition is the last part; it basically
tells us not to replace the bound occurrences of variables.

Note that there is no obstacle to replace a free occurrence of a vari-
able by another variable which becomes bound. For instance, let ¢ be
Yy R(z), where R is a unary relation symbol and x and y are distinct
variables. Then the only occurrence of x in ¢ is free and if we consider
¢(y/z), then we get Yy R(y), and clearly this formula is a sentence.
The next definition is aiming to care of this situation. That definition
looks complicated, but just think it as ‘we may replace the variable x
by the term t in the formula ¢ without causing problems’. We will see
later what it means to not cause problems.

DEFINITION 1.13. Let x be a variable, ¢ a term, and ¢ a formula.
We say that ¢ is free for x in ¢ if no free occurrence of = in ¢ lies within
the scope of Vy for some variable y occurring in ¢.

2. Semantics

Recall that semantics of Propositional Logic was given by ‘valua-
tions of atoms’. So what is the corresponding object here? To begin
with, what are atoms? Taking them to be the atomic formulas, what
does it mean for them to be true or false? Our present setting is much
more complicated, but this is the basic question we need to address.

In what follows L is a first-order language.

DEFINITION 2.1. An L-structure M is a set M with the interpre-
tation of each of the non-logical symbols of L as follows:

e If f is an n-ary function symbol of L, then fM : M"™ — M is
a function,

e If R is an n-ary relation symbol of L, then RM is a subset of
M™,

e If c is a constant symbol of L, then ¢M

is an element of M.
We will call M in this definition the universe of M; sometimes the
word domain is used. Note how we used the same letter in different
font for the structure and its universe. We will try to keep doing this
in these notes, but there will be some places where it is better use
different letters. We generally write

M= (MM RV ..M )

to denote a structure with the interpretations of symbols exposed.
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EXAMPLE 2.2. Consider L, = {<} from above. One quick remark:
Just because the symbol is the ordering symbol, its interpretation does
not have to be an ordering. But it will be! The point is symbols are just
symbols and we choose them to reflect how they will be interpreted.
An example of an L,-structure is R = (R, <?) where <* is the usual
ordering of real numbers.

In general, we may take any partially ordered set and interpret < as
the ordering.

EXAMPLE 2.3. Let L = {E}, where E is a binary relation symbol.
Given a set X, we may, for instance, interpret E as an equivalence
relation on X.

EXAMPLE 2.4. Consider the language L., = {4, —,0}. Any abelian
group can be thought of as an L,,-structure. Actually, any group can
be seen as an L,p-structure, but it won’t really be very natural.

Now we interpret terms in a structure.

DEFINITION 2.5. Let M be an L-structure and @ = (a1, as,...)
be a countable tuple of elements of M. Given an L-term t, we define
t*(@) by recursion as follows:

(1) If t is v;, then tM(@) = a;.

(2) If t is ¢, then tM(a@) = M.

(3) If f is an n-ary function symbol, ¢y, ..., t, are L-terms, and ¢
is f(t;---t,), then

tM<6> = fM<tiVl(d))7 s 7tnM(C_i))

Remarks. FEven though @ is an infinite tuple, ¢ contains only finitely
many variables; somehow only a finite part of @ is used. More precisely,
suppose that the variables occurring in ¢ are among v;,,...,v; , and
suppose also that @ and b are countable tuples from M such that a;, =
bi,, ...,a; =b; . Then t"(@) = tM(b).

So if the variables occurring in t are among 1, ..., x, and @ = (a1, ..., a,)
is a tuple from M, then t* (@) is the element of M obtained by “sub-
stituting a; in the place of x;”. One may make this mathematically
correct, but we think it is clear enough as it is.

In the abstract setting, we keep M in tM(a@). However, if we are
working in a concrete setting, we drop it. For instance, if we consider
the set of integers as an L,,-structure, then we write m +n rather than
m+Zn or +M(m,n).

Next we define the truth of a formula in a structure.

DEFINITION 2.6. Let M be an L-structure, @ = (aj,as,...) be a
countable tuple of elements of M. We define a satisfying an L-formula
(in M) by recursion as follows:
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(1) @ satisfies t; = t, if (@) = ().
(2) @ satisfies an atomic formula R(t; - - t,) if

(t(a), ..., t2" (@) € RM.
(3) @ satisfies ¢ if it doesn’t satisfy .
(4) @ satisfies ¢ — 9 if either @ does not satisfy ¢ or d satisfies 1.
(5) @ satisfies Vv;¢ if every countable sequence b that differs from
@ in at most at the i*" place satisfies ¢.

Remarks. As in the case of terms, each formula has only finitely many
occurrences of variables. So the ‘truth value’ of ¢ at @ depends only a
finite part of @. Let’s elaborate on this. Suppose that the variables oc-
curring freely in ¢ are among v;,, ..., v; , and let @, @ be two countable
tuples from M with a; = @/ for j € {i1,...,i,}. Then one can easily
show by induction on the complexity of ¢ that a satisfies ¢ if and only
if @’ satisfies ¢.

So given tuple @ = (ay,...,a,) € M™ and formula ¢ whose free vari-
ables are among x1,...,x,, we may define @ satisfying ¢ in M in a
natural way.

Note, in particular, that if ¢ is a sentence, then either any a@ satisfies

it or no @ satisfies it. So we may talk about a sentence being true in
M, without referring to any tuple from M.

We denote a satisfying ¢ in M as

M |= ¢(a).
The universal closure of a formula ¢ whose free variables are among
X1y, Ty 18 Vay---Vo,¢. (Note that our conventions are in action

here.) Clearly, the universal closure of any formula is a sentence. We
write M = ¢ to mean that the universal closure of ¢ is true in M.

EXAMPLE 2.7. Let L contain a single non-logical symbol R, which

is a binary relation symbol.

First consider the L-structure M; = (Z, RM) where (m,n) € RMt if
and only if m — n is even.

Let ¢(x,y) be the L-formula
Fz(R(z,2) A R(y, 2)).

Let’s observe for which (m,n) € Z?, this formula is satisfied. So sup-
pose M; = ¢(m,n). This means that there is k € Z with 2|m — k and
2|n — k. Tt follows that 2|m if and only if 2|n. Converse is also correct
and hence we get the equivalence:

M E ¢(m,n) <= either m,n are both even, or they are both odd.
The latter condition means that 2|m — n. Therefore

M = ¢(m,n) <= My = R(m,n).
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This may be re-stated as
My = Vavy(¢(z,y) < R(z,y)).
Let’s take another formula 1 (x) which is
Jy3z(—R(z,y) A —~R(z,2) ARy, 2)).
It is clear that M, = Vz—i)(x).

Now let My = (Z, RM?) where (m,n) € R™2 if and only if 3|m — n.
As in the previous structure we have

My = VaVy((z,y) + R(z.y)).
However, this time we have My = Vay(z).

Finally, let M3 = (Z, R™3) where (m,n) € RM2 if and only if m < n.
Then
M | VaVyg(z,y) and My = Vaip(z).

In the rest of the notes, we sometimes drop the use of language. For
instance ‘M is a structure’ means that we have a language L that we
don’t want to specify and M is an L-structure.

DEFINITION 2.8. Let o be a sentence, ¢, formulas, and I" a set of
formulas.

(1) We say that o is logically valid if M |= o for every structure
M. We denote this as |= o.

(2) We say o is satisfiable if there is a structure M such that
M=o.

(3) ¢ is logically valid (satisfiable) if its universal closure is logi-
cally valid (satisfiable).

(4) The set T' is satisfiable if there is a structure M such that
M = 0 for every 6 € T'; such a structure M is called a model
of I', and we write M |=T.

(5) The formula ¢ is a logical consequence of T"if every model of
I satisfies ¢. We write I' = ¢ to denote this.

(6) If {¢} = ¢ and {¢} = ¢, we say that ¢ and v are logically

equivalent.

A sentence o is logically valid if and only if —¢ is not satisfiable. Also
a formula ¢ is satisfiable if there is a structure M such that every
countable tuple @ from M satisfies ¢.

Note that ¢ and i are logically equivalent if and only if ¢ <> ) is
logically valid.

EXAMPLE 2.9. Let’s return to the language L that contains a single
binary relation symbol R and let’s consider the concepts in the previous
definition. Below, we refer to the structures My, My, M3 of Example
2.7.
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An example of a logically valid sentence is
Vo (Vz(3yR(z,y) = —R(z, 2)) = (R(z,y) = VzR(z,2))).
We leave the checking to the reader.
Now consider the sentence
Va3y(R(z,y) A R(y, x)).
This sentence is satisfiable since M satisfies it. However, it is not
logically valid, because M3 does not satisfy it.

For n > 0, let 0,, be the following sentence

n

oy - 3w (\ ~R(x; = 2;) Ay (\/ Ry, 2:))).
i#j i=1
Here A\, ~R(x; = x;) is a certain formula; we think it is clear what it
means and hence we do not define what it is. (Similar for \/}_, R(y, z;).)

Note that M; | o0y and M; E -0, for every n # 2. Similarly,
My | 03 and My = —o, for n # 3. Actually, one may show that
om N\ 0, With m # n is not satisfiable.

Let € be the sentence obtained by connecting the following by conjunc-
tions

o VxR(z, )
o VaVy(R(z,y) = R(y,,x))
o VaVyVz((R(x,y) AN R(y, 2)) — R(x, z)).

This sentence epsilon is certainly satisfiable. Indeed, if E is an equiv-
alence relation on a set M, then the structure

M = (M7 E)
satisfies €; so the universe is M and RM = E. In particular, M;, M,
satisfy e.
For n > 0, let 7, be the sentence

e \Ndxy-- Elxn/\RxZ,m] /\/\ T; = x;))
i#]
Clearly, both of My, My satlsfy 7, for any n > 0.
We change 7,, a little bit to define p, as follows

n

eNTxy - -+ Ty ( /\R T, T /\/\ ) AVy(R(y, x1) — \/y =1;)).

i#£] 1=1

Now neither of ./\/11 and M, satisty p,, for any n > 0.

Homework 12. Let I' = {p, : n > 0}.

(1) Show that I is satisfiable.
(2) Find some logical consequences of I" that are not already in I
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Next proposition gives infinitely many logically valid formulas.

PropPOSITION 2.10. Let ¢, be formulas and let x be a variable
that does not have a free occurrence in ¢. Then the formula

V(¢ = ¢) = (¢ = V)
15 logically valid.

PRrROOF. Let x be v;.
Suppose that there is a structure M such that

M V(6 = ) = (6 = Vo).
This means that there is a countable tuple @ from M that satisfies
Va(¢ — 1) in M and does not satisfy ¢ — Vaip. Therefore a satisfies
¢ and does not satisfy Vxiy. The second part means that there is a
countable tuple @’ that differs from @ at most at the i component
that does not satisfy 1. Since there are no free occurrences of z in ¢
and Vz(¢ — 1), the tuple @’ satisfies them. Then @’ does not satisfy
¢ — 1, but it also should satisfy it. This contradiction finishes the
proof. O

Another large class of logically valid sentences is given in the next
homework.

Homework 13. Let ¢ be a tautology of Propositional Logic
whose atoms are among P, ..., P,, and let ¢1,..., ¢, be L-formulas.
Then the expression that is obtained by replacing each occurrence of
P; in ® by ¢; is an L-formula; denote it as ®(¢y, ..., ¢,) and it is said
to be an instance of ®. Show also that ®(¢y, ..., ¢,) is logically valid.

Next we investigate the effect on the truth of replacing free occurrences
of variables in formulas by terms. The following can be proven by using
the recursive definition of ¢(t/x) in 1.12.

Homework 14. Let t be a term that is free for the variable v; in
the formula ¢. Also let M be a structure and @ a countable tuple of
elements of M. Show that

M (o(t/v:))(@) == M |= ¢(b),
where b; = a; for all j # i and b; = tM(a).

PROPOSITION 2.11. Suppose that t is a term that is free for x in
¢. Then Vxp — ¢(t/x) is logically valid.

PROOF. Let x be v; and take a structure M and a countable tuple
@ from M. Suppose that M = (Vz¢)(@); this means that for every b
that differs from @ only possibly at the i place we have M = qﬁ(l;)
In particular, if we take b to be the tuple with b; = a; for all j # i and
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b; = tM(a@), we have M = ¢(b). Now using Homework 14 above, we
get that M = (é(t/v;))(a@). This proves M = (Vz¢ — ¢(t/z))(d) as
desired. g

Propositions 2.10 and 2.11 provide us with a lot of examples of logically
valid formulas. As a matter of fact, there are not that many logically
valid formulas other than these. We will see what this means when we
prove the Completeness Theorem for first-order logic.

A special kind of set of sentences is the theory of a structure M:

Th(M) :={oc: M [ o}.
This set has the following property: For every L-sentence o either
o € Th(M) or =o € Th(M); actually exactly one of them is in Th(M).
We will come back to this property later when we are discussing basics
of model theory.

2.1. Maps Between Structures. Let L be a language and M
and N be L-structures; as usual the universes of M and N are M and
N respectively. A function F' : M — N is called a homomorphism if
the following hold for every n-ary function symbol f, n-ary relation
symbol R, constant symbol ¢ and @ = (ay,...,a,) € M"™:

(1) F(fM(@) = fY(F(a),
(2) If @ € RM, then F(d) € RV,
(3) F(cM) =N,
(Here and later, F'(@) = (F(a1),. .., F(ay)).)
We sometimes write ‘F : M — N is a homomorphism’.

Note that we only require that F(RM) C RN. Sometimes a homomor-
phism that has equality here instead of inclusion for every R is called a
strong homomorphism. However, we do not need this definition except
for the next definition: A strong homomorphism that is also injective is
called an embedding. If an embedding is also surjective, then it is called
an isomorphism. If there is an isomorphism between two structures M
and N, then we say that they are isomorphic, and we denote this as
M ~ N. An isomorphism of a structure M with itself is called an
automorphism.

Homework 15. Let F : M — N be a homomorphism of £-
structures and let ¢ be an £-term whose variables are among x4, ..., z,.
Show that for any @ = (aq,...,a,) € M™, we have

tV(F(@) = F(t"(@)).

Homework 16. Show that L-isomorphism gives an equivalence
relation on the class of L-structures.
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Homework 17. Show that the set of automorphisms of a struc-
ture forms a group with composition as the group operation.

Homework 18. Show that structures M;, M,, and M3 from
Example 2.7 are not isomorphic to each other.

Suppose that M and N are structures such that M C N. If the
inclusion map M — N is an embedding, then we say that M is a
substructure of N' and we denote this as M C N.

EXAMPLE 2.12. Let’s study these concepts in structures of more
algebraic content. Let L, = {+,-,—,0,1} and L, = {+,-,—,<,0,1}
where +, - are binary function symbols, — is a unary function symbol,
< is binary relation symbol, and 0, 1 are constant symbols.

We may interpret N, Z, Q, R, and C as L,-structures in a natural way,
and all excepts C are naturally L,-structures. Moreover, the smaller
ones are substructures of bigger ones. However, they are very different
structures in many ways. This difference will be captured by the next
definition.

Homework 19. Suppose that M C A, and let o be a sentence
that does not have any occurrence of V. Show that M = ¢ if and only
if N |= 0. (When we say ‘o does not contain V’, we mean this in the
original form of ¢ as an expression in the alphabet. So no conventions
or shorthands are used; in particular there is no occurrence of 3 either.)

2.2. Elementary Equivalence. Two L-structures M and N are
elementarily equivalent if for every L-sentence o, we have

MEo<= N o
This is denoted as M = N..

We leave a few things about this concept as exercises. This concept
will be revisited in the chapter on model theory.

Homework 20. Show that elementary equivalence is an equiva-
lence relation on the class of L-structures.

PROPOSITION 2.13. If M ~ N, then M = N.

Proor. HW... O

PROPOSITION 2.14. Let M and N be L-structures. Then M =N
if and only if M is a model of Th(N).

PROOF. It is clear that if M = A/, then M = Th(N). Suppose
conversely that M is a model of Th(N). Let o be a sentence. If N = o,
then ¢ € Th(N), hence M = 0. If N }£ o, then N = —o and hence
-0 € Th(N) and M = —o. So M £ 0. O
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Homework 21. Show that none of the pairs of the structures in
the previous examples are elementarily equivalent.

3. Formal First-Order Theories

Let L be a first-order language. We will define formal theories
whose alphabet is the alphabet of L and whose well-formed formulas
are L-formulas. We will call them L-theories. We need to introduce
the axioms and inference rules. There are many different choices of
axioms and inference rules; we adapt Hilbert-style deductive system.

3.1. Axioms. Axioms of an L-theory T are as follows:

(A1) For every pair ¢, of L-formulas we have the axiom:

¢ = (v — o)
(A2) For every triple ¢, %, 6 of L-formulas we have the axiom:

(0= —=0) = ((0—=9¢)—=(¢—90)

(A3) For every pair ¢, of L-formulas we have the axiom:

(¢ = =) = (¢ = ¥) = @)

(A4) If ¢ is a term that is free for a variable x in a formula ¢, then
the following is an axiom:

Vg — ¢(t/x)

(A5) If ¢ is an L-formula that has no free occurrence of a variable
x, then the following is an axiom:

V(¢ = ) = (¢ = Vo)

(El) Voo ==z
(E2) If ¢(z,y) is an L-formula, then the following is an axiom:

VaVy(z =y = (¢(z,7) = o(z,y)))

(PA) We also have non-logical axioms called proper axioms, which
are certain L-sentences. (There might be none, or there might
be infinitely many of them.)

3.2. Inference Rules. We have two inference rules:

(MP) Modus Ponens: 1 follows from ¢ — 1 and ¢.
(Gen,) Generalization: Va¢ follows from ¢.

Recall that we have defined the concepts of proof, theorem, and deduc-
tive consequence in the very general setting of formal theories. First-
order theories are formal theories, hence all those concepts make sense.
In particular, F7 ¢ means that ¢ is a theorem of T
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REMARKS. The first three axioms are familiar from Propositional
Logic; indeed they are instances of axioms of Propositional Logic.
Therefore they are all logically valid by Homework 13.

The axioms A4 and A5 are new and they deal with quantifiers. We
know that they are logically valid by Proposition 2.11 and Proposi-
tion 2.10.

Homework 22. Show that any instance of a tautology of Propo-
sitional Logic is a theorem of any first-order theory.

The axioms E1 and E2 are intended to capture the fact that the symbol
= is always interpreted as equality. It is trivial to check that they are
logically valid.

Homework 23. Write down the sentence stating that = is an
equivalence relation and show that it is a theorem of every first-order
theory.

The proper axioms could be any set of formulas. If they are logically
valid, then there is little reason to add them, because the Completeness
Theorem for first-order theories will tell us that logically valid formulas
are theorems that can be obtained only from non-proper axioms. On
the other extreme, if they are not satisfied, then the theory can prove
any formula; another consequence of the Completeness Theorem. So
it is most interesting if the set of proper axioms has a model, but not
every structure is a model of it.

The first inference rule, Modus Ponens (MP), is again familiar to us
from the study of Propositional Logic. One may again show that MP
applied to to logically valid formulas, it yields a logically valid formula.
More generally, we have the following:

Homework 24. Let M be an L—structure and let ¢ and 1 be
L-formulas. Suppose M |= ¢ — 1 and M |= ¢. Show that M = 1.

The inference rule, Generalization is also new. It reflects that satisfi-
ability of a formula being defined as the satisfiability of its universal
closure.

Homework 25. Let T be a first-order theory in a language L, ¢
an L-formula, and = a variable. Show that 1 ¢ if and only if F¢ Vz¢.
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3.3. Predicate Logic. Let L be a first-order language. The first
example of an L-theory is the one with no proper axioms. It is generally
referred to as the Predicate Logic (in L). Let’s denote this theory by
T7; note that it only depends on L.

Actually, predicate logic is more than an example. Suppose that T is
an L-theory, and suppose that I' is the set of its proper axioms. Then
it is clear that Fp ¢ if and only if I' k4, ¢ for every L-formula ¢.
Therefore we stop referring to first-order theories and just work with
provability in the Predicate Logic. If the language L is clear from the
set up, then we use I in the place of -, .

The next homework can be proven by putting together bits and pieces
from the last few pages.

Homework 26.  (Soundness Theorem) Let L be a first-order
language, I" a set of formulas, and ¢ an L-formula. Show that if I =, ¢,
then I' = ¢. Conclude that theorems of T}, are logically valid.

Before starting to deduce theorems, let’s prove a version of Deduction
Theorem for first-order theories. First, an example illustrating that we
cannot have the Deduction Theorem in form as simple as in the case
of Propositional Logic.

EXAMPLE 3.1. Let L = {+} where + is a binary function symbol.
Let ¢ be the L-formula v; + v; = v;. Then using generalization we
have ¢ Fp, Yv1¢. Let M be the L-structure whose universe is Z and
+ is interpreted as the usual addition. Then, taking for instance @ =
(0,0,...) we see that ¢ is satisfied at @, and it is clear that M [~ Vv, ¢.
Therefore M [~ ¢ — Yui¢. Hence by Homework 26 above, we have
V1, ¢ — Yvi¢. So the Deduction Theorem cannot be correct as in
the exact the same form in Propositional Logic. We need the following
definition for the correct statement.

DEFINITION 3.2. Let T be a first order theory, I' be a set of formulas
and ¢ € T such that T'\ {¢} /1 ¢. Also let ¢4, ..., d, be a proof from
['in T. We define ¢; depending on ¢ in this proof by induction on ¢ as
follows:

e Either ¢; is ¢,
e or ¢; is obtained by applying MP to two earlier formulas in
the proof such that at least one of those formulas depend on

¢,

e or ¢; is obtained by applying Generalization to an earlier for-
mula in the proof that depends on ¢.

If '\ {¢} Fr ¢, then we say that no proof from " (in T') depends on ¢.
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PROPOSITION 3.3. Let T be a first-order theory, I' a set of formulas
and ¢, ¢ formulas. Suppose that there is proof in T of ¥ from T'U{¢}
that does not depend on ¢. Then I' Fp ).

Proor. If T'\ {¢} Fr ¢, then the result is clear. So assume I'\
{6} V1 ¢, and let ¢1,..., ¢, = ¥ be a proof of ¢ from I' U {¢} that
does not depend on ¢. We proceed by induction on n. If n = 1, then
¢1 = ¢ and ¢ # ¢. So we have ' -7 1. By the inductive hypothesis,
we know that I' Fr ¢; for each i = 1,...,n — 1. We also know that ¢,
is either an axiom or in I' or equal to ¢ or is obtained from previous
ones by MP or Generalization. By assumption ¢, cannot be ¢ and in
all the other cases, we have I' Fr ¢,,. U

THEOREM 3.4 (Deduction Theorem). Let T' be a first-order theory,
I’ a set of formulas and ¢, 1 formulas. Suppose that there is a proof
of ¥ from T'U{¢} that does not contain an application of Gen, to a
formula that depends on ¢, where x is a variable occurring in ¢ freely.

Then I' Fp ¢ — 1.

PROOF. Let ¢1,...,¢, be a proof of ¢ from I' U {¢} as in the
statement. We prove, by induction on ¢ that I' Fp ¢ — ¢; for ¢ =
1,...,n.

If ; = ¢, then I' F1r ¢ — ¢; as ¢ — ¢; is an instance of a tautology of
a proposition of Propositional Logic. If ¢; is an axiom or an element of
[, then I' b7 ¢ — ¢; using the axiom ¢; — (¢ — ¢;). This also covers
the case of 1 = 1.

If ¢; is obtained by ¢; and ¢; by MP, then we get that I' Fp ¢ — ¢;
using the inductive hypothesis and Axiom (A2).

The final case is that ¢; is Va¢; for some j < i. Then by induction
hypothesis, we have I' =1 ¢ — ¢;.

There are two cases: Either ¢; does not depend on ¢ or z does not
occur freely in ¢.

If ¢; does not depend on ¢, then I' 7 ¢; by the previous proposition
and by Gen, we have I' -7 Vx¢;. This means that I' -7 ¢;. Using
(A1) and MP, we get I' Fr ¢ — ¢; as desired.

Suppose = does not occur freely in ¢. Then we may use (A5) to deduce
I'FrVa(o — @) = (¢ — Vo).

We also have I' Fr V(¢ — ¢,) by Generalization. Therefore we have

I' =7 ¢ — Va¢,; using MP. This means I' -7 ¢ — ¢;. U

EXAMPLE 3.5. Let ¢ be an L-formula. Consider the L-formula
VaVyp — VyVxe. Here is a deduction of VyVz¢ from VaVye (in the
Predicate Logic of L):

(1) VaVy¢ - Hypothesis
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(2) YaVyop — Yyo - (A4d) (tis x)
(3) Vyo - MP

(4) Vyo — ¢ - (Ad) (tisy)

(5) ¢ - MP

(6) Yz¢ - Gen,

(7) VyVz¢ - Gen,
In this proof Generalization is applied with the variables x and y, both

of which are bound in VxVy¢. Hence Deduction Theorem can be ap-
plied to deduce that Fp, VaVy¢ — VyVae.

REMARK. Analyzing the proof of the Deduction Theorem, we get
some extra information. In the proof of ¢ — @ from I' that is con-
structed has an application of Gen, to a formula that depends on ¢
only when the same happens in the proof of ¢ from I' U {¢}. Let’s see
this in an example.

ExAMPLE 3.6. Consider the following deduction of Va1 (in T})
from I' = {Vz (¢ — ), Vaop}:
) V(o —= ) = (¢ = ¢) - (A4)
) V(¢ — ) - Hypothesis
) ¢ — - MP
) V¢ - Hypothesis
) Ve — ¢ - (A4d)
)
)
)

In this proof, every formula after step 4 depends on Vz¢. However,
the application of Generalization after that is only to the variable z,
which does not have a free occurrence in Vz¢. So using the Deduction
Theorem, we get

Va(p — ) br, Yo — Yau.

According to the remark above this new proof uses Generalization
applied only to z. Once again, since x has no free occurrence in
V(¢ — 1), using the Deduction Theorem we get

Fr, Vo (o — ¢) — (Vg — Vay).

We record the following obvious yet very useful consequence of the
Deduction Theorem.

COROLLARY 3.7. Let T be a first-order theory, I' a set of formulas,
o a sentence, and v a formula. Suppose I' U{c} Fr ¢. Then T Frp
o — .

We record two arguments that is used very frequently as “rules”. (Re-
call that we simply write - in the place of Fr,.)
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PROPOSITION 3.8. Let ¢ be a formula, and let t be a term that is
free for a variable x in ¢.

(1) (Particularization A4) Yo+ ¢(t/x).
(2) (Ezistential E4) ¢(t/x) F Jzo.
ProOF. The following is a proof of the first one:

Ve — o(t/x), Yo, o(t/x).

For the second one, it suffices to show that b ¢(t/z) — Jxe. The
formula

(Vemg = —¢(t/x)) = (9(t/x) = ~Vi-9)
is an instance of a tautology of Propositional Logic; hence is a theo-
rem. The formula Yx—¢ — —¢(t/x) is (A4). So applying MP, we get
o(t/r) — —Vr—¢, which is ¢(t/x) — Jzo. O

It is important to note that neither of the proofs of these two rules use
Generalization. So in many cases, we may use the Deduction Theorem
to conclude more; as illustrated in the next example.

ExXAMPLE 3.9. Let’s show that - Vz¢ — dx¢. First note that the
following is a deduction of dx¢ from Vx¢:

Vao, (Rule Ad), Jzp(Rule E4).

The Deduction Theorem is applicable to this proof; hence we get
Ve — Jzo.

COROLLARY 3.10. Let ¢ be a formula and let x be a variable. Then
Veo = ¢ and ¢ - Jxo.

PRrROOF. The variable z is always free for itself in any formula. [

COROLLARY 3.11. Let I' be a set of formulas and ¢ a formula.
Then I' = ¢ if and only iof I' = ¢, where ¢ is the universal closure of ¢.

Proor. If T ¢, then we get I' - gg by applying Generalization
a few times. If I' + ¢, then we get I' = ¢ by applying the previous
corollary several times. O

COI}OLLARY 3.12. For every formula ¢, we have ¢ (ﬁ and é F o,
where ¢ is the universal closure of ¢.

PROOF. Apply the previous corollary twice. U

COROLLARY 3.13. Let T be a set of formulas, ¢ a formula, x4, ..., x,
distinct variables and let tq, ..., t, be terms whose variables do not oc-
cur bound in ¢. If T'F ¢, then T'F @(t1/xq, ... tn/xn).

PROOF. Exercise. (It is not totally triviall) O

The next proposition collects some deduction rules together.
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PROPOSITION 3.14. Let ¢, 1,0 be formulas.
1) ==¢ F ¢ (Negation Elimination)

2) ¢ b ==¢ (Negation Introduction)

3) p AN F ¢ (Conjunction Elimination)

4) ¢, F o AN (Congunction Introduction)

5) ¢V b, —p = (Disjunction Elimination)

6) 7(p V) F=p A=t (De Morgan 1)

7) (6 ANY) F =pV = (De Morgan 2)

8) p =0, —0,6VipHo

9) ¢ = ¢V (Disjunction Introduction)

0) ¢ = ¢, = —¢ (Conditional Elimination 1)

1) ¢ —» ¢, ¢ F =¢ (Conditional Elimination 2)

2) ¢ — Y, = ¢ (Conditional Elimination 3)

3) 7 — =, = ¢ (Conditional Elimination 4)

4) =(¢p — ¢) F ¢ (Conditional Elimination 5)

5) =(¢p — ¥) = = (Conditional Elimination 6)

6) ¥, = ¢ — (Conditional Introduction)

7 ¢ = v Y — —¢ (Contrapositive 1)

8) —1p = =+ ¢ — ¢ (Contrapositive 2)

9) ¢ <>, ¢ ¢ (Biconditional Elimination 1)

0) ¢ = ¢, ~¢ = =) (Biconditional Elimination 2)

1) ¢ <> ¢, ¢ F ¢ (Biconditional Elimination 3)

2) ¢ — Y, —¢ (Biconditional Elimination /)

3) ¢ =, — ¢t ¢ <> (Biconditional Introduction)

4) ¢ <> F ¢ <> ) (Biconditional Negation 1)

5) =¢ <> b+ ¢ <> ¢ (Biconditional Negation 2)

6) Suppose that there is a proof of w A= from T'U{—¢} that has
no application of Generalization to a free variable of ¢. Then

I'F ¢. (Proof by Contradiction)
Proor. HW... dJ

LEMMA 3.15. Let ¢ be a formula, and let xq,...,y1,...,y, be dis-
tinct variables. Then

T =Y, T = Yp (D@1, 20) = (Y121, Yn/Tn)).
Proor. We first show by induction on ¢ that
(*) T =Yl Ty = Yp I ¢(iU1, S >$n) — ¢(y1/x1, e >yz/iﬁz)
The case that 7 = 1 follows from axiom E2 and Rule A4.

] &SSO

For the inductive step, by combining axiom E2 and Rule A4, we note
that

Tiv1 = Yir1 & O/, yi/Ti) = Sy /21, Yi /T Yia [Tiga)-
Now using the tautology ((P — Q) A (Q — R)) — (P — R), we get
(%) for i + 1.

Il
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COROLLARY 3.16. Let ¢ be a formula, and let x1,...,y1,...,y, be
distinct variables. Then

(@ =y A ANon=yn) = (B(@1, - T0) = O(Y1/T15 - Yn/Tn))
is a theorem of Predicate Logic.

Proor. By Conjugation Elimination applied to the lemma above, we
get that
rr=n AN ATy =Y EO(x1,...;2,) = d(y1/x1, ., Yn/Tn)

Note that this proof does not use Generalization. Hence we may apply
the Deduction Theorem to conclude that

Fi=y A Axy=yn) = (0(x1,. .., 20) = (1 /T1, -, Yn/T0)).
Ul



CHAPTER 3

Completeness Theorem and Its Applications

We have all the necessary tools to prove the Completeness Theorem.
We state two version of it; the first one being the version we are used
to. After proving their equivalence, we prove the second version.

Most of the proof of Completeness Theorem is adapted from [1].

1. Two Versions of Completeness Theorem

THEOREM 1.1 (Completeness Theorem — Version 1). For a set I’
of formulas and a formula ¢, if I' = ¢, then T' = ¢.

In order to state the second version, we need the concept of consistency
and some fact about it.

DEFINITION 1.2. A set I' of formulas is inconsistent if there is
a formula ¢ such that I' = ¢ and I' = —¢; this is denoted as ' F.
Otherwise it is called consistent.

LEMMA 1.3. A set ' of formulas is inconsistent if and only if T' = 1
for every 1.

PROOF. It is clear that if [ proves every formula, then it proves a
formula and its negation. In order to prove the other implication, let
' ¢, ' =¢, and let ¥ be an arbitrary formula. Since it is an axiom,
I' proves the formula (=) — ¢) — ((—+¢ — ¢) — ). Similarly, T
proves ¢ — (= — ¢) and =¢ — (=) — —¢). Now by using Modus
Ponens a few times, we get I' - ). O

PROPOSITION 1.4. Let I' be set of formulas and ¢ a formula. Then
T'F ¢ if and only if T U {—=¢} is inconsistent.

Proor. Using Corollaries 3.11 and 3.12, it suffices to prove that
I+ ¢ if and only if I'U {—lqg} is inconsistent, where ¢ is the universal
closure of ¢.

Suppose that I' F ¢. Then I'U {-¢} F ¢. But we also have
I'U{=¢} F =. Therefore I'U {—¢} is inconsistent.

Conversely, suppose I' U {—¢} is inconsistent. Then by the previous
lemma, I' U {=¢} F ¢. Using the Deduction Theorem, we get that
' ¢ — ¢. We also have

TE (= = =0) = (-6 = ) = 9)

45
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and R R
'k —|¢ — —\qb.
Now using MP twice, we get ' - qg U

It is clear from Soundness Theorem (see Homework 26) that a satis-
fiable set I" of formulas is consistent. Indeed, for a model M of T' it
is not possible that M = ¢ and M | —¢. The second version of
Completeness Theorem is the converse of this.

THEOREM 1.5 (Completeness Theorem — Version 2). Every consis-
tent set of formulas is satisfiable.

We are going to prove this second version in detail, but first we prove
that the versions are equivalent to each other.

PROPOSITION 1.6. The following are equivalent:

(1) For every set I' of formulas and formula ¢, if I' = ¢, then
'k ¢.
(2) Every consistent set of formulas is satisfiable.

PROOF. Suppose that condition (1) holds and let I' be a set of
formulas that does not have a model. Then I' |= ¢ holds for every ¢
and hence I' F ¢ for every ¢. So I' is inconsistent.

Conversely, let’s assume that every consistent set of formulas have a
model. Suppose that I' I/ ¢. Then by Proposition 1.4 we have that
[' U {—¢} is consistent. Suppose that M |=T'U{—=¢}. Then M T,
but M £ ¢. Hence I' [~ ¢. O

2. Proof of the Completeness Theorem - V2

The idea of the proof is a great one and it is also simple. We take a
consistent set I' of formulas. We need to construct a model of I'. The
underlying set of that model will be the set of terms without variables
modulo the following equivalence relation:

thtQ < Fl_tlztg
We still need to define the interpretation of symbols in the language.
We do that in a similar way; for instance
(tr) ~, .. i ty) ~) € RM =T F R(ty,...,t,).

There are a lot of little details to check. For instance, we need to check
that ~ indeed gives an equivalence relation on the set of terms without
variables and that RM as above is well-defined. We do this below, in
addition to giving the precise definitions. Note how this construction
is in parallel with constructing free groups or abelian groups or groups
with prescribed torsion.

LEMMA 2.1. Let t1,t9,t3 be terms. Then we have the following.
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(1) l_ tl = tl.
(2) tl == tQ l_ t2 = tl-
(3) t; =tg,to =tz F 11 = t3.
PROOF. We begin by proving that the following are theorems of
predicate logic:

rT=y—y==x
and
r=y— (y=z—>x=2).
The first one is just Rule A4 applied to Axiom E1. Let ¢(z,y) be
y = x. Then rule A4 applied to axiom E2 twice gives
Fr=y—(r=0—y=u1x).

Then using MP, we get

r=ykr=z—y=ux.
Then by the first part, we have x+ = y = y = z. Hence using the
Deduction Theorem, we get -z =y — y = x.

For the last part, let ¢(x,y) be y = z. Then applying Rule A4 twice,
we get

Fr=y—(r=2z— y=2).
Let v bex =y = (x =2z — y = 2z). Then ¢¥(y/x,z/y) isy =2 —
(y =2z — x = z). Then using the second part, we get

r=ykFy=z— ==z

Hence

Fr=y—(y=2— z=2).
The proof is concluded by applying Corollary 3.13 to appropriate for-
mulas and terms. O

LEMMA 2.2. Let T be a set of formulas, s1,...,,Sn,t1,...,t, terms,

and R 1s an n-ary relation symbol. Suppose that I' = s; = t; for every
i, and 'F R(s1,...,8,). Then T'F R(tq,...,t,).

PrOOF. Let zy,...,2,,41,...,y, be distinct variables not appear-
ing in any of the terms s;,t;. By Corollary 3.16, we have
Fri=y A ANxy=yn) = (R(z1,...,2,) = Ry1 /21, ..., yn/0)).
Using Rule A4 several times we get
F (81 :tl/\/\Sn:tn) — (R(Sl,...,Sn) %R(tl,,tn))
By using Conjunction Introduction and MP several times we get the
desired result. O

LEMMA 2.3. Let T be a set of formulas, s1,...,,Sn,t1,...,t, terms,

and f is an n-ary function symbol. Suppose that I' = s; = t; for every
i. Then T+ f(Sl, ce 7577,) = f(tla R 7tn>



48 3. COMPLETENESS THEOREM AND ITS APPLICATIONS

PRrOOF. Let zy,...,2,,y1,...,y, be distinct variables not appear-
ing in any of the terms s;,t;. By Lemma 3.15, we have that the formula

f(l'l,...,l'n):f(ml,...,xn)—>f(x1,...,.'ljn):f<y1,...,yn)-
follows from x; = 1, ..., %, = y,. Applying Rule A4 to axiom E1 with
t= f(x1,...,2,), we have b f(xq,...,2,) = f(z1,...,2,). Then using
MP, we get
T1=Y1, T =Y b fla1,. . 20) = f(Y1,- -, Yn)

Then using Rule A4 several times we get the desired result. U

Now we are ready to make the following definition.

DEFINITION 2.4. Let L be a language that contains at least one
constant symbol and let I" be a consistent set of L-formulas. We define
an L-structure Mr as follows:

e The universe is M := Termy, / ~, where Termy, is the set
of L-terms that do not contain variables and s ~ ¢t means
I'kFs=t.

e For an n-ary relation symbol R and (t1/ ~, ... t,/ ~) € M™:
(t1) ~, .. ty) ~) € RMT =T F R(ty,...,t,).
e For an n-ary function symbol f and (t,/ ~,... ,t,/ ~) € M™
M)~ tn) ~) = [t b))~

Homework 27. Let L, I', My be as in the definition above.

(1) Let t € Termy,. Show that tMr =¢/ ~.

(2) Let t1,to € Termy. Show that I' - ¢, = ¢o if and only if
MF ): tl - tg.

(3) Let R an n-ary relation symbol and ti,...,t, € Termy. Show
that '+ R(ty,...,t,) if and only if Mp = R(ty,. .., t,).

(4) Suppose that ¢ and 1) are formulas with no occurrences of V,
whose free variables are among x4, ..., x,. Alsolet t{,...,t, €
Termyj, such that

o ' o(ty/xy, ... ty/x,) <= Mr |E o(ti/x1, ..., ty/xy),

and
o ['I- w(tl/xl,,tn/xn) < MF ): w<t1/$177tn/xn)
Show that
CF =gty /z1, ... th/x,) <= Mr E —o(t1/x1, ... th/Ty)

and

I'E (o= Y)(t1/x, ... to)zy) <= Mr E (¢ = V) (t1/x1, ... tn/T0).

The kind of formulas considered in the second and third parts of this
homework are the atomic sentences of L. So using also the last part,
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we may conclude that for any sentence o with no occurrences of v, we
have
I'Fo<«= Mr =o.

If this could have been proven for all sentences, then Mr would be a
model of I'. (Note that we may assume that I" consists of sentences,
by replacing each element with its universal closure.)

EXAMPLE 2.5. Let L = {+,—,0}, where + is a binary function
symbol, — is a unary function symbol, and 0 is a constant symbol. Let
I' consist of the following L-sentences:

o VaVyVz((z+vy)+2=x+ (y+ 2))

e Vr(zx+0=2AN0+2=12)

o Va(x + (—x) =0)

o Juz—(z=0).
It is clear that [ has a model; as a matter of fact its models are exactly
nontrivial abelian groups. In particular, it is consistent. Let’s try to
understand Mr. The elements of Termp, are certain expressions in 0,
+, —, and parentheses. It takes a moments thought to see that all
those terms are equivalent to each other. So Mr consists of only one
element, namely 0/ ~. The functions are interpreted as follows:

0/ ~+M0/ ~=0/ r~,
0/ ~=0/ ~,
oMr =0/ ~
So Mr is the trivial abelian group. Hence even though it is a model
of the first three axioms, Mr is not a model of I'. the problem about

the last axiom is that it is an existential formula and it does not have
a [-witness as will be defined below.

If L does not contain any constant symbols, then Termyp, is the empty
set. Hence the structure Mr does not exist in that case. However, we
may always add a constant into L to obtain a slightly larger language.
Then T is still a set of formulas in that language and the next result
states that the concept of an L-formula ¢ following from I' remains the
same in that language.

LEMMA 2.6. Let L be a language and c a constant symbol not in
L. Put L, = LU{c}. Also let T be a set of L-formulas and ¢(z) an
L-formula such that T' b, ¢(c/z). Then T Fr, ¢(x).

PRrROOF. We simply write ¢(c) rather than ¢(c/x). Let ¢q,..., U
be a proof of ¢(c) from I'; so ¢, = ¢(c). Let y be a variable not
appearing in this proof and for each 7, let 6; be the expression obtained
by all occurrences of ¢ in ; by y. It is easy to see that each 6; is an L-
formula; note that 0, = ¢(y/x). If ¢; is an axiom (in the language L.),
then 6; is an axiom (in the language L). If ¢, € T, then 0; = ;. It is
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also clear that if v; follows from 1; and 1; by MP, then 6; follows from
¢; and ¢; by MP. Similarly if 1; follows from v; by Generalization,

then 0; follows from 6; by Generalization. Therefore 6,,...,0; is a
proof of ¢(y/x) from I in the language L. So I' b7, ¢(y/z) and hence
F l_TL ¢($) D

In a while we will add more than one constant symbol to the language.

PRrROPOSITION 2.7 (Lindenbaum’s Lemma). Let T" be a consistent
set of sentences. Then there is a consistent set I of sentences contain-
ing I' such that for every sentence o, either I+ o or I - —o.

PROOF. Let B be the collection of all consistent sets of sentences
containing I" and order it with set inclusion. It is non-empty as I € .
If 'y €Ty C--- is a chain of elements of P, then I = (J, .,y is
also an element of 3, because if a formula ¢ has a proof from I'*, then
it has a proof from I',, for some n > 0. So any chain in B has an
upper bound in B. Therefore, using Zorn’s lemma we get that 3 has
a maximal element, say I".

Suppose that IV I/ 0. Then by Proposition 1.4, I" U {—c} is consistent.
Therefore =0 € I'" by the maximality of I". In particular, [V + - O

DEFINITION 2.8. A set I' of sentences is called complete if it is
consistent and for every sentence o either I' - o or I' - —o.

So Lindenbaum’s Lemma could be read as ‘any consistent set of
sentences can be extended to a complete set of sentences’.

DEFINITION 2.9. Let I' be a set of sentences and let o be a sentence
of the form Jz¢. A variable-free term t is called a I'-witness if I'
¢(t/x). Theset I' has witnesses if there is a ['-witness for every sentence

of the form dx¢ with I' - dx¢.

For instance, the last axiom of Example 2.5 is of the form above,
but there is no I'-witness for it. We need to go around this problem,
so that Mp becomes a model of I'. We shall do this by extending I'.

The key to end the proof of Completeness Theorem will be the next
result.

PROPOSITION 2.10. Let I be a consistent set of sentences. Then
the following are equivalent.

(1) For every sentence o, I' - o if and only if Mr = o.
(2) T is complete and has witnesses.

PROOF. First assume (1). Let o be a sentence. Then either Mr =
o or Mr = —o. Then either I' - o or I' - —o. So I' is complete. Now
suppose that Jz¢ is a sentence with I' = Jz¢. By assumption, Mr =
dx¢. This mean that there is ¢ € Termy such that Mr = ¢(t/ ~).
Using the assumption on the opposite direction, we get I' - ¢(t/x).
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Now assume (2). Let o be a sentence. We would like to show that
I'Fo<«= Mr =o.

We proceed by induction on the complexity of o. The case that o is
atomic is covered by the second and the third part of Homework 27,
and the cases that ¢ is =7 and 7 — p are taken care of by the last part
of the same homework. So let’s assume that o is of the form Vx¢. Note
that the only possible free occurrence of a variable in ¢ can be of x.

Suppose I' I/ Vx¢. Then I' = Jx—¢p. Then by assumption, there is
t € Termy such that I' = —¢(t/z). By induction this means that
Mr E —é(t/ ~). Therefore Mr = Jz—¢, which means My = V.

Conversely, suppose that Mr [~ Vxe. So Mr | Jr—¢ and there
is t € Termy with Mr | —¢(t/ ~). Once again, by the induction
assumption, we have that I' F =¢(t). Then using Rule E4, we have

['+ dz—¢. Then I' i/ Vxo. (|
Homework 28. Suppose that [" proves sentences Jz1¢q, ..., dx,0,.
Let L' = LU{¢y, ..., ¢}, where ¢q, . . ., ¢, are pairwise distinct constant

symbols not in L and consider the set IV = T'U{¢1(c1/x1), ..., dn(cn/zn)}
of L'-sentences. Show that I is consistent. (You might want to use
Lemma 2.6.)

Next we generalize this homework to infinitely many sentences of the
form Jx¢; indeed to all sentences of that form. Let A be the set of all
sentences o of the form dz¢ such that I' - o and let
L'=LU{c,:0€ A},
where each ¢, is a new constant symbol and for distinct o, 7 we have
¢y # ¢r. Finally, let
I"=TU{d(c,): 0 € A and o is Fzo}.
LEMMA 2.11. The set I is consistent.

PROOF. Suppose that IV proves ¢ and —¢. Then there are oy, ..., 0
from A such that ' U{¢(c,,,- .-, ¢(cs, )} proves both ¢ and —¢. How-
ever, by the previous homework, the set I' U {¢(cy,, ..., d(c,, )} is con-
sistent. This contradiction finishes the proof. U

Using the idea of this proof, one may prove the following result.

LEMMA 2.12. Let Ly € Ly C ... be a countable chain of first-order
languages, also for each n > let I';, be a consistent set of L,-sentences
such that T',, CT',, form <n. Put

L*:ULn andF*:UFn.

n>0 n>0

Then T is consistent.
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Proor. HW... O

Now we are ready to prove the second version of the Completeness
Theorem.

PrOOF OF COMPLETENESS THEOREM - V2. We will extend I" to
a complete set of sentences which also has witnesses. We do this in
countably many steps: the odd steps are for completeness and the
even steps are for witnesses. More precisely, by induction, we define a
language L,, and a consistent set I',, of L,-sentences for each n € N.

Let Lo =L and let 'y =T'.

Suppose Lo C L; C --- C L,and ' C I'y C --- C T, are already
constructed. First let n be odd. Then let L, = L, and let ',
be a complete set of L, i-sentences extending I',,, whose existence is
guaranteed by Proposition 2.7. If n is even, then let L,,; = L] and
[,41 = I', which are given by Lemma 2.11 and the definitions preceding
it, with L and I replaced by L, and I',, respectively.

Let L* = oo Ln and I = |J . I',. Then I'* is consistent by the

n>0 n>0+ "
previous lemma. We claim that it is also complete and has witnesses.

For completeness, let ¢ be an L*-sentence. So o is an Lo, 1 sentence
for some n. Since 'y, is complete, either 'y, 1 F o or 'y, F —o.
Therefore either I'* o or I'* F —0o.

Now let ¢ be an L*-sentence of the form dx¢ such that I'* - ¢. Then
o is an Lg,-sentence for some n and I'y, = 0. Then T'y, - ¢(c,) and

hence I'* = ¢(c,).
By Proposition 2.10, we have that for every L*-sentence o we have
I'"'Fo<= Mp =o.

Note that we may consider Mr« as an L-structure, let’s call that struc-
ture M. Now for an L-sentence ¢ € I', we have ¢ € ['*. Hence

M+ = o and consequently M = o. Thus M is a model of I. d

Homework 29. Show that a consistent set I' of sentences is
complete if and only if any two models of I' are elementarily equivalent.

3. Compactness Theorem

Our first application of Completeness Theorem is the Compactness
Theorem, which has tons of applications itself.

THEOREM 3.1 (Compactness Theorem). LetI' be a set of L-sentences.
Then there I' has a model if and only if every finite subset of I' has a
model.
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PROOF. It is clear that if I' has a model, then that model is a model
of any subset of I'. So let’s assume that every finite subset of I' has a
model and show that I' itself has a model.

Suppose not. Then by the second version of the Completeness Theo-
rem, I' is inconsistent. This means that there is an L-sentence o such
that I' - o and I' = —o. In both cases, the proofs involves only finitely
many hypotheses from I'. Therefore there is a finite subset of I' which
is inconsistent. But then using the second version of the Completeness
Theorem on the reverse direction, we get that that finite subset of I"
does not have a model, contradicting the assumption. Hence I' has a
model. O

REMARK. There is a possible confusion about the Compactness
Theorem akin to the usual confusion in the proof of infinitude of primes
that is attributed to Euclid. Namely, the models of finite subsets of T"
might not be models of I'. Actually, generally they are not, otherwise
we probably do not need the Compactness Theorem. The next example
illustrates this; none of the models of the finite parts work for our
purposes.

EXAMPLE 3.2. Consider the structure R = (R, +,-,—,<,0,1) in
the language Lo, = {+, -, —, <,0, 1} of ordered rings. We will show that
there is R* that is elementarily equivalent to R and there is o € R*
which is positive and less than any 1/n for any n > 0. Obviously,
there is not such element in R, and it might sound like this contradicts
elementary equivalence of R and R*. However, it only shows that
containing such an element cannot be expressed with an L,-sentence.

Let L* = Lo, U {c} where ¢ is a new constant symbol. Consider the
following set of L, .~sentences:

F::Th(R)U{O<c}U{c<%:n>0}.

Note that if RY = (R*,+,-,—,<,0,1,¢") is a model of ', then the
Lo-structure R* = (R*,+,-,—,<,0, 1) satisfies the condition we ask
for with o = .

So we need to show that any finite subset A of I' has a model. Write
A =A;UAy, where Ay C Th(R) and Ay C{0 < c}U{c <2 :n>0}.

Since A, is finite, it is subset of {0 < c}U{c < 1,c<3,...,c < +} for
some N > 0. Now it is clear that (R, +,-, —, <, 0,1, N#H) is a model of
A.

Note that the universe of the models of each finite subset of I' is R. So
none of those structures can be a model of T'.

Another application of the Compactness Theorem is that we can find
arbitrarily large models of a consistent sets of sentences.
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THEOREM 3.3 (Upward Lowenheim-Skolem Theorem). Let I' be a
set of sentences that has an infinite model, and let k be a cardinal
number. Then there is a model M of T with |M| > k.

PROOF. Let C' be a set of cardinality « disjoint from L. We add
elements of C' to L as constant symbols to get the language L'. Consider
the following set of L’-sentences:

I'=TU{~c=d:c,de C,c+#d}.

Clearly it suffices to show that " has a model. So let A be a finite
subset of IV. Then only finitely many sentences of the form —¢ = d
appear in A. Taking an infinite model of I, we may interpret the new
constants in a way that all those sentences are correct. So A has a
model and consequently so does I". U

4. Downward Lowenheim-Skolem Theorem and Vaught’s
Test

Here we are going to show that any consistent set of sentences has a
models as small as possible; the lower limit being the cardinality of the
language. Combining that the last result of the previous section, we
get that any consistent set of sentences has a model of any cardinality
larger than or equal to the cardinality of the language.

THEOREM 4.1 (Downward Lowenheim-Skolem). Suppose that T is a
consistent set of L-sentences. Then there is a model of " of cardinality
at most |L|.

ProoOF. We analize the proof of the completeness theorem. Each
of the languages L,, constructed in that proof have the same cardinality
as |L|, because at each step either we do not extend the language or
we extend it by a set of constants of the same cardinality. Therefore
the language L* has the same cardinality as L.

The model Mrp+ of I'* constructed in that proof has cardinality at most
the cardinality of the set of L*-terms, which is the same the cardinality
of L*. Therefore the cardinality of Mr« is at most |L| as desired. O

Putting the two Lowenheim-Skolem Theorems together we get the fol-
lowing consequence.

COROLLARY 4.2. Let I" be a set of L-sentences that has an infinite
model and let k > |L| be a cardinal number. Then T' has a model of
cardinality k.

PrROOF. Let C a set of cardinality  disjoint from L, and let L' =
L U, where elements of C' are added as constant symbols. Note that
L’ has cardinality x. Then by the proof of Theorem 3.3, there is a
model of
I'=TU{-c=d:c,deC,c+#d}.
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So I" is consistent and applying Theorem 4.1, I'” has a model M of
cardinality at most |L'| = k. However models of I'" has at least x many
elements. Therefore M has cardinality &. O

COROLLARY 4.3 (Vaught’s Test). Let  be a cardinal number and
L a language of cardinality at most k. Also let T' be a consistent set
of L-sentences that does not have finite models. Suppose that any two
models of I of cardinality is k are isomorphic. Then any two models
of I' are elementarily equivalent.

PROOF. Let M and N be models of I'. By Proposition 2.14, we
need to show that Th(M) = Th(N). Being consistent theories both
Th(M) and Th(M) have models of cardinality x by the previous corol-
lary; say M’ and N’ respectively. By assumption M’ ~ N’. So
M’ = N’ by Proposition 2.13. Therefore

M=M=N"=N.
O

Homework 30. Let L = {<}, where < is a binary relation. Show
that (R, <) = (Q, <) where < is interpreted as the natural ordering in
both structures.

Homework 31. Let L = {+,—,0}, where + is a binary function
symbol, — is a unary function symbol, and 0 is a constant symbol.
Show that the L-structures (R,+,—,0), (Q,+,—,0), and (C,+,—,0)
are elementarily equivalent to each other.






CHAPTER 4

Incompleteness Theorem — A Very Brief
Introduction

This last part aims to give some idea about the famous Incomplete-
ness Theorem of Godel. It is far from being complete in many respects,
but the biggest gap is that most of the proofs are omitted. The outline
of this part is also borrowed from [1], and the details of proofs can be
found there.

We start by presenting a simpler version of Incompleteness Theorem.
For that purpose, we define the language L(N) = {s, +, -, <,0}, where
s is a unary function symbol, + and - are binary function symbols, <
is a binary relation symbol, and 0 is a constant symbol. The L(N)-
structure we are interested in is N = (N, s,+,-,<,0), where s is the
successor function, namely s(n) = n + 1, and the other symbols are
interpreted in the most natural ways.

THEOREM 0.1 (Incompleteness Theorem - Simple Version). Sup-
pose that I' C Th(N) is a computable set of L(N)-sentences. Then
there is o € Th(N) such that T' t/ o. In particular, Th(N) is not
computable.

In this statement, the word computable is the only concept we have
not covered yet. Indeed, we shall spend quite some time understanding
this term.

1. Computable Functions

The class of computable functions N* — N (for various n > 0) is

obtained by applying the following recursively:

(R1) (Basic Functions) + : N> - N, - : N2 5 N, y< : N2 - N,
7 : N — N are computable functions. (Here and later, for a
subset R of N”, the function yg is the characteristic function
of R; that is it gets value 1 at elements of R and 0 otherwise.
The 77 is the projection of N" onto the " coordinate.)

(R2) (Composition) Suppose that G : N — N and Hy,..., H, :
N" — N are computable functions, then G(Hy,...,H,) is a
computable function.

(R3) (Smallest Element Satisfying a Certain Property) Let G :
N**l — N be a computable function such that for every
a € N, there is x € N with G(a,x) = 0. Suppose that F'(a) is

57
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the smallest # € N such that G(a,z) = 0. Then F : N* — N
is a computable function. (We write pz(...) to denote the
smallest element x such that ... happens.)

We say R C N" is computable of x g is a computable function.

ExAMPLE 1.1. Constant functions are computable. For instance,
N" — a0 is pz(nti(a,z) = 0). Other constant functions can be

constructed in a recursive way.

ExamMpLE 1.2. If P,QQ C N" are computable then so are P N @,
PUQ@, N"\ P. We sometimes denote these sets as PAQ, PV Q, =P.
This way we can define the sets P — () and P < (), which are also
computable.

ExaMpLE 1.3. All the relations <, <,>,>, = # are computable.
For instance x> (z,y) := x<(y,z) and x— is the product of y< and x>.

EXAMPLE 1.4 (Definition by Cases). Let G, ..., Gy be computable
functions on N, and let Ry, ..., R; be definable subsets of N” such that

RiV---VR =N"and R; A R; = () for all i # j.

Define G := Gy - xg, +---+ G¢ - xgr,- Then G is clearly a computable
function. We say that G is defined by cases; here the cases are R;’s
and for a given i, GG is defined to be G; in the case of R;.

EXAMPLE 1.5. Let R C N™"! be computable. If for each € N”,
there is « with R(a,z), then pz(R(a,x)) is a computable function of
a € N*. Given a € N*" and b € N define pzry(R(a,z)) to be the
smallest = with R(a,x) A x < b if such x exists, and to be b is no such
x exists. Then pxy(R(a,z)) is computable. The sets

Jx,R(a,b) :={a € N": R(a, z) for some z < b}
Vx_,R(a,b) :={a € N": R(a,z) for all z < b}
are also computable.

EXAMPLE 1.6. The function — : N2 — N defined as
) a—b ifa>0b
e {o it a <b.

is computable.

EXAMPLE 1.7 (Pairing Function). The function Pair : N> — N

defined as

b b+1
Pair(a,b) = Chs )(a2+ i )—i-a

is clearly a computable function. What is less clear is that it is indeed
a bijection between N? and N. This function will be referred to many
times later, because it will be useful in reducing many problems in N”
down to N.
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We may define the following functions using Pair: Suppose that a =
Pair(b, ¢), then

Left(a) := b, and Right(a) := c.

Note that both of these are really functions since Pair is a bijection.
It is easy to see that they are both computable, and that Left(a) < a
and Right(a) < a for a # 0.

EXAMPLE 1.8. The relation R defined as
R(a,b,c) <= a=0b mod c
is computable. Just note that
R(a,b,c) <= Tz o1(a = xc+b) V I 4p11(b = 2c + a).
EXAMPLE 1.9 (Godel’s S-function). Define
B(a,1) = px(r = Left(a) mod 1+ (7 + 1) Right(a)).

Clearly, 3 : N2 — N is computable. Note that §3(a, ) is the remainder
when we divide Left(a) by 1+ (i + 1) Right(a).

It is easy to see that B(a,i) < a—1 for all a. A less straightforward
result is the following.

ProrosiTION 1.10. Let ag,aq,...,a, € N. Then there is a € N
such that B(a,i) = a; for all i.

ProOOF. Take N € N such that N > qa; for all ¢+ and every prime
divisor of n divides N. Then 1+ N,1 +2N,...,1 4+ (n + 1)N are
pairwise relatively prime. By Chinese Remainder Theorem, there is
M € N such that M = a; mod 1+ (i + 1)N for all i. Now it is easy
to see that a = Pair(M, N) works. d

ExAMPLE 1.11. Consider the computable function f : N — N
defined as follows:

f(n) = px(B(x,0) = 1 AVi,f(z,i+ 1) = 25(x,1)).
Let a; = 2¢ for i = 0,1,...,n. Then by the proposition above, there is

a € N such that (a,i) = a; for each i. However, it is also clear that
f(n) =a as well. So

2" = B(a,n) = B(f(n),n)

for all n. Hence the function n — 2" is computable.

Using the p-function we can may attach a natural number value to
finite sequences as follows.

DEFINITION 1.12. Given n > 0, we define () : N* — N by
(ay,...,an) = px(B(z,0) =n AVi,(B(x,1) = a;)).
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Clearly, this is a computable function. Note that we use exact the
same notation for all n > 0. By definition S({ai,...,a,),0) gives us
the length of the sequence.

Homework 32. Show that the subset of N consisting of (ay, . .., ay,)
for various n > 0 and aq, ..., a, € N is computable.

DEFINITION 1.13. Let A : N* — N and B : N*™* — N be given.
Define F : N**! — N be defined as follows:

F(a,0) = A(a), F(a,b+1)= B(a,b, F(a,b)).
This F is said to be defined by primitive recursion from A and B.

It not totally trivial, but still not hard to see that if A, B are com-
putable, then so is F. For instance, let A(a) =1 and B(a,b,c) = a - c.
Then the corresponding F sends (a,b) to a®. Hence (a,b) — a’ is
computable.

2. Representable Functions

Now we make the connection with the concept of computable func-
tions and first-order logic.

DEFINITION 2.1. Let N be the following set of L(N)-sentences:
oV S(x)#0
o VaVyS(x)=S(y) >z =y
eVzzx+0=u1x
o VaVyx + S(y) = S(z + )
e Vrx-0=0
o VaVyx-S(y)=x-y+zx
e Vrax £0
o VaVy(x < S(y) = (x <yVa=y))
o VaVy(r <yVr=yVy<z)

Let M = N. Then there is an embedding ¢ : N' — M given by
n — S™(0). This embedding has the property that a < ¢(n), then
a = 1(m) for some m < n. It follows that if a ¢ ¢(N), then ¢(n) < a for
all n € N.

Any language containing L(N) is called a numerical language. So we
can express N in any numerical language.

DEFINITION 2.2. Let I' be a set of L-sentences, where L is a nu-
merical language. We say that R C N is ['-representable if there is an
L-formula ¢(x1,...,x,,) such that for all (aq,...,a,) € N* we have

(a1, ...,am) € R=T1F ¢(5*(0),...,S*(0)),
(a1,...,am) ¢ R =T F =¢(5™(0),...,5%(0)).
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A function F' : N — N is I'-representable if there is an L-formula
d(x1, ..., Tm,y) such that for every (aq,...,a,) € N™ we have

T'F¢(S™(0),...,5% ) y) ¢ y = §Fa—am) (),

The next theorem makes the connection with computability. It is a
very important result for the rest of these notes, but we do not present
a proof.

THEOREM 2.3. Let F' : N — N be given. Then F'is N-representable
if and only if F' 1s computable.

It is straightforward to show that computable functions are N-representable,
but the proof of the other implication is quite lengthy and technical.

3. Godel Numbering

Recall that the version of Incompleteness Theorem we have stated
above has the assumption that a set of sentences is computable. So
far we defined the term computable only for subsets of N"*. Now we
make the connection: we enumerate formulas in a countable language
in a way that we could start to see sets of formulas as subsets of N”
for some n.

Let L be a countable first-order alphabet. (Here we return to using the
word ‘alphabet’, because it will be important to enumerate the logical
symbols. However, we still use the letter L to denote it.) As a matter
of fact, we assume that L has only finitely many nonlogical symbols.
We first define an injective map, called S from L into N as follows:

S(Uz) = 2278(_}) = 1=S<_') = 378(() =9,
S()) =17,8(V) =9,8(=) = 11,

and we assign the rest of the odd numbers to the non-logical symbols
in L.

We would like to extend S to all formulas. As usual, we do this by
induction on the complexity of formulas. We first do it for terms:

l—’Ui—l = S(’Ui),
Fel=S8(c),
,_f(tlv s 7fn)—| = <8(f)78((>7 ,_tl—l7 R l—tn—lvs()»'

We extend this definition to formulas in the same way. We present how
to do it for atomic formulas anyway.

"R(t1,...,tn) = (S(R),S((),"t:7,...,"t,,S0)),
Ftl — t2_| — <S<:)’ '_tl—l, Ft2‘|>.

This way, we assigned a natural number value to every L-formula; this
is called Gddel Number of the formula. The set {"v,7 i =1,...} of
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Godel numbers of variables is simply the set of positive even numbers;
hence it is indeed N-representable and this computable. Consider the
set {"t7: tis and L-term} of L-terms. Then it is represented by the
formula saying that it is either the Godel number of a variable, or is the
Godel number of one of the finitely many constants, or that it is the
Godel number of f(tq,...,t,) where the Godel number of the terms ¢;
are less than it. The key here is that we only need to check for smaller
Godel numbers.

Now we have a meaning for a set I' of L-sentences being computable:
I' is computable if "T7 := {"¢7 : ¢ € I'} is a computable subset
of N. Therefore we can formally make sense of the statement of the
Incompleteness Theorem from above.

It is easy to see that if I is computable, then so is the set

Proofr :={("¢17,...," ) : b1, ..., ¢ is a proof from I'}.

In order to give a more detailed version of the Incompleteness Theorem,
we introduce some new notions. We say that a consistent set T" of L-
sentences is proof-closed? if for every L-sentence o if T+ o, then o € T..
For instance, Th(M) is a proof-closed set of sentences. In general, given
a nonempty class IC of L-structures, the set

Th(K) := {o : M |= o for every M € K}
is proof-closed.

Given a consistent set I' of L-sentence, the set I' :== {o : ' I o} is
also proof-closed. If T =T for some consistent ', then we say that T
axiomatizes T. If a proof-closed T is axiomatized by a computable set,
then we say that T is computably axiomatized.

We generally use the word decidable for proof-closed sets of sentences
in the place of computable. An important point is that a computably
axiomatized proof-closed set is not necessarily decidable since it is not
necessarily correct that there is a computable bijection between T
and Proofr. However, they are still not too unrelated, as we shall see
in a bit.

DEFINITION 3.1. Let R C N™. If there is a computable @ C N*+!
such that for every a € N we have

a € R <= there is z € N with (a,z) € Q,

we say that R is recursively enumerable (r.e.).

IThe more common word is theory, but we already have another meaning for
that word.
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In other words R C N" is recursively enumerable if it is the projection
onto the first n coordinates of a computable subset of N"*+1.

Suppose that I' is computable. We know that Proofr is computable.
Then it is more or less clear using this that I' is recursively enumerable.
However, it still might not be decidable. The next result will tell us
when it is.

PROPOSITION 3.2. Let R C N™ be recursively enumerable such that
=R is also recursively enumerable. Then R is computable.

PROOF. ... O

COROLLARY 3.3. Let T be computably axiomatized complete set of
L-sentences. Then T s decidable.

4. Incompleteness Theorem

Let L the numerical language with finitely many non-logical sym-
bols. Before stating the Incompleteness Theorem, we would like to
mention Church’s theorem without proof.

THEOREM 4.1 (Church). Let T be a proof-closed set of L-sentences
containing N. Then T is not decidable.

The following consequence of Church’s theorem is similar to the version
of the Incompleteness Theorem from the introduction.

COROLLARY 4.2. There are no complete computably axiomatized
L-theories containing N.

For instance, N is clearly computably axiomatized as N is finite, and it
is contained in Th(A). Then by the corollary above N is not complete
and in particular it is not Th(N/).

THEOREM 4.3 (Godel’s Incompleteness Theorem). Let I' O N be
a consistent computable set of L-sentences. There is an L(N)-formula

() such that N F ¢(S™(0)) for each m € N, and I' i/ Vao(z).

Note that if we managed to find a ¢ as above, then N |= Va¢(x) since
N = N. Therefore taking o := Va¢(x) will prove the version in the
introduction.

We need some notation to continue with the proof of this result.

DEFINITION 4.4. Let Pr C N? be defined as the set of (m,n) such
that m the Godel number of the of a proof from I' of a sentence whose
Godel number is n.

It is clear that Pr C N? is N-representable; let pr(z,y) represent it. It
also follows that Pr C N? is computable.
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FAcCT 4.5. There is a computable function Sub : N® — N such that
for every pair t, s of L-terms, for every L-formula ¢ and every variable
x we have:

Sub("t™, T2, TsT) = Tt(s/z)7,
Sub(l_asj’ [_:L.—l’ ,_Sj) — FQS(S/IL‘)_l.

FacT 4.6. The function Num : N — N defined as Num(m) =

TS™(0)7 is computable.

LEMMA 4.7 (Fixed Point Lemma). Let I' C N and let p(y) be an
L-formula. Then there is an L-sentence o such that

Lo p(S7(0)).

PROOF. Using the facts above, the function sending (a,b) € N2
to Sub(a, 27, Num(b)) is computable. So it is N-representable; say
sub(zy, T9,y) represents it. This means that for every (a,b) € N? we
have:

M - SUb(Sa(O), Sb(O), y) Sy = SSub(a,Fm‘l’er(O)ﬂ) (O)
Let 6(z) := Jy(sub(z,x,y) A p(y)) and put m = "0(z)". Also let o
be 8(S™(0)) and put n := "o . Note that n = Sub(m, 27, Num(m)).
Therefore
N+ sub(5™(0), 5™(0),y) < y = 5(0).
So
['to < Jy(y = S"(0) A p(y))-

Then I' F 0 <> p(S™(0)), as promised. d

Now we are ready to prove the Incompleteness Theorem.
PROOF OF GODEL’S INCOMPLETENESS THEOREM. Let p(y) be
Va—pr(z, y)

and let o be the corresponding sentence given by the Fixed Point The-
orem. This means

I'F o < Yo-pr(z, S 7(0)).

Suppose I' = ¢. Then (m,"07) € Pr, where m is the Gédel number
of a proof of o from I'. We also have I' F Vz—pr(z, S °'(0)); in par-
ticular ' = —pr(S™(0), S ?'(0)). This is a contradiction. So I' I/ &.
Putting ¢(x) be —pr(z, S 7'(0)), we get ' I/ Vag(z). We also have
N F ¢(S™(0)), by the defining property of pr. d
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