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ABSTRACT. We study the model theoretic structure (Z, +, P,.) where
r > 1 is an irrational number and the elements of P, are of the
form |nr] for some n € Z\ {0}. We axiomatize of this structure
and prove a quantifier elimination result. As a consequence, we
get that definable subsets are not sparse unless they are finite. We
also prove that there are no reducts of this structure expanding
(Z,+).

1. INTRODUCTION

We investigate the expansion of the abelian group of integers by the
following subset:

P .= {Lnrj in € Z\{O}}a

where r > 1 is an irrational number. The number 0 is taken out for
some technical reasons and of course it has no effect on our results.
There is a considerable difference between this expansion and the ex-
pansion by P := P. NN, because (Z,+, P;t) defines the ordering of
Z, whereas we show in Corollary 5.10 that (Z,+, P.) does not define
the ordering. We also know that P, is not definable in (Z, +, <), since
it is shown in [4] that the only reduct of (Z, +, <) defining addition is
(Z,+).

There have been some work on expansions of (Z,+) by a predicate.
Earliest one is [11] by Moosa-Scanlon; even though the main focus of
that paper is quite different than ours, the main result (Theorem A)
there provides some stable expansions (Z,+). The papers [13, 12, 5,
9] by Poizat, Palacin-Sklinos, Conant and Lambotte-Point are more
recent. In all these, the predicate is sparse, with certain different but
similar meanings of the word sparse. A common sparsity property is
that if we enumerate the predicate in an increasing way as (an)nen,

. an+l
then lim
n—00

lacunary in [3]. In the same paper, he proves that the expansion of
(Z,+) by an infinite subset A of a finitely generated submonoid of
(N4, -) is superstable of U-rank w. It is possible that such an A is

non-lacunary. For instance, if the finitely generated monoid contains
1

> 1. Conant calls a predicate satisfying this property
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a,b with irrational log, a, then it is non-lacunary (see the paragraph
after Theorem 3.16 in the Introduction of [3].)

Our study of the expansion (Z, +, P,) is complimentary to the work
[13, 12, 5, 9], as the set P, is certainly not sparse: If k& € P,, then the
next element in P, is either k 4 |r| or k+ [r] + 1. (This is also the
reason of (Z, +, P.") defining the ordering.) Actually, we prove that no
infinite subset of Z definable in (Z, +, P,) is sparse in the sense of the
following definition.

Definition 1.1. Let X C Z. We say that X has the uniform gaps
property if there is a positive integer M such that

XNn{z+1,...,.0+M}#0
for every z € X.

(A set having this property appears in different settings as that set
being syndetic; see for instance [10]. Also the concept of piecewise
syndeticity plays a central role in [9].)

Theorem 1.2. Let X C Z be infinite and definable in (Z,+, P,). Then
X has the uniform gaps property.

The proof of this result goes through a quantifier elimination re-
sult. In order to state that, let Ly be the extension of the language
{+,—,0,1} of abelian groups with a distinguished element by unary
predicate symbols D,, ; and D,, _ for each m > 1. We interpret the
new symbols in Z as follows:

DZ  :={x € Z:x=my for some y € P,},
and

D? _:={zx €Z:x=myforsomey ¢ P}
Note that D%Jr = P, and that D7Zn,Jr U D%%_ = mo.

Theorem 1.3. The structure (Z,—i—,O,l, (DZ m>1, (D,Znﬁ)f,el) has

quantifier elimination.

It is more natural to consider our structure in the language Lp =
{+,—,0,1, P}, where P is a unary predicate. Identifying P with D; ,,
we may think of Lp as a sublanguage of L.

Given k = (k1,... kn) € Z"and I C {1,...,n}, consider the follow-
ing Lp-formula in variables & = (z1,...,2,):

dy /\:L’Z—l—k:zyGP/\/\xj—ijyéP

i€l j¢I
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By Theorem 1.3 above, there is a quantifier-free L,-formula vy ,(Z)
such that

(Vy -V | By | N\ai+kiy € PA N\ +ky ¢ P o g, (@)

i€l j¢I

holds in (Z, +,0,1,(DZ )m>1, (DTZm_)le). It turns out that ¢z ; can

be chosen to be a quantifier-free L p-formula; see the beginning of Sec-
tion 4 for more details.

With this notation at hand, we have the following axiomatization.

Theorem 1.4. Let M = (M, +,—,0,1, PM) be an Lp-structure. Then
M is elementarily equivalent to (Z,+,—,0,1, P,) if and only if the fol-
lowing hold:
(1) (M’ +,—,0, 1) = <Z7 +,—,0, 1)7
(2) for every ky,...,k, € Z and I C {1,...,n} the sentence ()
holds in M,
(3) k € P, if and only if k € PM, for every k € 7Z.

The technical parts of the proofs are done in an isomorphic structure:
Let

I, := {exp(@) eC:ne Z} :
So I', = h(Z) where h is the group isomorphism sending n to exp(@)
Being a subgroup of the unit circle, I', has an orientation on it; the pre-
cise definition is given in the next section. Then the image of P, under
h becomes an orientation interval; see equality (3.2) below. This makes
it easier to work in I', and the notations get simpler. For this reason,
in Section 2, we recall some facts about the circle and its subgroups.

In Section 3, we introduce Beatty Sequences and prove a few results
about them to be used in the model theoretic arguments.

A back-and-forth system constructed in Section 4 is used to prove the
theorems mentioned above in the rest of that section and Section 5.

The paper [14] by Tran-Walsberg has quite a bit of overlap with our
work. The authors consider Z equipped with a ‘cyclic ordering’; which
in turn is the same as considering an infinite cyclic subgroup of the
circle equipped with the orientation. We elaborate on this in Section 5.

In the last section, we prove a result analogous to the main result of
[4]: there are no intermediate structures between (Z, +) and (Z, +, P,).

Notations and Conventions. The set N of natural numbers contains 0
and N, = N\ {0}. We let the letters m,n, k,[ vary in Z, and if m is
in N (or N4 ), we simply write m > 0 (or m > 0).

For n > 0, we denote the set {1,...,n} as [n].
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For a real number a, we use the notation |a| for the largest integer
smaller than or equal to a and {a} denotes the difference a — |a].
(There will not be any occasions where this could be confused with the
singleton containing a.)

2. THE CIRCLE AND ITS SUBGROUPS

In the next section, we work with an infinite cyclic subgroup of the
unit circle S := {5 € C : |f| = 1}. One may study such a group in
the generality of oriented abelian groups (as in [7]) or cyclically ordered
abelian groups (as in [6]). However there is no need to do so for our
purposes.

Here we recall some generalities about S and at the end we say a few
words about its subgroups. Let

e:R—S, e(r):=exp(2miz).
This is a surjective group homomorphism with kernel Z.
We equip S with the counter-clockwise orientation: Given a, 3,7 € S,

the relation O(«, 8,7) holds if and only if there are x,y,z € R such
that a = e(z),f =e(y),y=e(2), r <y <z, and z —z < 1.

If we fix a € S, then we get a linear ordering O,(+,) := O(a,-,-) on
S\ {a}. For a = 1, we denote the ordering of S\ {1} by the usual
ordering sign:
B <v<+=0(,87).

Clearly, if « <  and 8 < 7, then O(a, 3,7). So there is no harm in
writing

ar < Qg < - < Op—1 < O,
when ag < ag, an < @z, ..., 01 < Q.
We extend the definition of < to all of S by setting 1 < « for o # 1.
The relation of orientation and the group operation is as follows:

O(a, 8,7) <= O(ad, 86, 790)
and

O(a, B,7) <= Oy, 8,7 a™)

for every «, 3,7,0 € S .

The circle S has the topology induced by the Euclidean topology on C
and a basis for this topology consists of orientation intervals: Given
a, € S we define the orientation interval determined by « and [ to
be
(a,8) == {7 €S: O(a, 7, B)}.

We do not assume « < 3 for this definition. So both (a, #) and (3, a)
are orientation intervals and they are disjoint. Such an interval is empty
only when o = 5.
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We define the length of an orientation interval I = (a, ) to be
I(I) := Ba™".
So if @ = e(a) and B = e(b), then the length of («, 3) is e(b — a). In

particular, the length of an orientation interval is 1 if and only if it is
empty.

Below, we use the word interval to mean orientation interval. We also
use the notations [«, §), («, 5], and [«, 5] with the obvious meanings,
and we call them intervals as well.

Proposition 2.1. Let aq, ..., ., 51, .., Bm be distinct elements of S.

Then the following conditions are equivalent:
m

(1) ﬂ(%‘;ﬁi) # 0.
i=1
(2) there is iy € [m] such that oy, € (o, B;) for every i # iy.
(3) there is jo € [m] such that Bj, € (cu, ;) for every i # jo.
Moreover, if one of these conditions hold, then

m

ﬂ(&i,ﬁi) = (g Bjo)-

=1

Proof. Suppose v € («a;, 3;) for every i € [m]. Then O,(f;, o;) for each
i € [m]. Choose iy such that «a;, is maximal among «; with respect to
O,. Clearly, oy, € (o, 3;) for each i # iy. Similarly, taking ;, to be
minimum among f; with respect to O, we see that 3;, € (o, ;) for
each i # jp. So the first condition implies the others.

Conversely, assume that «;, € («a, ;) for each i # ig. Then

m

(v, Bjo) € ﬂ(@iaﬁi)a

i=1
where 3, is minimum among ; with respect to O, .
If B, € (a4, p;) for each i # iy. Then we take a;, to be maximum

among «; with respect to Ogj, in order to get

m

(g, Bjo) € ﬂ(@i,@)-

i=1

The last sentence of the proposition follows from the rest of the proof
above. U

For k € N, let (; denote the primitive &*® root of unity e(%).

Proposition 2.2. Let o, 3,7 € S and k € N such that l((oz,y)) < (.
Then B € (o, 4%) if and only if B € ((iav, () for some s € Z.
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Proof. Note that if @ = v, then the result is clear; so we assume « # 7.
We may also assume that o < v: if v < «, then we may consider
o = (ya and 4" = (v in the place of a and v. Then o/ < 4/ by our
assumption on the length of («, ), and the conclusion holds for a;, -y if
and only if it holds for o/, .

Solet 0 < a < ¢ < 1 be such that « = e(a) and v = e(c). Note that
¢ —a < 1 by assumption. Also let 8 = e(b) for some 0 < b < 1.

Suppose 8% € (a* %) and take b’ such that % = e(V/) and ka < b <
kc. Then s := kb — b € Z and we get

ka+ s < kb < kc+ s.
Dividing by k, we have

a+f<b<c+f
k k

Applying e, we get that 8 € ((a, (i).

Conversely, let 8 € ((ia, (i) for some s € Z. In other words, ¢, * €
(a,7). Take b” such that 8¢ * = e(d”) and a < 0" < ¢. Then t :=
b—b'— €7 and

S
at+t<b——<c+t.

k
Now multiplying by & and applying e we get 5% € (aF,+*). O
Note that the s in this proposition can be chosen among 0,1, ...,k —1.

Given o = e(z) with 0 < 2z < 1 and k € N, we let a'/* denote

e(%); so a'/* is the k™ root of a with the smallest argument. Note

that 1/¥ = 1 and that for z € R we have e(x)Y/* = e(%)g,;m. In
particular, if o = e(a), then ()% = aCk_LakJ. However, we always
have (a'/*)¥ = a. The following observation will be useful.

Lemma 2.3. Let o, € S, k,l € Z. Suppose that o = 3. Then
a = BYECEif and only if o € (¢, ¢TY).

Proof. Clear. U

Using this new notation, the previous proposition has the following
consequences.

Corollary 2.4. Let o, 3,7 € S and k € N,. Suppose that v £ «.
Then B* € (a,~) if and only if there is s € {0,1,...,k — 1} such that
B e (Gallh, Gy ).

Corollary 2.5. Let o, 3,7 € S and k € N,.. Suppose that v < «.
Then B* € (a,7) if and only if there is s € {0,1,...,k — 1} such that
B c (Cﬁal/k,@ﬁ“vl/k)-
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Regularly Dense Oriented Abelian Groups. Let I' < S be non-
trivial. Then I is either finite or dense in S. When it is finite, it consists
of m™ roots of unity for some m > 0. When I is dense, it is indeed
reqularly dense in the following sense.

Proposition 2.6. Let I' < S be infinite. Then for any distinct o, f € T’
and prime p, there is v € I' such that v* € («, 5).

For the proof of this, we refer the reader to Definition 8.1.7 in [7] and
the remark succeeding it. Note that the conclusion of the proposition
above is slightly different than the definition of regular density for ori-
ented abelian groups in [7], but it is easy to see that they are indeed
equivalent. It follows that for any n > 0 and distinct «, 8 € T, there is
v € I' such that v € («, ).

3. BEATTY SEQUENCES

Let » > 1 be an irrational number. The Beatty Sequence generated
by r is B, = (|mr]),,~¢; we put b, = |mr]. This is an increasing
sequence and we let P denote the set whose elements are the terms

of B,.

A related sequence is S, = (|2 ] — L%J)mo; we put s, = |2 | —[2].
(For the relation between B, and S,, see Lemma 3.1 below.) Note
that s, € {0,1} for each n > 0. Actually, it is better to think of S,
as an infinite word in the alphabet {0,1}. As such, it is called the
Characteristic Sturmian Word of Slope % It has the property that for

every m, it has exactly m + 1 many different subwords of length m.

Both Beatty Sequences and Sturmian Words have rich theories that we
do not get into here, and we refer the interested reader to [1]. We only
need the following connection between B, and S, which is Lemma 9.1.3
of [1], but we include a proof for completeness.

Lemma 3.1. Let n € Ny. Then n € P if and only if s, = 1.

Proof. Let n € Pt. Then n = |kr] for some k € N,. Sokr —1<n <
kr and after diving by r we have

1
k—- <2<k
roor
Therefore 2] =k —1and [*] = k. Thus s, = 22| — [2] = 1. As
all the implications are reversible we get the desired result. O

We would like to consider the negative elements as well; so we define
P, ={|nr|:neZ\{0}}.
For m > 0, we have —m € P, if and only if m — 1 € PF. So
P.=Pru(-pPr-1).
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We also extend the definitions of b, and s, to all integers n.
Lemma 3.1 is actually correct for all n € Z:
(3.1) ne P << s, =1.

It is easy to see that s, = 1 if and only if {2} > 1 — L. Putting this
together with (3.1), for every n € Z, we get

n 1
(3.2) nePM:){;}>1—;.

Since r is irrational, the image of Z% under e is not finite, hence it is
a dense subgroup of S. Let ', be that subgroup, and let h denote the
map n +— e(%). So we have an isomorphism of abelian groups with a
distinguished element:

h:(Z,+,—,0,1) ~ (T, -, ", 1, h(1)).
By (3.2), the image of P, under h is (h(—l), 1) N I',. Therefore ex-
panding Z by P, is the same as expanding I',. by (h(—l), 1) NT,.

Using Proposition 2.2 and its corollaries, we give a criterion for certain
linear combinations of integers being in P, in terms of intervals in S.

Proposition 3.2. Let k € N, and a,c € Z. Then a + kc € P, if and
only if there is s € Z such that

h(c) € (h(—a— 1), h(—a) /5.
Proof. First, note that a € P, if and only if h(—a) < h(—a — 1).
By (3.2) we have
a+kc € P, <= h(a)h(c)* € (h(—1),1) <= h(c)" € (h(—a—1),h(—a)).

Now combining Corollaries 2.4 and 2.5 and using the first sentence of
this proof, we get that

h(c)* € (h(—a — 1), h(—a))
if and only if there is s € Z with
ho) € (h(—a— 1)V h(—a) g,
This gives the desired equivalence. O

Corollary 3.3. Let k € Ny and a,c € Z. Then a + kc ¢ P, if and
only if there is s € Z such that

h(c) € [h(—a)* ¢ h(—a — 1)VF¢H.

Proof. Clear from the previous proposition. O

Next result will be useful in handling the cases when k is negative.

Lemma 3.4. Let a,c € Z and k < 0. Then a+ kc € P, if and only if
—a—1—kceP,.
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Proof. Clear from the fact that |—x] = —|z| — 1 for x ¢ Z. O
Definition 3.5. Fora € Z, k € N, and s € {0,1,...,k — 1}, let

Usis = (h(—a — 1)"/*¢, h(—a)/igitee),
Vi 1= [A(=a) /50 h(—a — 1)MFGH].

Also let
k—1 k-1
Ua,k = U Ua,k,s and ‘/;L,k = U ‘/a,k,s-
s=0 s=0

We extend the definitions to k& = 0 as follows:

S :ifaeP. 0 :ifa€cP,
Ua = d Va =
0 {@ ifag B 0 {S ifad P,

Finally, we let f/a,k denote the interior of V, .

With this notation in hand, Proposition 3.2 and Corollary 3.3 translate
as follows: Given k € N and a, c € Z we have

(3.3) a+ ke € P, <= h(c) € Uy,
and
(3.4) a+ ke ¢ P, <= h(c) € Vou.

Lemma 3.6. Let a,b € Z and k,l € N,. Suppose g = ged(k,l) and
write k = gk’ and | = gl’. Then the following hold.

(1) Suppose G < h(1). Then there is s € 7 such that h(a)'/*¢; €
Up,.

(2) Suppose h(1) < (. Then there is s € Z such that h(a)*(} €
Up, if and only if

h(l'a + K'b) € (h(=K), 1).
Proof. Using Corollaries 2.4 and 2.5, h(a)Y/*¢¢ € Uy, if and only if
B(la) ¥ LTI e (h(—b — 1), m(=b)).
Since ged(k', ') = 1, there is s € Z with h(a)V/*¢; € U, if and only if
there is ¢ € Z with h(l'a)/¥'¢}, € (h(—b—1), h(—D)).
If i < h(1), then there is such a t, regardless of what a, b, are.

If h(1) < (p, then we may use Proposition 2.2 to conclude that there
is s € Z with h(a)Y*¢; € Uy, if and only if

h(l'a) € (h(—K'b— k), h(—k')).
After simplification, this means h(l'a + k'b) € (h(—K'),1).

This proof can be modified to prove the next analogous result.
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Lemma 3.7. Let a,b € Z and k,l € Ny. Suppose g = ged(k,l) and
write k = gk’ and | = gl’. Then the following hold.
(1) Suppose (< h(—1). Then there is s € Z such that h(a)/*(} €
Vo
(2) Suppose h(—1) < (. Then there is s € Z such that h(a)/*¢} €
Vi if and only if

h(l'a+ KY) € [1,h(=K)].

Let @ = (a1,...,an) € Z", k = (k1,... . kn) € N*, I C [n], and J C
[n] \ I be given. We define

Va,E,I,J = ﬂ Uai ki N ﬂ(vajvkj \ Vajvkj) A ﬂ Vajvkj'
iel jeJ JER\(IUJ)
Note that V, &, \Vajykj has 2k; many points. Therefore V, ., ; is finite
for J # () and V1, , is an open subset of S.
We record the following without proof.

Lemma 3.8. Let @ = (ay,...,a,) € Z", k= (k1,...,k,) € N©, and
0 # J C[n]. Then h(c) €V, ;NI if and only if there is a subset J'

—a

kjj_l for every j € J\ J',

of J such that c = 72 for every j € J', ¢ =
J ~
and h(c) € (Niey Uayk, N mje[n]\(IUJ) Vs k-

Definition 3.9. Let k = (ky,...,k,) € Z" and I C [n]. We say that
(a1,...,a,) € Z™ realizes the (k,I)-pattern if there is ¢ € Z such that

a; + kice P.<— 1€ 1.

For k = (ki,....k,) € Z", let || = (|ki|,...,|kn]). Then using
Lemma 3.4, (ay,...,a,) € Z" realizes the (k, I)-pattern if (af,...,al)
realizes the (|k|, I)-pattern where a] = a; for k; > 0 and a; = —a; — 1

for k; < 0. Therefore, we may focus on the case that k € N".

By (3.3) and (3.4), if k € N”, then (ay, ..., a,) € Z" realizes the (k, I)-
pattern if and only if

(VUi N[\ Vayur, NI # 0.

i€l ¢l
We may decompose the intersection above as

(VUi V[ \Vay, "I Ul U Vagrs NI
iel ¢l 0A£IC[n)\I

Using Lemma 3.8, the finite component is under control.
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Let’s focus on ﬂiel Uik, N ﬂj¢] Va, k; N T Since I, is dense in S, this
set is nonempty if and only if the open set

Vaiio = m Uai ks N ﬂ Va1
iel J¢I
is nonempty.
Using Proposition 2.1, it is easy to see that this intersection is nonempty
if and only if one of the following holds:
(1) there are ip € I and s € Z such that

h(_aio _ 1)1/ki0<£i0 - ﬂ Uai7ki N ﬂ "};ljyk]W

i€l iig jer

(2) there are jo € [n] \ I and s € Z such that

h(_ajo)l/kjoczjo & ﬂ Ua/iyki M m ‘711]'7kj‘

iel J¢1,3#350

In order to summarize these observations, we make the following defi-
nitions: let k,1 € N with g = ged(k,1) and &' :=k/g, ' :==1/g

A = 7 X 7. Sif G < h(1)
ST (b)) € ZX T h(la+ KD) € (M(—K), 1)} cif h(1) < G

B, — 7 X 7, if G < h(—1)
T (@, b) € Z X Z h(la+ Kb) € (1,h(—K)) )+ if h(=1) < (o

Combining Lemmas 3.6 and 3.7 with the observations above, we obtain
the following.

Proposition 3.10. Let k = (ki,... . k,) € N* and I C [n]. Then
a= (ay,...,a,) € Z" realizes the (/2, I)-pattern if and only if one of
the following conditions holds:
(1) Uprcpps Vagrs N # 0.
(2) there isig € I with (—ai, —1,a;) € Ay, x, for everyi € I\ {io}
and (—a;, — 1,a;) € By, ; for every j € [n]\ 1.
(3) there is jo ¢ I with (—aj,,a;) € A, , for every i € I and
(—ajo, aj) € By, x; for every j € [n]\ (I U {jo})-

The final result of this section expresses the interval (h(k), 1) in terms
of (h(—1),1) when h(1) < (.
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Lemma 3.11. Let k > 0 be such that h(1) < . Then a € (1, h(k))
if and only if

ale U —i — 1), h(—=i)) U {h(=1),h(=2),... . h(—(k — 1))}.

(Note that the interval (h(—i—1), h(—i)) is the same as h(i) (h(—1), 1)
with the natural definition of multiplying an interval by an element.)
Proof. The assumption h(1) < (; gives h(i—1) < h(i) for every i € [k].
So we have the decomposition
(1,h(k) = (1, h(1)] U (A1), h(2)] U---U (h(k — 1), h(k))
= (1 h(1)) U---U (h(k —1),h(k)) U{h(1),...,h(k — 1)}

—Uh NU{A1), ... h(k—1)}

This finishes the proof, since 8 € (1, h(1))if and only if 371 € (h(—l), 1).
]

4. EXPANDING THE GROUP OF INTEGERS

We would like to consider the model theoretic structure obtained by
expanding the abelian group of integers by the subset P,.. We have seen
above that Z is isomorphic as an abelian group with a subgroup I', of
S that happens to be dense in S. The work in the previous section was
mostly done in I',, but it is straightforward to pull those results back
to Z via the map h.

Let L := {+,—,0,c} be the language of abelian groups with a distin-
guished element c. Let T" be the theory of the L-structure (Z, +, —, 0, 1).

We extend L to Lp := L U {P} where P is a unary relation symbol.

Our main objective is to study the Lp-structure

3= (Z,+,—,O,1,PT>.

For k = (ki,...,kn) € Z" and I C [n], we define ¢7; ;(z1,...,x,) to be
the following L p-formula:

E|y /\xl—l—kzyeP/\/\x]—l—kjygéP
iel ¢l
Therefore for (ay, . ..,a,) € Z", we have 3 |= ¢; ;(ay, ..., a,) if and only

if (a1,.. ., ay) realizes the (k, I)-pattern. Our immediate aim is to show
that ¢z (21,...,2,) is equivalent in 3 to a quantifier-free Lp-formula
using the results of the previous section. First of all, by Lemma 3.4, it
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is enough to do this for k € N*. Below ¥ = (x1,...,x,) is an n-tuple
of distinct variables.

It is clear from Lemma 3.11 that for each k,l € N, the sets A;; and
By, are definable by quantifier-free L p-formulas oy, (x, y) and S (z, ).
Using these formulas and Lemma 3.8, for a nonempty subset J of [n]\ [
there is a quantifier-free Lp-formula 7 ; () such that for @ € Z" we
have -

3 7,(@) = Vi, 01 £ 0.

Let TE,[(SE) be V[/J#Jg[n}\l TE,I,J(f)-
Let 0 () be

VI A awgnl—mo—La)n N Bugr(—z — 1) |

ioel \iel\{io} Je[n\I

and similarly let x; () be

VoA ewgr(—ziz) A N\ Begyw (—25,25)
Jogl \i€l Jer\(Iu{jo})
Now taking the disjunction of all these formulas, we obtain a quantifier-

—

free Lp-formula ¢z ,(7)
TE,I(f) v QE,](f) v XE,[(f)a
and by Proposition 3.10 we have
3V - -V:Bn(gzﬁm(:rl, Cey Tp) 1[),—57](:1:1, . ,a:n))

Let T). be the Lp-theory extending T' by the condition above; namely
for every k = (kyi,...,k,) € Z™ and I C [n], we add the following
sentence as an axiom:

V$1 .. 'Vl’n (Qﬁf{’](*/ﬂl’ ... ,xn) e w];[(ml, S ,xn)>

We shall construct a back-and-forth system between certain substruc-
tures of models of T;.

Let M and N be Rg-saturated models of T,.. Let Sy be the collection of
countable L p-substructures M’ of M such that M’ is a pure subgroup
of M. We define Sy in a similar way.

Note that the group Z has a copy in each member of Sy, and Sy as
the subgroup generated by the constant c¢. However, those copies may
not be isomorphic as Lp-substructures of M and N.

Let B(M,N) be the collection of Lp-isomorphisms f : M’ — N,
where M’ € Sy and N’ € Sy.

Proposition 4.1. For Ny-saturated models M and N of T,, the col-
lection B(M,N) is a back-and-forth system.
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Proof. Let f: M’ — N’ be in B(M,N) and « € M \ M'. By symme-
try, it suffices to extend f to an element of B(M,N) that contains «
in its domain.

Let M" be the pure subgroup of M generated by M’ and «; namely:
M"= (M U{a})y:={y€ M :mye M & Za for some m > 0}.

Also let M” be the Lp-substructure of M with the underlying set M".
We would like to extend f to M”. That amounts to finding § € N
with the following property:

() Forevery a € M', k € Z,n > 0, and v € M if a+ ka = n+y, then
there is 6 € N such that f(a) + kS8 = nd, and

vyeEP<<Jje P

This condition without the last part just means that (M’ U{«a})y and
(N"U{pB})n are isomorphic as groups. Since the reducts of M and N
to L are models of T, there is certainly such an element 5 in N. So the
point is to find § in a way that that isomorphism of groups is indeed
an L p-isomorphism.

By saturation, it suffices to find 5 € N satisfying a given finite fragment
of (x). Solet ay,...,ay, € M', ki,... . kpm € Z, ny,...,n, € Ny, and
Y1, -y Ym € M be such that a; + k;a = n;y; for each i. Then we need
to find 3,61, ...,d,, € N such that f(a;)+ k; = n;d; and ¢; € P if and
only if 7; € P for every 1.

Let v = lem(nq,...,ny), and let d € {0,...,v — 1} and o € M be
such that o = d 4+ va’. Then v; = a} + klo/, where n;a, = a; + k;d and
ki = ’:L—” Since M’ is pure in M, it contains a}. Therefore it suffices to
find 8’ € N such that for every i:

a,+ ko' € P+ f(a)+ K e€P
Taking k = (k},...,k.) and I = {i : a, + kla’ € P}, we have
M= g (ay, ... dl).
Hence
M =ty (dh, . al) and M =g (ah,. .. al,).
Thus
N' g, (f(d)),..., fla,)) and N = g (f(ad), ..., f(a)) -

As aresult N |= ¢ (f(a}), ..., f(a;,)) and hence there is ' € N with
the desired property:

fla)) + ki € P<=icl <= a,+kia €P.
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4.1. Quantifier Elimination and Axiomatization. The theory T,
does not have quantifier elimination for the obvious reason that for
any n > 1, the definable subgroup consisting of elements divisible by
n is not quantifier-free definable. However, we still do not get quanti-
fier elimination after adding predicate symbols to represent those sub-
groups, because we also need to know whether the element obtained
by dividing by n is in P or not. So for every n > 1 we add two new
unary predicate symbols D, y and D,, _ to the language Lp to obtain
L. and let T} be the definitional extension of 7T}, to an L.-theory by
adding the following for each n > 1:

V& (D, 4 (z) <> Jy(z =ny Ay € P))

Y (Dy,—(z) <> Jy(x =ny Ay ¢ P))
Therefore, every model M of T, expands to a model of T, ; we still
denote this extension by M. Note that for a model M of T, we have
D, +(M)U D, _(M) =nM for every n > 1 and D; (M) = P(M).

Now we are ready to prove Theorem 1.3 in a stronger form.
Theorem 4.2. The theory Ty has quantifier elimination.

Proof. 1t suffices to prove the following;:
(1) Let M and N be models of Ty and A a common finitely generated
Ly-substructure of M and . Then M =4 N. (This means that
M and N are elementarily equivalent as L. (A)-structures )

(For why this is enough, see, for instance, Proposition 18.2 of [8].)
We may assume that M and N are Ny-saturated. Let
M/ = <A>M and NI = <A>N

Clearly, M’ and N’ are isomorphic as abelian groups via a map extend-
ing the identity map on A. If na = a for some a € A and o € M, then
there is € N with nf = a. Then the isomorphism sends « to §. But
we also have v € P(M) if and only if 8 € P(N), since either both M
and N satisfy D, ;(a) or they both satisfy D,, _(a). Therefore M’ and
N’ are underlying sets of L.-substructures M’ and N’ of M and N/
respectively, and they are isomorphic. Since M’ and N’ are countable
and pure in M and N, that isomorphism is in B(M,N). It follows
that M =, N and in particular M =4 N. O

Given Wg-saturated models M and N of T,, we may still have that
B(M,N) = 0. So in order to get completeness we extend T4 to T
by adding Z-axioms: Given k € N, if k € P,, then we add the axiom
k € P, otherwise we add the axiom k ¢ P. (Recall that 1 is in the
language, so k = 1+4---+1.) Clearly, T'F still has quantifier elimination.

With this extension, we get Theorem 1.4.
Theorem 4.3. The theory T is complete.
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Proof. Clearly, 3 is an algebraically prime model of 7)* . Since T* has
quantifier elimination, we get that 7)" is complete. Il

Question. According to this theorem each 7" is a completion of 7.
Is it correct that each completion of T, is given as the theory of an
expansion of the group of integers by a Beatty Sequence?

5. DEFINABLE SETS

When dealing with the definable sets, we constantly switch between
3 and the isomorphic structure

&= (I, "', Lh(1),P),
where P, denotes the interval (h(—1),1) N T, of T',.
For a subset X of I and m > 0 we let
X0 = {(a,...,20") ¥ € X}, and

XUm = {Ge T (v, ... yl) € X},

For a subset A of S, we define [A] to be the subgroup of S generated
by A and

(A) :={a eS:a™ e [A] for some m > 0}.
We collect some easy facts about these notions.

Lemma 5.1. Let XY CI7 and m > 0.
(1) DY = P, and P'™ = D,, .
(2) (XNm = X and (XV/™) ) = X (T7)0m)
(3) (X NY)V/m = xVmaylim (XuY)V/m = XYmuyYm and
(LX) = T\ X,
(4) Forae ({0,...,m —1})", let Xz = h(@)X N (I'™)™. Then

X = Jn(-a)Xa.

Before analyzing definable sets in detail, we would like to clarify the
connection with the paper [14].

Lemma 5.2. Let m > 0 and let X = (a,5) N ™. Then any set
(a1, By2) N T with Y1,Y2 € T s definable in (T, -, X).

Proof. 1t suffices to show that Y = («,8y) N '™ is definable in
(Fra '7X)7 where Y= ’72’71_1'

Let A = Ba~! and take 6 € (A2, \) N '™ Suppose that n is the
largest natural number such that vy < .

Then Y is the following union:

Y =XUSXU---UdX U ((ad™, By) NI,

r
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Note that

(@™, By) AT = 61X N y(0" )1 X).
So Y is definable in (I, -, X). O
Letting X = P, in this lemma, we have the following consequence.

Corollary 5.3. Any interval of I',. is definable in &.

Therefore, the structures & and (I‘T, - O) are interdefinable, where O
is the restriction of the orientation of S to I',. In [14], the authors
study the latter structure; or rather the pull-back of it under h. More
precisely, they consider the structure (Z, +, C') where C'is a cyclic order
on Z (see the beginning of Section 2 of [14] for the precise definition).
They prove that any such structure is dp-minimal; see Theorem 2.3 of
[14]. Then they prove in Proposition 2.5 that (Z,+,C) is isomorphic
either to (FT, ° (9) for some r, or to one of two other possible expansions
of (Z,+), which we prefer not to introduce here. As a result we get
that (Fr, ~,(’)) has NIP, and hence & has NIP. (It also follows from
Corollary 4.3 of [2] that (I, -, O) has NIP.)

We appeal to the topology on I'? induced from S™ in order to study
definable sets. An open basis for that topology on I',. consists of sets of
the form I NI, where I is an open interval of S; below we refer to these
sets as conver sets. From now on we use the word interval to mean
open interval of I',; so an interval is a convex set whose end points are
inT,.

The quantifier elimination result in the previous section gives a very
simple characterization of definable sets in a model M of T}*: They are
Boolean combinations of sets defined by formulas of the form

a+ ki =0,Dp, . (a+kZ),and D, _(a + ki)
where Z = (z1, ..., x,) is a tuple of variables, a € M and k € Z".

It is simpler in the sense that the negations of formulas D,, i (a + /;97:)

and D,, _(a + k) define sets that are finite unions of sets defined by
the same kind of formulas. Also we would like to consider the formula

Dm7,(a—|—l§f)/\a+/;f7£0/\a+lgf7é —m
in the place of D,, _(a + ki).
So any definable set in & is of the form

() U ﬂ Xij,

i=1j=1

where each X;; is one of the following forms
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(A) {FeT": i%h(a) =1}

(B) {F €Ty : 7 h(a) # 1)

(Q) (ZFeT": 7h(a) € P™)

(D) {F €7 #h(a) € Q™Y

where k = (ky, ..., ky) € Z"\ {0}, a € Z, m > 0, 7= gk gk

and @, = (1,h(—=1))NT,.

Note that a set of the form (A) is nonempty if and only if k|a where x
is the greatest common divisor of the integers k;. We refer to a finite
intersection of sets of the form (A) as an affine subset of I'? provided
that it is nonempty. Affine subsets of I', are singletons, and if Y is an
affine subset of ' with n > 1, then there is a projection 7 : I'* — T'¢
with d < n such that 7|y is injective. Also for an affine subset Y,
beZ" and N > 0, the set (h(b)Y)'YN is either empty or an affine
subset.

Suppose that Y is a set of the form (C) or (D), beZ", andlet N € N,
be a multiple of m. Then the set (h(b)Y)'" is nonempty if and only
if m|a — kb, and in that case

- - kb —
(RO = {7 : (™ € (21,
m
where [ is one of P, or (),. As a result, it is an open subset of I'"".

Putting these together we have the following result.

Proposition 5.4. Let X be definable in &. Then there is N € N
such that for every b € Z" the set (h(b)X)YN is a union of an open set
and finitely many subsets of affine sets.

Proof. Write X as in (x), and let N be the lowest common multiple of
the integers m appearing in the formulas defining the sets X;;. Given
i €{l,...,s}, if one of the sets X;; is of the form (A), then the set

(h(B) () Xi) N = () (h(B) Xi) ™
J J
is contained in an affine set. Otherwise this set is open as noted above.
O

Now we focus on unary definable sets with the aim of proving The-
orem 1.2. Combined with Proposition 2.2, Proposition 5.4 gives the
following for unary subsets of I',.
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Corollary 5.5. Suppose that X C T, is definable in &. Then there is
N € Ny such that for everyn € {0,1,..., N—1}, the set (h(n) X))V is
a finite union of convex sets and singletons. Moreover, the end points
of the convex sets are in (I',.).

Proof. Affine subsets of I'. are singletons and the open set appearing
in (h(n)X)"V is a certain positive Boolean combination of sets of the
form:

{y €T, : y*N +£ h<—n)}.

and

{y el,: ykN/m € h(kb_n)l}

m
where [ is one of P, or Q),.

Using Proposition 2.2, if such a combination is not empty, then it is a
finite union of convex sets whose end points are in (I',.). 0

Recall that a subset X of Z has the uniform gaps property if there is
M € N, such that

Xn{z+1,...,24+M}#0

for every z € X. Clearly, () has the uniform gaps property and it is
the only finite set that has the uniform gaps property. The following
is also clear.

Lemma 5.6. If X, Y C Z have the uniform gaps property. Then XUY
has the uniform gaps property.

Lemma 5.7. If C C T, is a convex set, then X = h™'(C) has the
uniform gaps property.

Proof. Let C = (a, f) N T, and let v := I(C). Take m,n € N, such
that h(m) < /2 and h(—n) < 4"/2. We claim that M = max{m,n}
witnesses that X has the uniform gaps property.

Suppose that # € X. If h(z) < ay/?, then h(x)h(m) € C and hence
r+m € X, and if ay"/? < h(z), then h(x)h(n) € C and hence z +n €
X. O

Remark. This proof does not work for larger models of T, because
the length of C' might be infinitesimal with respect to I', and hence we
cannot find suitable m and n.

The following is Theorem 1.2 from the Introduction.

Theorem 5.8. Every infinite subset of Z definable in 3 has the uniform
gaps property.
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Proof. Let X C 7Z be definable in 3 and let Y := h(X).

By Corollary 5.5, there is N > 0 such that (h(n)Y)'" is a finite union
of convex sets and singletons for each n € {0,1,..., N — 1}.

Using the second and the last part of Lemma 5.1
N-1
Y = [ r(=n)((h(n)Y)/N)).
n=0

Therefore by Lemma 5.6, it suffices to show that A= (((h(n)Y)"/V)M)
has the uniform gaps property for each n. Since y € ((h(n)Y)V/V)®)
if and only if y = 2V for some z € (h(n)Y)YV, it suffices to show that
h1 ((h(n)Y)l/ N ) has the uniform gaps property. It is indeed the case
using Lemmas 5.6 and 5.7. U

Corollary 5.9. Let X be an infinite subset of Z that is definable in
3. Then there is M € N such that for every x € X, the intersection
XN{z—1,z—-2,...,0 — M} is nonempty.

Proof. The set —X :={y € Z : —y € X} is also definable in 3 and
hence has the uniform gaps property. So there is M € N, such that
given z € X, we have

—XN{-z+1,...,—x+ M} #0.

Say y = —x +1 € —X where 1 < i < M. Then —y =z —1 € X,
finishing the proof. U

Corollary 5.10. Ordering of Z is not definable in 3.

Proof. If the ordering were definable in 3, then so would be the set
of positive elements. However, N, does not satisfy the conclusion of
Corollary 5.9. O

Corollary 5.11. Multiplication is not definable in 3.

Proof. If multiplication on Z is definable, then the ordering of Z is also
definable using Lagrange’s four-square theorem. U

This result follows also from the work of Bélair-Point: Corollary 4.3 of
2].

We need the following lemma to show that 3 is unstable.

Lemma 5.12. Letn > 0, then there ism > 0 such that m,2m, ..., nm &€
P, and —m,—2m,...,—nm ¢ P,.

Proof. Let @« = min{h(1),h(—1)} and = a1, By regular density of
', take m € Ny such that 7' < h(m). Clearly, this m satisfies the
conclusion of the lemma. g

Proposition 5.13. The theory T} is not stable.
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Proof. Let ¢(x;y) be the Lp-formula y — x € P. We show that this
formula is unstable. For this, it suffices to prove the following: For
every n > 0, there are aq,...,a, € Z such that

3 E dai,a;) =i < j.

So let n > 0 be given. Take a; = im where m = m(n) is as in the
lemma above. Now a; —a; = (j —i)m and hence ¢(a;, a;) holds in 3 if
and only if 7 < j.

U

(We would like to thank Haydar Goral for the idea of this proof.)

6. No REDUCTS

We prove that there are no intermediate structures between (Z, +)
and (Z, +, P,); actually we prove the same result for (I',, -) and (I',,, -, P,).

We first consider a subset X of I', that is definable in @.

Proposition 6.1. Let X C I', be definable in &. Suppose that X 1is
not definable in (I'.,-). Then there is N >0 and L € {0,1,...,N —1}
such that both the set (h(L)X)YN and its complement contain a convex
set.

Proof. By Corollary 5.5, there is N > 0 such that for each n, the set
(h(n)X)"N is a finite union of convex sets with end points in (I',), and
singletons. Write

X = O h(—n)(h(n)X NTMM),

For each n, raising to power N is a bijection between the sets (h(n)X )"

and h(n)X NTY). Since X is not definable in (I',,-), there is L €
{0,..., N — 1} such that (h(L)X)'" is infinite. If (h(L)X)Y" is cofi-

nite in I',, then so is (L)X N '™ Once again, since X is not defin-

able in (T, ), h(L)X N I'™) cannot be cofinite in T',. Therefore both
(R(L)X)YN and its complement contains a convex set. O

So if N and L are as in this proposition, both (hA(L)X)Y"N and its
complement are finite unions of convex sets and singletons, but neither
is finite. Moreover, by Corollary 5.5, the end points of the convex sets
appearing in either union are in (I',.). Therefore there is a finite union
of convex sets with end points in (I',) that is definable in (T, -, X') and
is not cofinite in I',.

Lemma 6.2. Let X = (o, 8) N ' and suppose that v = af € T,.
Then a convez set is definable in (I'y,-, X). Moreover, the end points
of that convex set are in (I', U {a, B}).
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Proof. Let 0 < n < m be such that v € h(n)T\™.

We first consider the case that n # 0. Let k := ged(n,m), n’ = n/k,
and m’ = m/k. So vy = h(n)yg = (h(n')7§")* for some o € T',..

Let [ € Z be such that h(n')y" € (¢}, ¢i). Also let
c (BY")71¢ (B¢ l“)ﬂvamF ,and 0 = 6F.

By Lemma 5.2, the set Y := («, 5) N '™ is definable in (T, -, X)
and using Lemma 2.3 we have that 7y := o/*(86)/% € h(n/)LY™. In
particular, {1,vy,7%,...,7* '} is a full set of representatives of cosets
of T™ in T,.

By Proposition 2.2
Yl/k U C 1/k ﬁé 1/k> N F(m’)

Take 71,75 € T™ such that (a'/%, (86)/F) C (ar, Br2) and I((ary, BT2)) <
Ck- The set (arm, f1) N ' is definable in ('), -, X) by Lemma 5.2
and hence

Z = ((ary, Br) N DY A YVE = (V% (B6)V*) N T ™),

is also definable in (I, -, X).
Let f: T, — T, be defined as f(x) = z71yy. It is clear that

r € (@l (60)4) = (x) € (¥, (30)!1).
Therefore f1(Z) = (a/*, (80)Y*)N14.T™ fori = 0,1,...,m—1. Hence
the proper convex set

(V¥ (BO)/*) N, = ZU f(Z)U--- U f"N(Z)
is definable in (T, -, X).

(m* )

Now let n = 0 and take k£ > 0 maximum such that v € I' say
mF

vy =" with o € ( mm(’“)

Let

8o € (BY™)71CL (BY™) 1) N (D \ 7 '0™) and 6 := 6

As in the previous case, we have Y = (a, ) N '™ is definable in
(I, -, X) and

Yl/m _ U Cs 1/m ﬂé)l/m) NT,.

Again, there are 7,7 € '™ such that
7 = ((ar, Bra) NTU) A Y™ = (o™ (85)Y/™" )y AT,
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Now we have v* := /™" (88)1/™" = 4,8, is not in T™. Therefore
using the previous case a proper convex set is definable in (I, -, Z),
hence in (T, -, X).
It follows from the proof that the end points of the proper convex set
are in (I, U {a, B}).

O

Lemma 6.3. Let X = (o, ) NI, and m > 0 with l(«, B) < (. Then
for0 <k <m:
{129 g s Ty, T, ..., € X} = (o, 85)N T,
Proof. Let
Y. = {x1x2~~~:ck X1, %o, .., T € X}

It is clear from the assumptions that Y, C (o, %) N T,. We prove
equality by induction on k.

The case £ = 1 is trivial, so let £ > 1 and suppose that Y, ; =
(a*1, 5=y N T,. Then

rreX

= J (.8 )nT)
X

= U (zpa® 1 2,85 N,
X

Clearly, the last union is a convex set. Since o* and 3* are limit points
of Yy (in S), we get
Yy, = (aF, B")NT,.
O

Corollary 6.4. Let X = (o, 8) N T, where o, € (I';). Then an
interval is definable in (T, -, X).

Proof. Let N € N, such that oV, 3V € I',, and take v € T, such that
[((a, By)) < Cn. Then (oY, BY4N) N T, is an interval and is definable
in (I';, -, X) by Lemma 6.3. O

Lemma 6.5. Let X be a finite union of convex sets whose end points
are in (I;). If X is not cofinite in T, then an interval is definable in

Ty, -, X).
Proof. After translating, we may assume that 1 ¢ X.
Let X =J;", C; where C; = (o, ;) N T, with

ar < fBr<ay<fr < S < B

We prove the result by induction on m. If m = 1, then there is nothing
to do. So suppose m > 1.
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Put \; = Bjozj_l for all j, and 9; = ozj+1ﬁj_1 for y = 1,...,m, where
Ompt1 = 7.
Below we consider three cases and in each one we construct a convex

set definable in (T, -, X'). Moreover the end points of those convex sets
will still be in (I',). Hence by using Corollary 6.4, we will be done.

Case 1: The set {d1,...,d,,} is not a singleton.
Let 9;, and d;, be the two smallest elements of this set and let A =
min{d;,0;.", A1, ..., A }. Take v € (A2, X) NI, and let N > 0 be such
that

y< << AN <5 < AN,
Note that v < §;, and hence the union

Y = XUrX U XU---UAVX

is a union of at most m — 1 convex sets, yet it has infinite complement
in I',. So by induction hypothesis, there is a nonempty proper convex
subset C' of I' that is definable in (I',,-,Y"). Since Y is definable in
(T, -, X), the set C' is definable in (T, -, X).

Case 2: The set {d1,...,d,,} is a singleton, but the set {\1,..., A} is
not a singleton.
The set Z =T\ X is a set as in Case 1. So a nonempty proper convex

subset of I is definable in (T',, -, Z), hence in (T, -, X).

Case 3: Both {d1,...,6,,} and {Ay,..., A} are singletons.
Note that we need to have d;\; = (,, for each j. Hence a;i1 = Gy
and 341 = G, B; for each j =1,...,m — 1. Therefore

m—1
X = (e p)nr,.
=0
So XM = (i, ") N T, Therefore a convex set is definable in
('), -, X) by Lemma 6.2. O

Putting Proposition 6.1 and Lemma 6.5 together, we get the desired
result for unary definable sets.

Proposition 6.6. Let X C I', be definable in &, but not in (I',,-).
Then (T, -, X) is interdefinable with &.

Now we handle the general case.

Theorem 6.7. Let X C I'? be definable in &, but not in (I'y,-). Then
(T, -, X) is interdefinable with &.

Proof. We proceed by induction on n. Proposition 6.6 serves as the
case n = 1. So let’s assume that n > 1 and that the result holds for
m < n.
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So let X C I'" be definable in &, and take N € N such that for every
a € 7", the set (h(@)X )" is a union of an open set and finitely many
sets contained in affine sets. Write

X = [J n=an@x n@™m),

dcA

where A is a finite subset of Z". It is easy to see that for each d, the
set (h(@)X)YN has empty interior if and only if k(@)X N (FsaN))” is
contained in a finite union of affine sets.
First suppose that (h(@)X )" has empty interior for each @ € A. Then
(h(@)X)'N is a finite union of sets contained in an affine set and each
of those sets is in bijection with a subset of T'? for some d < n via a
projection. If all of those subsets of I'¢ are definable in (I,,-), then
so is (h(@)X)YN. This cannot be correct for all @ because X is not
definable in (T, -). Hence we obtain a subset of 'Y that is not definable
in (I',,-), but is definable in (I',,-, X). So we obtain the result using
the induction hypothesis.

So we assume that the set A* of @ € A such that (h(@)X)Y" has
nonempty interior is nonempty. Hence the set

X=X U h(—a)(h(a@)X N (DM
dcA
is definable in (I, -, X) and (h(@)X*)*/" has nonempty interior for each
a€ A*. Put Y :=T,\ X* If (h(@)Y)"N has empty interior for each
a € A*, then we may proceed as in the previous case. Therefore we
may assume that (h(@)Y)""N has nonempty interior for some @ € A*.

For 4 € I'"~1, consider the sets
* L (R — *\1/N
y {5 € FT : (775) € (h‘(a>X ) / }7

Y= {0 e, (,0) € (h(@)Y)™}
For each 7, these sets are either empty or has nonempty interior. If
there is 4 € I'"~! such that both X% and Y5 have nonempty interior,
then X% is not definable in (I';,-), and we are done using the induction
hypothesis. Otherwise for each ¥ € I, the set X % Is either empty or
is I';. Then the set Z := {7 : X% =T, } is a subset of ;™! definable in
(T'y,-, X). If Z is definable in (T, -), then so are (h(@)X*)'/N and X.
Therefore Z is not definable in (I',, ) and once again we are done by

the induction hypothesis.
O
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