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Introduction

Our ultimate aim in this course is to study some recent applica-
tions of o-minimality in number theory. These applications go through
Pila-Wilkie Theorem ([20]) on the number of rational points of a set
definable in an o-minimal expansion of the real field, or some variations
of it.

Introduced in [23], building some ideas from [7], o-minimality is a
topic in model theory. (Actually, it is more than a mere topic; it has
become a sub-branch of the area right after its introduction.) Therefore
we first need to establish some basic model theory and hence some
mathematical logic. We tend to think that model theory is a way of
thinking about algebra (and sometimes even analysis) in a different
way than the usual. So we present more than strictly necessary to
understand o-minimality. That way, we would like to initiate that way
of thinking.

We start with the very basics of mathematical logic, but we proceed
very fast. Since we have model theory in mind, we say very little about
formal first-order theories and focus on the semantics. As a result we
skip the proof of Completeness Theorem. However, we cover its ap-
plications in detail. Most applications of Completeness Theorem are
actually applications of Compactness Theorem. Among applications
are Löwenheim-Skolem Theorems and  Loś-Vaught Test. For mathe-
matical logic, we mostly follow [13]. One may read the details of the
proof of Completeness Theorem there. Another source is the recent
book [14] by Hils and Loeser.

Even just to be able to define the concept of ‘o-minimal structure’,
we need the very central concept of definable set from model theory.
So we shall spend some time discussing that topic. Unfortunately, we
cannot study the details of the methods of determining the structure
of definable sets. That is really another course. So we state some old
results without proofs.

Finally, on Chapter 3 we start our study of o-minimal structures.
On a very intuitive level, one may think of these structures as the ones
whose definable functions do not oscillate that much. After establish-
ing the basics of o-minimality, we move on to the most predominant
result about o-minimal structures, namely Cell Decomposition Theo-
rem. This theorem will help us to understand all definable sets and
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6 INTRODUCTION

functions in a very geometric way and that will provide us with tools
to do topology in o-minimal theories.

Once we know the essentials of o-minimal theories, we shall be
ready to state Pila-Wilkie Theorem; the main theorem of [20]. Vaguely
speaking, that theorem is about the number of rational points of a set
definable in an o-minimal expansion of the real field. The phrase ‘the
number of rational points of a definable set’ does not really make sense,
as there are rarely finitely many such elements. For this to make sense,
we need to count the rational points of height bounded by a fixed
number. There are so many other technicalities on the way and we
present all the details in Chapter 4. We also present the generalization
of Pila-Wilkie Theorem by Pila to algebraic points of bounded degree
rather than rational points; see [21]

In the final chapter, we consider arithmetic applications of Pila-
Wilkie Theorem. Our main application is a proof of Manin-Mumford
Conjecture. This proof is far from being the first proof. There are many
different proofs, and the first one is in [24] by Raynaud; that proof is
in a little bit more restricted setting than the version we present below.
Here is the statement that we are going to prove.

Theorem 0.1 (Manin-Mumford Conjecture-Version 1). Let A be
an abelian variety and let X ⊆ A be an algebraic subvariety. Then
X ∩ Tor(A) is a finite union of cosets of abelian subvarieties of A.

This is indeed formally equivalent to the following weaker looking
statement.

Theorem 0.2 (Manin-Mumford Conjecture-Version 2). Let A be
an abelian variety and let X ⊆ A be an algebraic subvariety which does
not contain a coset of an abelian subvariety of A of positive dimension.
Then X contains only finitely many torsion points of A.

The concept of abelian variety in both of these statements is not in
a usual undergraduate curriculum. This will be introduced along with
some other concepts to be used in the proof.



CHAPTER 1

Basics of Mathematical Logic

We do not directly need most of the results of mathematical logic1

to be introduced in this chapter in order to work with o-minimal theo-
ries later, but it proves to be useful to know the mechanics of logic to
have a deeper understanding of the subject. The main result will be
Gödel’s Completeness Theorem, which in my mind serves as a bound-
ary between logic and model theory. To be more precise, one of its
consequences, namely Compactness Theorem can be thought as the
beginning of model theory. The reason is that once we have this theo-
rem, we may leave the very formal (and very beautiful) world of logic
and start to get some algebraic results. We are aiming to make these
vague sentences more precise in the rest of this chapter. While doing
so we hope to convey the idea of the proof of Compactness.

1. Syntax of First Order Logic

Vaguely speaking, first order logic has two basic concepts, namely
proof and truth, and Completeness Theorem is the bridge connecting
them. Here we give a fairly detailed account of ‘truth’, but a very
limited account of ‘proof’. We refer the reader to the lecture notes [13]
for all kinds of details; in particular the details of ‘proof’.

We start by introducing the syntax of first order logic. As a matter of
fact, we should talk about first order logics since different settings will
give different logics. This setting is determined by languages2.

Definition 1.1. A first order language L consists of the following:

(1) Connectives: ¬ → ∧ ∨
(2) Parentheses: ( )
(3) Comma: ,
(4) Quantifiers: ∀ ∃
(5) Variables: v1 v2 · · ·
(6) Equality: =

(7) Function Symbols: f
(m1)
1 f

(m2)
2 · · ·

(8) Relation Symbols: R
(n1)
1 R

(n2)
2 · · ·

1After this point on, we simply refer to it as logic
2Alphabet would be a better word for this concept, but ‘language’ is the more

commonly used word in model theory. In the context of logic, they really have
different meanings, but it will not matter for us.
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8 1. BASICS OF MATHEMATICAL LOGIC

(9) Constant Symbols: c1 c2 · · ·
This definition is given in a little bit more minimal way in [13];

there we have not put the symbols ∧,∨,∃ in the language and defined
them in terms of others. It is just a matter of style and in the context
of these notes it would be more confusing to do that, so we choose
clarity over efficiency.

Note the little integers that appear as superscripts in the function and
relation symbols. They are called the arity of the symbols; arity is a
made-up word generalizing the words binary, ternary, etc. If a function
or a relation symbol has arity n, then we say that it is n-ary. So
function and relation symbols are more than symbols: they have an
integer attached to them. So far they do not have any meaning, like
any other symbol in the language.

The first six parts in this definition are the same for every first order
language. So a language is determined by the function, relation, and
constant symbols in it. We refer to them as non-logical symbols. Most
of the times we simply list them when we present a particular language
as done in the following examples.

Example 1.2. Let Lo = {<} be the language of orderings. This
means that there is only one non-logical symbol, which is a binary
relation symbol.

Example 1.3. We call Lab = {+,−, 0} as the language of abelian
groups. It has one binary function symbol, one unary function symbol,
and one constant symbol.

Example 1.4. LetQ be the field of rational numbers. The language
LQ-vs of Q-vector spaces extends Lab by countably many unary function
symbols; one for each rational number q. We denote such a function
symbol by sq.

Next we define terms of a given language L. They are just certain
finite strings of elements of L; from now on an expression of L means
a finite string of elements of L. Terms will not have meaning yet
either, but one should think them as ‘the simplest functions that can
be expressed in the setting of L’.

Definition 1.5. The terms of a given first order language L are
certain expressions of L that are built as follows:

(1) Variables and constant symbols are terms.

(2) If t1, . . . , tmi
are terms, then so is f

(mi)
i (t1, t2, . . . , tmi

).
(3) Nothing else is a term.

We write L-term in the place of ‘terms of L’.

Note that terms did not make use of relation symbols. They will be
used to define formulas of L.
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Definition 1.6. The formulas of a first order language L are ex-
pressions that are built as follows:

(1) If t1, t2 are terms of L, then t1 = t2 is a formula.

(2) If t1, . . . , tni
are terms of L, then R

(ni)
i (t1, t2 . . . , tni

) is a for-
mula.

(3) If φ and ψ are formulas, then so are (¬φ), (φ → ψ), (φ ∧ ψ),
(φ ∨ ψ), (∀viφ), (∃viφ)

(4) Nothing else is a formula.

As with terms, we simply write L-formula. Also if the language is clear
from the context, we just write formula.

The formulas of the first two kinds will be referred to as atomic for-
mulas.

The reader might have realized that there is a strange thing in this
definition: the use of parentheses in the third item in the definition
of formulas. They seem to be unnecessary, but we need them so that
we do not get unparsable expressions. However, once the formula is
formed, there is no harm in getting rid of the outmost parentheses. So
as a convention, we do this. We have two more similar conventions:
After the formula is formed, we remove parentheses around negations
and quantifiers. For instance, we write (v1 = v2) → (∀v1 ¬v3 = v1),
rather than ((v1 = v2)→ ((∀v1(¬v3 = v1)))).3

We use letters x, y, z for variables; possibly with decorations. This way
we do not have to distinguish which vi we are using.

We write a term t as t(x1, . . . , xn) if the variables occurring in t are
among x1, . . . , xn; if ~x = (x1, . . . , xn) is a tuple of variables, then we
simply write t(~x).

Most of the times, we omit the arities of function and relation sym-
bols. Also we use other letters in the neighborhood of f to denote
function symbols; again with possible decorations. Most of the times,
we use familiar function symbols in the familiar way. For instance, in
a while + will denote a binary function and we write x+ y rather than
+(x, y). Similarly we use letters around R to denote relation symbols
and familiar relation symbols are used; such as <.

Variable Occurrences. A variable x may appear in a formula
with two different roles; after a quantifier (∀, ∃) or not. We would like
to set some notation for these and more.

Consider a formula of one of the forms ∀xφ or ∃xφ. We say that φ is
the scope of ∀x or ∃x. The formula ∀xφ might appear as a subformula
of a more complicated formula; we still say that φ is the scope of ∀x.

3As long as there is no double meaning any convention is fine in the context of
these notes.
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It might happen that ∀x or ∃x appears more than once in a formula.
In that case, we should make sure scope of which one we are talking
about.

Definition 1.7. An occurrence of a variable x in a formula φ is
said to be bound if it is either in ∀x or in the scope of ∀x. Otherwise,
we say that the occurrence is free.

Example 1.8. Let L = {f,R, c} where f is a binary function sym-
bol, R is a binary relation symbol, and c is a constant symbol. Let
x, y, z be distinct variables and let φ be the following L-formula:

R(f(x, c), f(c, y))→ ((∀y(f(x, c) = f(y, c)))→ ¬(∀z(R(f(c, c), f(x, x))))).

All four occurrences of the variable x are free. The first occurrence
of y is free, but the next two occurrences are bound. Finally, the only
occurrence of the variable z is bound.

Consider ∀y φ. Then all the occurrences of y become bound. However,
there is a strange thing happening: The third y in φ seems to be
bound (in ∀yφ) by two different quantifiers. This is not a problem.
Later when we interpret this formula, we will see that the second ∀y is
the one bounding that y and the first one will have no effect on it.

Definition 1.9. A formula in which there are no free occurrences
of any variable is called a sentence.

Sentences are mostly denoted with letters σ, τ, ρ, etc., possibly with
decorations.

2. Semantics

Let L be a language.

Now we start to give meaning to L-formulas. This is done inside a
structure, which we define next.

Definition 2.1. An L-structure M is a nonempty set M with an
interpretation of each of the non-logical symbols of L as follows:

• If f is an n-ary function symbol of L, then fM : Mn → M is
a function,
• If R is an n-ary relation symbol of L, then RM is a subset of
Mn,
• If c is a constant symbol of L, then cM is an element of M .

We will call M in this definition the universe of M; sometimes the
word domain is used. Note how we used the same letter in different
font for the structure and its universe. We will try to keep doing this
in these notes, but there will be some places where it is better use
different letters. We generally write

M = (M, fM1 , . . . , RM1 , . . . , cM1 , . . . )

to denote a structure with the interpretations of symbols exposed.
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Example 2.2. Consider Lo = {<} from above. One quick remark:
Just because the symbol is the ordering symbol, its interpretation does
not have to be an ordering. But it will be! The point is symbols are just
symbols and we choose them to reflect how they will be interpreted.

An example of an Lo-structure is R = (R, <R) where <R is the usual
ordering of real numbers.

In general, we may take any partially ordered set and interpret < as
the ordering.

Example 2.3. Let L = {E}, where E is a binary relation symbol.
Given a set X, we may, for instance, interpret E as an equivalence
relation on X.

Example 2.4. Consider the language Lab = {+,−, 0}. Any abelian
group can be thought of as an Lab-structure. Actually, any group can
be seen as an Lab-structure, but it won’t really be very natural.

Next we interpret terms in a structure. We do this in a somewhat
sloppy way; below we remark about the intricate points and the correct
way of doing this.

Definition 2.5. Let x1, . . . , xn be a list of distinct variables. Let
M be an L-structure and ~a = (a1, . . . , an) ∈ Mn. For terms t whose
variables are among x1, . . . , xn, we define tM(~a) by recursion as follows:

(1) If t is xi, then tM(~a) = ai.
(2) If t is c, then tM(~a) = cM.
(3) If f is an n-ary function symbol, t1, . . . , tm are L-terms, and t

is f(t1, . . . , tn), then

tM(~a) = fM
(
tM1 (~a), . . . , tMn (~a)

)
.

It is not necessary that all of the listed variables appear in t; actu-
ally it is necessary that we allow that, otherwise the recursive definition
cannot work. Also this definition depends on the ordering of variables
x1, . . . , xn. In order to avoid this, we should define tM(~a) for countable
sequences ~a as done in [13]. This detail is very important in an intro-
ductory logic course, but in these notes, we hope that it will always be
clear what we substitute in the place of what.

Once we fix x1, . . . , xn, we think of tM as a function from Mn to
M . After a while, we might not even mention the variables xi.

We save examples of ‘interpretations of terms in structures’ until the
end of the next definition.

Definition 2.6. Let x1, . . . , xn be a list of distinct variables. Let
M be an L-structure, and ~a = (a1, . . . , an) ∈Mn. For formulas whose
free variables are among x1, . . . , xn, we define ~a satisfying that formula
(in M) by recursion as follows:

(1) ~a satisfies t1 = t2 if tM1 (~a) = tM2 (~a).
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(2) ~a satisfies an atomic formula R(t1, . . . , tn) if(
tM1 (~a), . . . , tMn (~a)

)
∈ RM.

(3) ~a satisfies ¬φ if it doesn’t satisfy φ.
(4) ~a satisfies φ→ ψ if either ~a does not satisfy φ or ~a satisfies ψ.
(5) ~a satisfies φ ∧ ψ if ~a satisfy both φ and ψ.
(6) ~a satisfies φ ∨ ψ if ~a satisfy one of φ or ψ.
(7) ~a satisfies ∀yφ if for every b ∈ M , the tuple (a1, . . . , an, b)

satisfies φ.
(8) ~a satisfies ∃yφ if ~a does not satisfy ∀y¬φ.

We can make remarks similar to the remarks about the previous
definition. However, the problems with this definition are even bigger.
In this case, it is really better in terms of preciseness to define satisfia-
bility for countable tuples, but once again for our purposes this is one
is precise enough, and it might even be less confusing.

The most involved part is the seventh one. Since we assume that
the free variables of ∀yφ are among x1, . . . , xn, we know that y is none
of the variables xi. Therefore the list x1, . . . , xn, y is distinct and it
makes sense to talk about its satisfiability by (a1, . . . , an, b) for any
choice of b. However, it is a little bit unsettling that we have talk
about one more number of variables in this recursive definition. Once
again, defining this concept for countable tuples as in [13] would solve
this potential problem.

We denote ~a satisfying φ in M as

M |= φ(~a).

Note that if σ is a sentence, then either any ~a satisfies it or no ~a satisfies
it. So we may talk about a sentence being true inM, without referring
to any tuple from M .

The universal closure of a formula φ whose free variables are among
x1, . . . , xn is ∀x1 · · · ∀xnφ. (Note that our conventions are in action
here.) Clearly, the universal closure of any formula is a sentence. We
write M |= φ to mean that the universal closure of φ is true in M.

2.1. Examples.

Example 2.7. Let’s first consider the language Lo = {<}. First
note that the only Lo-terms are variables since there are no function or
constant symbols. So the only atomic formulas are x = y and x < y.
Let’s write down a few Lo-formulas. Let φ(x, y) be y < x ∨ x = y,
and let ψ(x, y, z) be x < y → (x < z ∧ z < y). So far, these formulas
do not have any meaning. So let’s determine some Lo-structures. Let
M1,M2,M3, andM4 be the Lo-structures whose universes are N, Z,
Q, and R and the interpretation of < in each of these structures is the
usual ordering. It is easy to determine which tuples of elements of these
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structures satisfy φ and ψ. So we will start to place some quantifiers
here and there in φ and ψ. Before doing that note that if m,n ∈ N,
then

M1 |= φ(m,n)⇔M2 |= φ(m,n)⇔M3 |= φ(m,n)⇔M4 |= φ(m,n).

As a matter of fact, the same is true for any Lo-formula without quan-
tifiers. Later in this case we are going to say M1 is a substructure of
each of M2, M3, M4.

Now consider the formula ∃yφ(x, y). The only free variable in this
formula is x, and it is clear that it is satisfied by every element in each
of the structures M1, M2, M3, M4. In other words, the sentence
∀x∃yφ(x, y) holds in each Mi since every element is equal to itself.
How about ∃x∀yφ(x, y)? It is easy to see that does not hold in any of
the Mi, because none of these structures have a ‘largest element’. So
far, we do not have an example of a formula or a sentence that behaves
differently in different Mi. Consider ∃y∀xφ(x, y). This sentence says
that there is a ‘smallest element’. Therefore it holds in M1 and does
not hold in any of the other Mi.

Consider ∀x∀y∃zψ(x, y, z). It is easy to see that his sentence states
that this ordering is ‘dense’. Hence it holds in M3 and M4 and does
not hold in M1 and M2.

Example 2.8. Let’s now consider the language Lab = {+,−, 0}.
We have two function symbols + and −; the former is binary and the
latter unary. Let’s try to understand terms with only one variable x.
It is a good idea to order them according to the number of occurrences
of x. If it does not occur, then terms are constructed by just using the
constant 0. For instance, 0, 0 + 0, −0, (−0) + 0 are terms. One might
think that these are all the same term, but they are not. We will come
back to this issue in a bit. Some examples of terms using x only once
are x+0, x+(0+0), x+(−0), x+((−0)+0), 0+x, (0+0)+x, (−0)+x,
((−0) + 0) + x. We could determine all terms with one occurrence of
x, but there isn’t a very simple way to express them. In general, one
could determine all terms.

Now let’s consider the following Lab-structures:

M1 = (Z,+,−, 0),M2 = (Q,+,−, 0),M3 = (Z/6Z,+,−, 0),

with the natural interpretations of the symbols. We shall see later that
M1 is a substructure of M2, but let’s remark here that in this setting
it just means that Z is a subgroup of Q.

Consider the formula φ(x, y) defined as x = y + y. So in these three
groups φ holds at (a, b) if and only if twice b is a. It is a little bit
more interesting to think about ∃yφ(x, y); let’s call this formula ψ(x).
In these groups –indeed in any abelian group– this formula holds at
a if and only if a is divisible by 2. For instance, M1 6|= ψ(1), but
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M2 |= ψ(1). This means that being a substructure is not really that
strong a property. It is also clear that M3 6|= ψ(1) and M3 |= ψ(2).
One could show that the following sentence holds in all abelian groups:

∀x1∀x2((ψ(x1) ∧ ψ(x2))→ ψ(x1 + x2)).

We could distinguishM1 andM2 by the sentence ∃x¬ψ(x). Actually,
this formula distinguishesM2 andM3 as well. How can we distinguish
M1 and M3? We can just say M3 has 6 elements:

∃x1 · · · ∃x6(
∧

1≤i<j≤6

¬xi = xj ∧ ∀y
6∨
1

y = xi).

Here we used shorthands
∧

1≤i<j≤6

and
6∨
1

. It must be clear what they

mean, so we do not make any more comments about them, and we
keep using similar shorthands in the rest of the text.

Note that changing the formula above a little, for any n > 0, we could
write down a sentence in any first order language that expresses that the
structure has exactly n elements. Also another sentence that expresses
that the structure has at least n elements.

Let’s return to the terms listed above. It is really correct that the
interpretations of those terms in either of M1, M2, M3 are all equal
to the interpretation of the constant symbol 0 in those structures. In a
bit we shall state this more precisely, but let’s observe that inM1 and
M2 the interpretation of any term with variables x1, . . . , xk is equal to
the interpretation of a term of the form n1x1 +n2x2 + · · ·+nkxk, where
nixi is short for the sum of ni many xi’s for positive ni and similarly
is the sum of −ni many −xi’s for negative ni. In M3 we may restrict
the integers ni to vary in {0, 1, . . . , 5}.

A little bit more on terms. Again let L be an arbitrary first or-
der language and let M be an L-structure. We define an equivalence
relation on the set of L-terms using M:

s ∼M t⇐⇒ sM = tM.

This requires a little bit explanation. What does it mean that sM and
tM are equal? It is the equality of functions, but how? Suppose that
s has m variables, t has n variables. Recall that we then think of sM

and tM as functions Mm →M and Mn →M . If, say n ≤ m, then we
may think of tM as a function Mm →M , by considering the last m−n
variables as dummy variables. Note in particular that when we change
a variable in a term with a variable that does not appear in that term,
we get an equivalent term.

We extensively use the following notions.
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Definition 2.9. Let σ be a sentence, φ, ψ formulas, and Γ a set of
formulas.

(1) We say that σ is logically valid if M |= σ for every structure
M. We denote this as |= σ.

(2) We say σ is satisfiable if there is a structure M such that
M |= σ.

(3) φ is logically valid/satisfiable if its universal closure is logically
valid/satisfiable; we still use the notation |= φ.

(4) The set Γ is satisfiable if there is a structure M such that
M |= θ for every θ ∈ Γ; such a structure M is called a model
of Γ, and we write M |= Γ.

(5) The formula φ is a logical consequence of Γ if every model of
Γ satisfies φ. We write Γ |= φ to denote this.

(6) If {φ} |= ψ and {ψ} |= φ, we say that φ and ψ are logically
equivalent.

A sentence σ is logically valid if and only if ¬σ is not satisfiable. Also a
formula φ is satisfiable if there is a structure M such that every tuple
~a from M satisfies φ.

Note that φ and ψ are logically equivalent if and only if φ ↔ ψ is
logically valid.

3. Formal First Order Theories

Before sinking into the depths of model theory, we would like to get
Completeness Theorem out of the way. For that, we need to introduce
the concept of proof. In general, a formal theory has four components:

Alphabet Well-formed formulas Axioms Rules of Inference.

In the case of first order theories, an alphabet is just a first order
language L and the well-formulas are just L-formulas. So it remains to
introduce axioms and inference rules. After that we could define what
a proof in such a formal theory is.

3.1. Axioms. Axioms of an L-theory T are as follows:

(A1) For every pair φ, ψ of L-formulas we have the axiom:

φ→ (ψ → φ)

(A2) For every triple φ, ψ, θ of L-formulas we have the axiom:

(φ→ (ψ → θ))→ ((φ→ ψ)→ (φ→ θ))

(A3) For every pair φ, ψ of L-formulas we have the axiom:

(¬φ→ ¬ψ)→ ((¬φ→ ψ)→ φ)

(A4) If t is a term that is free for a variable x in a formula φ, then
the following is an axiom:

∀xφ→ φ(t/x)
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(A5) If φ is an L-formula that has no free occurrence of a variable
x, then the following is an axiom:

∀x(φ→ ψ)→ (φ→ ∀xψ)

(E1) ∀x x = x
(E2) If φ(x, y) is an L-formula, then the following is an axiom:

∀x∀y(x = y → (φ(x, x)→ φ(x, y)))

(PA) We also have non-logical axioms called proper axioms, which
are just some L-formulas.

The axiom (A4) contains two concepts we haven’t defined yet. First of
all, we say that a term t is free for a variable x in an L-formula φ if no
free occurrence of x in φ lies within the scope of ∀y for some variable
y occurring in t. This is such a complicated looking definition, but one
should think this as no harm is done when we substitute t in the place
any free occurrence of x. When this is the case, the formula obtained
by replacing every occurrence of x in φ by t is denoted as φ(t/x). We
shall use this notation in later contexts as well.

The set of axioms (PA) is just a set of some L-formulas. There might
be none, or there might be infinitely many of them. In our settings,
they will generally be L-sentences. Later when we specify L-theories,
we just state what their proper axioms are as the rest of the axioms are
the same once the language is fixed. We let TL denote the formal first
order L-theory that has no proper axioms; this theory is sometimes
called Predicate Logic (in L).

3.2. Inference Rules. We have two inference rules:

(MP) Modus Ponens: ψ follows from φ→ ψ and φ.
(Genx) Generalization: ∀xφ follows from φ.

The purpose of inference rules will be clear once we define ‘proof’ from
T .

Definition 3.1. Let T be a formal L-theory.

(1) A finite sequence φ1 . . . , φn of L-formulas is called a proof (in
T ), if for each i ∈ {1, . . . , n} the formula φi is either an axiom
or follows from previous formulas in the sequence by some
inference rule.

(2) If there is a proof φ1 . . . , φn from T with φn = φ then φ is
called a theorem (of T ); in this case, we write `T φ.

We simply write `L φ in the place of `TL φ. When the language is
clear from the context or is not important we even write ` φ.

Note that if Γ is a set of L-formulas, then we may add them in the list
of proper axioms and get another formal first order theory; let’s say
TΓ. In this case rather writing `TΓ

φ, we write Γ `T φ. In accordance
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with the previous paragraph, Γ `L φ will mean that φ is a theorem
of the L-theory whose proper axioms are elements of Γ; and again we
sometimes write Γ ` φ.

In general, it is quite hard to determine whether given a formula is a
theorem or not. The following homework shows that this could be hard
even for very simple formulas.

Homework 1.

(1) Show that φ→ φ is a theorem of any first order theory for any
formula φ.

(2) Write down the sentence stating that = is an equivalence re-
lation and show that it is a theorem of every formal first order
theory.

The next result makes the process of finding a proof a little bit easier.
It is a special case of Deduction Theorem; see [13]. We do not prove
it and refer the reader to [13]. This result can be used in solving
homework problems.

Proposition 3.2. Let T be a first-order theory, Γ a set of formulas,
σ a sentence, and ψ a formula. If Γ ∪ {σ} `T ψ, then Γ `T σ → ψ.

Note that the converse is proposition is quite clear from (MP).

We do not wish to discuss more on the concept of formal proofs, and
we would like to directly state Completeness Theorem. There will be
some homework on deducing some statements in a given theory, and if
you wish to learn more we suggest [13], since the notations there are
the same as here.

4. Completeness Theorem

We fix a language L and all concepts below are in reference to L.

Theorem 4.1 (Completeness Theorem – Version 1). For a set Γ
of formulas and a formula φ, we have Γ |= φ if and only if Γ ` φ.

As a matter of fact, it is quite easy to see that if Γ ` φ, then Γ |= φ.
All we need to realize is that axioms are logically valid and Modus
Ponens and Generalization preserve satisfaction of formulas. This part
of the theorem is mostly referred to as Soundness Theorem.

In order to state the second version of Completeness Theorem, we need
the concept of consistency and some fact about it.

Definition 4.2. A set Γ of formulas is inconsistent if there is
a formula φ such that Γ ` φ and Γ ` ¬φ; this is denoted as Γ `.
Otherwise Γ is called consistent.
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Lemma 4.3. A set Γ of formulas is inconsistent if and only if Γ ` ψ
for every ψ.

Proof. It is clear that if Γ proves every formula, then it proves a
formula and its negation. In order to prove the other implication, let
Γ ` φ, Γ ` ¬φ, and let ψ be an arbitrary formula. Since it is an axiom,
Γ proves the formula (¬ψ → φ) → ((¬ψ → φ) → ψ). Similarly, Γ
proves φ → (¬ψ → φ) and ¬φ → (¬ψ → ¬φ). Now by using Modus
Ponens a few times, we get Γ ` ψ. �

Proposition 4.4. Let Γ be set of formulas and φ a formula. Then
Γ ` φ if and only if Γ ∪ {¬φ} is inconsistent.

Proof. It is easy to se that it suffices to prove that Γ ` φ̂ if and
only if Γ ∪ {¬φ̂} is inconsistent, where φ̂ is the universal closure of φ.

Suppose that Γ ` φ̂. Then Γ ∪ {¬φ̂} ` φ̂. But we also have

Γ ∪ {¬φ̂} ` ¬φ̂. Therefore Γ ∪ {¬φ̂} is inconsistent.

Conversely, suppose Γ ∪ {¬φ} is inconsistent. Then by the previous

lemma, Γ∪{¬φ̂} ` φ̂. Using Proposition 3.2, we get that Γ ` ¬φ̂→ φ̂.
We also have

Γ ` (¬φ̂→ ¬φ̂)→ ((¬φ̂→ φ̂)→ φ̂)

and
Γ ` ¬φ̂→ ¬φ̂.

Now using MP twice, we get Γ ` φ̂. �

It is clear from Soundness Theorem that a satisfiable set Γ of formulas is
consistent. Indeed, for a model M of Γ it is not possible that M |= φ
and M |= ¬φ. The second version of Completeness Theorem is the
converse of this.

Theorem 4.5 (Completeness Theorem – Version 2). Every consis-
tent set of formulas is satisfiable.

The following homework asks you to show that the two versions of
Completeness Theorem are indeed equivalent.

Homework 2. Prove that the following are equivalent:

(1) For every set Γ of formulas and formula φ, if Γ |= φ, then
Γ ` φ.

(2) Every consistent set of formulas is satisfiable.

In the next chapter, we study a consequence of Completeness Theo-
rem, namely Compactness Theorem. We shall also study quite a few
applications of Compactness Theorem. Even though we are not pre-
senting a proof of Completeness Theorem, we will outline a proof of
Compactness Theorem not using Completeness Theorem.



CHAPTER 2

Model Theory

1. Basics

We start with introducing some basic notions of to be used repeat-
edly.

Elementary Equivalence. The first concept we introduce is el-
ementary equivalence of two structures. For an algebraically trained
person, this might look a little bit strange since it does not involve
any map between structures and in particular it does not follow that
elementarily equivalent structures have the same cardinality. As a mat-
ter of fact, one the applications of Compactness Theorem is that for a
given structure and cardinal number larger than the cardinality of that
structure, there is a structure of that cardinality which is elementarily
equivalent to the original structure; this result is called Löwenheim-
Skolem Theorem.

Definition 1.1. Two L-structures M and N are elementarily
equivalent if for every L-sentence σ, we have

M |= σ ⇐⇒ N |= σ.

This is denoted as M≡ N .

We leave it as an exercise to show that this is indeed an equivalence
relation on L-structures.1

In Example 2.8 above, we have shown that none of the pairs the struc-
tures M1, M2, M3 are elementarily equivalent to each other. In gen-
eral, in order to show that two structures are not elementarily equiv-
alent, all we have to do is to find a mathematical property which is
expressible in the language that distinguishes them. We may interpret
Löwenheim-Skolem Theorem as stating that cardinality is not express-
ible in any language.

However, it is not very easy to show that two structures are elementarily
equivalent. We will develop some tools in this chapter to be able to do
that.

1This actually does not really make sense as the set of L-structures is not a set,
but it must clear what we mean.

19
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Theories. We have introduced above formal first order theories.
Recall that once the language is fixed, such a theory is determined
by its proper axioms, which is just a collection of formulas. Starting
from now on, an L-theory is a consistent set of L-sentences. So it is
not really very different than a set of sentences, but we just want to
emphasize that it has a model.

An example of a theory is the theory of an L-structure M:

Th(M) := {σ :M |= σ}.
This theory has the nice property that for any L-sentence σ, either σ
or ¬σ is in Th(M). In particular Th(M) proves one and only one of
σ or ¬σ. According to Completeness Theorem, one and only one of σ
or ¬σ is a logical consequence of Th(M). This property has a name:

Definition 1.2. A theory T is called complete if for every σ, either
T |= σ or T |= ¬σ.

Elementary equivalence can be expressed in terms of theories of struc-
tures.

Proposition 1.3. Let M and N be L-structures. Then M ≡ N
if and only if Th(M) = Th(N ).

Proof. Clear. �

For a theory T we define its logical closure as the set of all sentences
that are logical consequences of T :

D(T ) := {σ : T |= σ}.
Once again, it is clear from Completeness Theorem that D(T ) is the set
of L-sentences that can be deduced from T ; that is why we use the letter
D, which is short for deductive closure. The reason for giving these
definitions in terms of truth rather than proofs is that later, we present
a proof of Compactness Theorem, not going through Completeness
Theorem. So it is important that these definitions are independent of
equivalence of truth and provable.

Proposition 1.4. Let T be an L-theory. Then the following are
equivalent:

(1) T is complete.
(2) D(T ) is complete.
(3) for every L-sentence σ, either σ ∈ D(T ) or ¬σ ∈ D(T ).
(4) M≡ N for every M,N |= T .
(5) D(T ) = Th(M) for any model M of T .
(6) D(T ) = Th(M) for some model M of T .

Proof. Exercise. �
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Example 1.5. Consider the theory Tab of abelian groups in the
language Lab; we do not write down the elements of this theory2. It is
clearly consistent as there are groups. However, it is also clear that Tab

is not complete: there exist groups of different cardinalities. So let’s
consider the theory Tab,∞ of infinite abelian groups. This is still not
complete, because of the following sentence:

∀x∃y(x = ny).

Let’s call this sentence as δn. So an abelian group satisfies δn if and
only if it is n-divisible. So let’s consider the theory T ∗ab,∞ of divisible
abelian groups. Stil not complete! Consider the sentence τn defined as:

∃x(x 6= 0 ∧ nx = 0).

An abelian group satisfies τn if and only it contains a nonzero torsion
element. Let’s extend T ∗ab,∞ by adding ¬τn for all n > 0. Below we
prove that this theory is actually complete, and we denote it as DAG.

Reducts and Expansions. Let L ⊆ L∗ be languages. An L∗-
structure M can be naturally considered as an L-structure. Let’s de-
note that structure asM|L∗ . We say thatM|L∗ is the reduct ofM (to
L).

If N is an L-structure that is the reduct of an L∗-structure, say
N ∗, then we say that N ∗ is an expansion of N . Note that reduct of
structure is unique, but there may be many natural ways to expand a
structure.

Example 1.6. Let Lor = {+, ·,−, <, 0, 1} be the language of or-
dered rings and let R = (R,+, ·,−, <, 0, 1) be a structure in that lan-
guage. Then we way take the reduct of R to Lab. Namely, (R,+,−, 0).

2. Compactness Theorem

As promised in the previous chapter, we study Compactness Theo-
rem. This theorem is bread and butter of a model theorist.

Theorem 2.1 (Compactness Theorem). Let Γ be a set of L-sentences.
Then there Γ has a model if and only if every finite subset of Γ has a
model.

Proof. It is clear that if Γ has a model, then that model is a model
of any subset of Γ. So let’s assume that every finite subset of Γ has a
model and show that Γ itself has a model.

Suppose not. Then by the second version of the Completeness Theo-
rem, Γ is inconsistent. This means that there is an L-sentence σ such
that Γ ` σ and Γ ` ¬σ. In both cases, the proofs involve only finitely
many hypotheses from Γ. Therefore there is a finite subset of Γ which
is inconsistent. But then using the second version of the Completeness

2Actually, it can be taken to contain only one sentence.
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Theorem on the reverse direction, we get that that finite subset of Γ
does not have a model, contradicting the assumption. Hence Γ has a
model. �

Remark. There is a possible confusion about Compactness The-
orem akin to the usual confusion in the proof of infinitude of primes
that is attributed to Euclid. Namely, the models of finite subsets of Γ
might not be models of Γ. Actually, generally they are not, otherwise
we probably do not need the Compactness Theorem. The next exam-
ple illustrates this; none of the models of the finite parts work for our
purposes.

Example 2.2. Consider the structure R = (R,+, ·,−, <, 0, 1) in-
troduced above. We will show that there is R∗ that is elementarily
equivalent to R and there is α ∈ R∗ which is positive and less than
any 1/n for any n > 0. Obviously, there is no such element in R, and
it might sound like this contradicts elementary equivalence of R and
R∗. However, it only shows that existence of such an element cannot
be expressed with an Lor-sentence.

Let L∗ = Lor ∪ {c} where c is a new constant symbol. Consider the
following set of L∗-sentences:

Γ := Th(R) ∪ {0 < c} ∪ {c < 1

n
: n > 0}.

Note that if R∗c = (R∗,+, ·,−, <, 0, 1, cRc) is a model of Γ, then its
reduct R∗ = (R∗,+, ·,−, <, 0, 1) to Lor satisfies the condition we ask
for with α = cRc .

So we need to show that any finite subset ∆ of Γ has a model. Write
∆ = ∆1∪∆2, where ∆1 ⊆ Th(R) and ∆2 ⊆ {0 < c}∪{c < 1

n
: n > 0}.

Since ∆2 is finite, it is subset of {0 < c}∪{c < 1
1
, c < 1

2
, . . . , c < 1

N
} for

some N > 0. Now it is clear that (R,+, ·,−, <, 0, 1, 1
N+1

) is a model of
∆.

Note that the universe of the models of each finite subset of Γ is R. So
none of those structures can be a model of Γ.

The first application of the Compactness Theorem is that we can find
arbitrarily large models of a consistent sets of sentences.

Theorem 2.3 (Upward Löwenheim-Skolem Theorem). Let Γ be a
theory that has an infinite model, and let κ be a cardinal number. Then
there is a model M of Γ with |M | ≥ κ.

Proof. Let C be a set of cardinality κ disjoint from L. We add
elements of C to L as constant symbols to get the language L′. Consider
the following set of L′-sentences:

Γ′ = Γ ∪ {¬c = d : c, d ∈ C, c 6= d}.
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Clearly it suffices to show that Γ′ has a model. So let ∆ be a finite
subset of Γ′. Then only finitely many sentences of the form ¬c = d
appear in ∆. Taking an infinite model of Γ, we may interpret the new
constants in a way that all those sentences are correct. So ∆ has a
model and consequently so does Γ′. By construction that model has
cardinality at least κ and is indeed a model of Γ. �

3. Another Proof of Compactness Theorem

We now outline a proof of Compactness Theorem that does not go
through Completeness Theorem. Assuming that every finite subset of
Γ has a model, we actually construct a model of Γ. This procedure is
called Henkin Construction.

A set Γ of L-sentences is called finitely satisfiable if every finite subset
of it is satisfiable. So we assume Γ is finitely satisfiable and show that
it is satisfiable. The proof is based on two results. We demonstrate
only a sketch of those results. Before presenting them, we first would
like to give an idea on what the model to be constructed looks like. Let
T be the set of L-terms that do not contain any variables, and define
the following equivalence relation on it:

s ∼Γ t⇐⇒ Γ |= s = t.

Now putMΓ := T / ∼Γ. We construeMΓ as an L-structure as follows:

fMΓ(t1/ ∼, . . . , tm/ ∼) = f(t1, . . . , tm)/ ∼,

(t1/ ∼, . . . , tn/ ∼) ∈ RMΓ ⇐⇒ Γ |= R(t1, . . . , tn),

cMΓ = c/ ∼ .

It is straightforward to check that MΓ is indeed an L-structure this
way; the only problem is that the definitions above can really be made3

The following is also straightforward.

Homework 3. Let σ be a quantifier-free sentence. Show that
MΓ |= σ if and only if Γ |= σ.

Note that a sentence being quantifier-free means that it does not con-
tain any variables.

If the homework above could have been proven for all sentences, then
we would be done, since in that case, MΓ would be a model of Γ.
Not only that this is too good to be true, but also there is a bigger
problem. If the language does not contain any constant symbols, then
T and hence MΓ would be the empty set, and we do not allow empty
set as the universe of a structure. This might look like a small problem,
but it is part of a much larger problem. Below we will see this under
the name of ‘witness property’.

3In other words, they are well-defined.
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The first result to be used in the proof is the following.

Proposition 3.1 (Lindenbaum’s Lemma). Let Γ be a finitely sat-
isfiable set of L-sentences. Then there is a finitely satisfiable, complete
set Γ∗ of L-formulas containing Γ such that for every L-sentence σ if
Γ∗ |= σ, then σ ∈ Γ∗.

Recall the concept D(Γ∗) of logical closure of Γ∗: a sentence σ is in
D(Γ∗) if and only if Γ∗ ` σ. So if we assume Completeness Theorem,
then the last property of Γ∗ in this proposition could have been written
as D(Γ∗) = Γ∗. We do not need to assume this and we don’t. We refer
to sets of formulas with this property as deductively closed .

The idea of the proof of Lindenbaum’s Lemma is to keep adding one of
σ or ¬σ if neither of them is already added. Of course, sometimes we
may add either of them, but most of the times, it is determined which
one to add. For instance, it could happen that ¬¬σ is already added.

Using Lindenbaum’s Lemma, we may always enrich a given finitely
satisfiable set of sentences to a complete and deductively closed set of
sentences by keeping finite satisfiability. The next result is that we may
enrich it to satisfy even a stronger property. This property is that if
Γ |= ∃xφ(x), then there is t ∈ T such that Γ |= φ(t); hence φ(t) ∈ Γ if Γ
is deductively closed. This will be called the witness property, because
we are witnessing the truth of an existential formula by a very special
kind of term. Going back to the problem aboutMΓ mentioned above,
we see that if Γ has the witness property, thenMΓ is not empty, since
Γ |= ∃x(x = x). Of course, the witness property is much more than
this. Note also that this cannot be achieved without extending the
language as well.

Proposition 3.2. Let Γ be a finitely satisfiable set of L-sentences.
Then there is a language L∗ extending L by constant symbols, and
a finitely satisfiable, complete, deductively closed set Γ∗ ⊇ Γ of L∗-
sentences that has the witness property.

Using Lindenbaum’s Lemma, we may assume that Γ is deductively
closed and complete. Suppose that ∃xφ(x) is a logical consequence of
a finitely satisfiable theory Γ. Let L′ = L∪{ca} and let Γ′ = Γ∪{φ(ca)}.
It is clear then that Γ′ has a witness for this particular formula ∃xφ(x),
and it can easily be shown that Γ′ is still finitely satisfiable. Actually,
this can be done simultaneously for all formulas of the form ∃xφ(x)
by extending L to L1 by adding constant symbols and by extending
Γ to Γ1 by adding existential formulas. After doing this, we may lose
completeness and deductive closedness. So we apply Lindenbaum’s
Lemma once again. So we apply Lindenbaum’s Lemma on the even
steps and adding constants and existential formulas procedure on the
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odd steps. Then one may show that after countably many steps this
procedure gives Γ∗ as desired.

Proof of Compactness Theorem. Suppose that Γ is finitely
satisfiable. Using Proposition 3.2, construct the language L∗ and finitely
satisfiable, complete, deductively closed Γ∗ ⊇ Γ that has witnesses. We
claim that MΓ∗ is a model of Γ∗. We prove by induction on the com-
plexity of sentence that for an L∗-sentence σ we have

σ ∈ Γ∗ ⇐⇒MΓ∗ |= σ.

By Homework 3 above, we know this for all quantifier-free sentences,
in particular this is the case for atomic formulas. The sentences ob-
tained by ¬,→,∧,∨ from simpler sentences clearly satisfy this as well.
The sentences of the form ∀xφ(x) is logically equivalent to ¬∃x¬φ(x).
Therefore it is enough to consider sentences of the form ∃xφ(x).

Note that

MΓ∗ |= ∃xφ(x)⇐⇒MΓ∗ |= φ(t/ ∼) for some t ∈ T
⇐⇒ φ(t) ∈ Γ∗ for some t ∈ T

Since ∃xφ(x) is a logical consequence of φ(t), ifMΓ∗ |= ∃xφ(x), then we
get ∃xφ(x) ∈ Γ∗. Conversely, if ∃xφ(x) ∈ Γ∗, then by witness property,
there is t ∈ T such that φ(t) ∈ Γ∗. By the equivalences above we get
MΓ∗ |= ∃xφ(x). �

Note that the language L∗ obtained in Proposition 3.2 has the same
cardinality as L4. Therefore the model M∗

Γ constructed in the proof
of Compactness Theorem has at most as many elements as L. This
proves the following.

Theorem 3.3 (Downward Löwenheim-Skolem). Suppose that Γ is
an L-theory. Then there is a model of Γ of cardinality at most |L|.

Putting the two Löwenheim-Skolem Theorems and Completeness The-
orem together we get the following consequence.

Corollary 3.4. Let Γ be a set of L-sentences that has an infinite
model and let κ ≥ |L| be a cardinal number. Then Γ has a model of
cardinality κ.

Proof. Let C a set of cardinality κ disjoint from L, and let L′ =
L ∪C, where elements of C are added as constant symbols. Note that
L′ has cardinality κ. Then by the proof of Theorem 2.3, there is a
model of

Γ′ = Γ ∪ {¬c = d : c, d ∈ C, c 6= d}.

4Recall that every language contains at least countably many variables, hence
is always infinite.
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So applying Theorem 3.3, Γ′ has a model M of cardinality at most
|L′| = κ. However models of Γ′ has at least κ many elements. Therefore
M has cardinality exactly κ. �

4. Maps Between Structures

Let L be a language and M and N be L-structures. A function
F : M → N is called a homomorphism if the following hold for every
n-ary function symbol f , n-ary relation symbol R, constant symbol c
and ~a = (a1, . . . , an) ∈Mn :

(1) F (fM(~a)) = fN (F (~a)),
(2) If ~a ∈ RM, then F (~a) ∈ RN ,
(3) F (cM) = cN .

(Here and later, F (~a) = (F (a1), . . . , F (an)).)

We sometimes write ‘F :M→N is a homomorphism’.

Note that we only require that F (RM) ⊆ RN . Sometimes a homomor-
phism that has equality here instead of inclusion for every R is called a
strong homomorphism. However, we do not need this definition except
for the next definition: A strong homomorphism that is also injective
is called an embedding . If an embedding is also surjective, then it is
called an isomorphism. If there is an isomorphism between two struc-
turesM and N , then we say that they are isomorphic, and we denote
this asM' N . An isomorphism of a structureM with itself is called
an automorphism.

Homework 4. Let F : M → N be a homomorphism of L-
structures and let t be an L-term whose variables are among x1, . . . , xn.
Show that for any ~a = (a1, . . . , an) ∈Mn, we have

tN (F (~a)) = F (tM(~a)).

Homework 5. Show that L-isomorphism gives an equivalence
relation on the class of L-structures. 5

Homework 6. Show that the set of automorphisms of a structure
forms a group with composition as the group operation.

Suppose that M and N are structures such that M ⊆ N . If the
inclusion map M → N is an embedding, then we say that M is a
substructure of N and we denote this as M⊆ N .

5Once again, this does not exactly make sense, but it is clear what is meant.
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Example 4.1. Let’s study these concepts in structures of more al-
gebraic content. Let Lr = {+, ·,−, 0, 1}, where +, · are binary function
symbols, − is a unary function symbol, and 0, 1 are constant symbols.

We may interpret N, Z, Q, R, and C as Lr-structures in a natural
way, and all excepts C are naturally Lor-structures. Moreover, the
smaller ones are substructures of bigger ones. However, they are not
elementarily equivalent to each other.

Homework 7. Suppose that M ⊆ N , and let σ be a sentence
that does not have any occurrence of ∀ or ∃. Show thatM |= σ if and
only if N |= σ.

Homework 8. Show that if M' N , then M≡ N .

A stronger type of a function is defined as follows.

Definition 4.2. An embedding f : M→ N is called an elemen-
tary embedding of for every formula φ(~x) and ~a ∈Mn we have

M |= φ(~a)⇐⇒ N |= φ(f(~a)).

A substructure M of N is called an elementary substructure if the
inclusion map is an elementary embedding; this is denoted asM� N .

It is clear that ifM� N , thenM≡ N . However, the converse is not
correct.

Homework 9. Find two structuresM and N such thatM⊆ N
and M≡ N , but M � N .

5. Categoricity

It is somehow6 important that a theory has a single model of a given
cardinality; so we give it a name.

Definition 5.1. Let κ be a cardinal number and let L be a lan-
guage with |L| ≤ κ. An L-theory T with infinite models is called
κ-categorical if any two models of cardinality κ are isomorphic.

Example 5.2. A well-known theorem of Cantor states that any
two countable densely ordered sets without end points are isomorphic.
This is to say that the the following theory, denoted as DLO, expressed
in the language Lo, is ℵ0-categorical:

• < is a linear (total) ordering:
– ∀x¬x < x
– ∀x∀y(x < y → ¬y < x)
– ∀x∀y∀z((x < y ∧ y < z)→ x < z)
– ∀x∀y(x = y ∨ x < y ∨ y < x)

6See Theorem 5.4 below.
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• The ordering is dense: ∀x∀y(x < y → ∃z(x < z ∧ z < y))
• The ordering has no end points: ∀x∃y(x < y) ∧ ∀z∃w(w < z)

Homework 10. Prove Cantor’s Theorem.

Example 5.3. Now let’s consider the Lab-theory that consists of
the following sentences:

• Abelian group axiom(s); we are not going to write down this
sentence(s).
• ∃x x 6= 0.
• For each n > 0, the following axiom: ∀x∃yx = ny.
• For each n > 0, the following axiom: ¬∃x(x 6= 0 ∧ nx = 0).

The second item is not one axiom, but infinitely many axioms; such
things are sometimes called axiom schemes. First two parts state that
the models need to be divisible abelian groups. Similarly the last part
is an axiom scheme and added on top the previous parts it says that
models are torsion-free. This theory is called the theory of divisible
torsion-free abelian groups, and it is denoted as DAG.7

It is easy (and standard) to see that models of DAG are exactly nonzero
Q-vector spaces. Note that Q-vector spaces are generally considered in
a different language; namely LQ-vs. However, this is not our concern.
So models of DAG have Q-bases and hence Q-dimensions. We also
know that two Q-vector spaces are isomorphic if and only if they have
the same dimension. Now it requires a little bit thought, but it is not a
very complicated thing that the dimension of an uncountable model of
DAG is the same as its cardinality. As a result, DAG is κ-categorical
for all uncountable κ.

Homework 11. Show that DAG is not ℵ0-categorical.

Homework 12. Let p be either 0 or a prime.

(1) Write down the theory of “algebraically closed fields of char-
acteristic p” in the language Lr := {+, ·,−, 0, 1}. Denote this
theory as ACFp

(2) Show that ACFp is not ℵ0-categorical.
(3) Show that ACFp is κ-categorical for all uncountable κ.

(Hint: Transcendence degree.)

Theorem 5.4 ( Loś-Vaught Test). Let κ be a cardinal number and
L a language of cardinality at most κ. Also let T be a κ-categorical
theory that does not have finite models. Then T is complete.

7Unfortunately being torsion-free is not reflected in the notation.



5. CATEGORICITY 29

Proof. LetM andN be models of Γ. By Proposition 1.4, we need
to show thatM≡ N . By Corollary 3.4 both Th(M) and Th(M) have
models of cardinality κ; say M′ and N ′ respectively. Note that M′

and N ′ are models of T as well. So by categoricity assumption, we get
M′ ' N ′. So M′ ≡ N ′ by Homework 8. Therefore

M≡M′ ≡ N ′ ≡ N .

�

Corollary 5.5. The theories DLO, DAG, and ACFp are com-
plete.

We close this section with an application of Compactness Theorem
involving ACF0. This is a special case of a theorem of J. Ax in [1].
Later, we will give another proof this result as direct consequence of
Lefschetz Principle.

Theorem 5.6. Every injective polynomial map f : Cn → Cn is
surjective.

Proof. Suppose that this is not correct and let f = (f1, . . . , fn)
be a counterexample. For each i, let di be the (total) degree of fi. So
we may write fi as follows:

fi =
∑
|~j|≤di

ai~j
~X
~j,

where ~X = (X1, . . . , Xn) is an n-tuple of indeterminates, ~j = (j1, . . . , jn)

runs through Nn, with |~j| = j1 + · · ·+ jn, and ~X
~j denotes the product

Xj1
1 X

j2
2 · · ·Xjn

n .

Fix a finite set J of multi-indices ~j such that –possibly after adding

some ai~j = 0– we have fi =
∑

~j∈J ai~j
~X
~j.

Let σ be the following Lr-sentence

∃
i∈[n],~j∈J

xi~j

((
∀y1 · · · ∀yn∀z1 · · · ∀zn

n∧
i=1

∑
~j∈J

xi~j~y
~j =

∑
~j∈J

xi~j~z
~j → ~y = ~z

)
∧

(
∃s1 · · · ∃sn∀t1 · · · ∀tn

n∨
i=1

∑
~j∈J

xi~j~t
~j 6= si

))
.

Then C |= σ, and hence by completeness of ACF0, we have ACF0 |= σ.
Using Compactness Theorem, there is a finite subset Γ of ACF0 with
Γ |= σ. Note that there is N > 0 such that for every prime p > N
we have ACFp |= Γ, hence ACFp |= σ. So Fp |= σ. Then there is an

injective polynomial map f : Fnp → Fnp which is not surjective. Take

~α ∈ Fnp that is not in the image of f .
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Let F be subfield of Fp that is a finite extension of Fp such that ~α ∈ F n

and f ∈ F [ ~X]. Note that f maps F n to F n and f |Fn is still in-
jective and not surjective as ~α ∈ F n. However, F is a finite field,
hence every injective map from F n to itself must be surjective. This
is a contradiction, so every injective polynomial map f : Cn → Cn is
surjective. �

6. Definable Sets

LetM be an L-structure. We consider formulas of the form φ(~x,~a)
where as usual ~x is a tuple of variables, and ~a is a tuple of elements
of M . It is clear what this formula should mean, but to be precise it
is not an L-formula. In order to do this correctly, let A be a subset
of M . Let LA be the language obtained by augmenting L by a new
constant symbol for each element of A. We may than expand M to
an LA-structure by interpreting a new constant symbol as the element
it names. We do not distinguish the constant symbol and its interpre-
tation. Sometimes we denote this expansion as MA, but most of the
times we simply write M. Now φ(~x,~a) is just an LA-formula, where ~a
is just a tuple of constant symbols naming elements of A. Sometimes
we suppress ~a and simply say φ(~x) is an LA-formula.

Given an LM -formula φ(~x) we let

φ(M) := {~b ∈Mn :M |= φ(~b)}.

A set of this form is called a definable set ; in this case we say that it
is defined by φ. If we want to emphasize the parameters used, then
we say that a set is definable over A or A-definable provided that it is
defined by an LA-formula.

Obviously, ∅ andMn are definable sets. It is also clear that definable
sets are closed under Boolean combinations. This means that if X, Y
are definable sets, then so are X ∪ Y , X ∩ Y , X \ Y . Also logically
equivalent formulas define the same sets.

A function f : X →M is called definable if its graph

Γ(f) :=
{

(x, f(x)) ∈Mn+1 : x ∈ X
}

is a definable set. Note that this forces X to be definable.
In general, it can be very hard to analyze definable sets in a given

structure. For this purpose, it is crucial to find good representatives for
formulas in the sense of logical equivalence. For instance, it could hap-
pen that inM, every formula is equivalent to a formula in which neither
∀ nor ∃ occurs; such formulas are called quantifier-free. If that is the
case, then each formula is a Boolean combination of formulas of atomic
formulas. Recall that they are formulas of the form R(t1, . . . , tm) for
an m-ary relation symbol R and terms t1, . . . , tm. So it boils down to
understanding terms.
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Let us make this a little bit more precise. Let T be an L-theory. We say
that T eliminates quantifiers or has quantifier-elimination if for every
L-formula φ(~x), there is a quantifier-free L-formula ψ(~x) such that

T |= ∀~x(φ(~x)↔ ψ(~x)).

In the previous paragraph, we were talking about definable sets in
a structure, and here we start to talk about theories. First of all,
it is easier to express this in terms of formulas and this is really a
more general approach. We say that an L-structure M has quantifier
elimination if Th(MM) has quantifier elimination. Note that Th(MM)
is a theory in the language LM .

Note that having quantifier-elimination heavily depends on the lan-
guage. Indeed, by enriching the language, one may obtain quantifier-
elimination, but then the terms will be quite complicated. This process
is called Morleyization, and we prefer not to get into the details.

We finish the discussion of quantifier-elimination for the moment, by
stating some facts. The proofs of these require developing some more
methods. As we do not want to turn this course into a model theory
course, we skip them. They can be found in [16] or [19].

Fact 6.1. The theories DLO, DAG, ACFp have quantifier-elimina-
tion.

Actually, the (incomplete) theory ACF of algebraically closed fields
also has quantifier-elimination. We sketch a proof of this in the next
section, assuming a model theoretic fact.

Fact 6.2. Let L∗ab be language extending Lab by a unary relation
symbol Dn for each n > 0. Let Z be the expansion of (Z,+,−, 0) to an
L∗ab-structure by interpreting Dn as nZ. Then Z eliminates quantifiers.

Fact 6.3. Let Loab be language extending Lab by a binary relation
symbol>, and let DAOG be the Loab-theory of densely ordered divisible
abelian groups. Then DOAG eliminates quantifiers.

Note that the Lab-reduct of a model of DAOG is a model of DAG.

Fact 6.4 (Tarski-Seidenberg Theorem). The Lor-structure R =
(R,+, ·,−, 0, 1, <) eliminates quantifiers.

Note that< is definable in the Lr-structure (R,+, ·,−, 0, 1) since the
non-negative elements of reals are precisely the squares. So they have
more the same definable sets. However, the structure (R,+, ·,−, 0, 1)
does not eliminate quantifiers, because the definition of < has quanti-
fiers and they cannot be eliminated. The Lr-theory of (R,+, ·,−, 0, 1)
is axiomatized as the theory of real closed fields.

Generally, Th(R,+, ·,−, 0, 1, <) is denoted as RCF. Hence we may
restate the fact above as “RCF has quantifier elimination”.8

8This is not precisely correct; we leave it to the reader why.
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Later we shall use some of these facts to obtain examples of o-minimal
structures.

A notion slightly weaker than having quantifier-elimination is being
model complete.

Definition 6.5. A theory T is model complete if for any two models
M and N with M⊆ N , we have M� N .

Homework 13. Show that the following are equivalent:

(1) T is model complete.
(2) Any formula whose free variables are among ~x is equivalent in

T to a formula of the form ∃~yφ(~x, ~y), where φ is a quantifier
free formula.

(3) For any two models M ⊆ N , any quantifier free formula
φ(~x, ~y), and ~a ∈Mn we have

M |= ∃~yφ(~a, ~y)⇐⇒ N |= ∃~yφ(~a, ~y).

Proposition 6.6. If an L-theory has quantifier elimination, then
it is model complete.

Proof. It is clear from the homework above. �

6.1. Definable families and sections.

Definition 6.7. Let X ⊆ Mn × Mk be a definable set and let
~b ∈Mk. The section of X over ~b is

X~b := {~a ∈Mn : (~a,~b) ∈ X}.

For a definable set Y ⊆ Mk, the collection (X~a)~a∈Y is called a family
of definable sets.

If (X~a)~a∈Y is a definable family, then

X =
⋃

~a∈π(X)

{~a} ×X~a

where π : Mn+k → Mk the projection onto the last k coordinates.
More generally, for a subset Z of Y , we have

π−1(Z) ∩X =
⋃
~a∈Z

{~a} ×X~a.

7. More on ACF

We give a proof of QE for ACF by assuming the following.

Proposition 7.1. Let T be an L-theory. Suppose that for any
M,N |= T the following holds:

For any common substructure A of M and N and quantifier-free
LA-formula φ(y) we have M |= ∃yφ(y) if and only of N |= ∃yφ(y).
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Then T has quantifier elimination.

Theorem 7.2. The Lr-theory ACF has quantifier elimination.

Proof. Let K,L be algebraically closed fields with a common sub-
ring A. By taking algebraic closures in K and L of the fraction field
of A, we may assume that A is algebraically closed. Note then that K
and L have the same characteristic.

Now let φ(y) be an LA-formula and let K |= φ(α) for some α ∈ K. We
would like to find β ∈ L with L |= φ(β).

We know that φ(y) is logically equivalent to a formula of the form
m∨
i=1

n∧
j=1

φij(y),

where φij(y) is either pij(y) = 0 or pij(y) 6= 0 for a polynomial pij(y)
with coefficients from A.

For our purposes we may assume that φ is actually of the form
n∧
j=1

φj(y).

This can be written as
m∧
j=1

pj(y) = 0 ∧
n∧

j=m+1

pj(y) 6= 0.

For some polynomials p1, . . . , pn ∈ A[y].

If m 6= 0, then α ∈ A since A is an algebraically closed field, and hence
α ∈ L. Thus we may assume that φ is of the form

n∧
j=1

pj(y) 6= 0.

Since α satisfies these inequalities, each pj is a nonzero polynomial,
hence has finitely many roots. Therefore we may find β ∈ L satisfying
φ. �

By Proposition 6.6, we know that ACF is model complete. This
gives another proof of its completeness of ACFp: Let K,L be alge-

braically closed field of characteristic p. Then Fp9 is a common sub-
structure of K and L, which happens to be a model of ACFp as well.
Therefore Fp � K and Fp � L. Hence K ≡ L. Note that this idea
can be used to prove that if T is model complete and T has a model
that embeds in every model of T , then T is complete. Indeed, this
observation is the reason for the expression model complete.

9We set F0 = Q.
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One may think of completeness of ACF0 as Lefschetz Principle. This
also gives a Local-global Principle as follows.

Theorem 7.3. Let σ be an Lr-sentence. Then the following are
equivalent.

(1) C |= σ.
(2) K |= σ for some algebraically closed field of characteristic 0.
(3) ACF0 |= σ.
(4) There is N > 0 such that ACFp |= σ for all p > N .
(5) ACFp |= σ for infinitely many primes p.
(6) There are infinitely many primes p such that there is a model

of ACFp in which σ holds.

Proof. Equivalence of (1), (2), (3) is just completeness of ACF0,
and equivalence of (5) and (6) is just completeness of ACFp.

((3) ⇒ (4)) Suppose ACF0 |= σ. Then ACF0 ∪{σ} has no model and
by Compactness Theorem Γ ∪ {¬σ} has no model for a finite subset
of ACF0. Then Γ |= σ and for large enough p we have ACFp |= Γ.
Therefore ACFp |= σ for large enough p.

((4)⇒ (5)) This is clear.

((5) ⇒ (3)) Assume that ACFp |= σ for all p > N . If it were the case
that ACF0 6|= σ, then ACFo |= ¬σ since ACF0 is complete. But then
by (3) ⇒ (4), we would have ACFp |= ¬σ for large enough p, which
contradicts with our assumption. So ACF0 |= σ. �

We now prove an abstract result, which will help us to prove a stronger
local-global principle. We need to introduce two concepts for this re-
sult.

Let L be a language. An L-formula of the form ∀x1 · · · ∀xm∃y1 · · · ∃ynφ
where φ is a quantifier-free L-formula is called a ∀∃-formula.

Let Mn be an L-structure for each n > 0 such that Mm ⊆ Mn for
m ≤ n. In this case we say that (Mn)n>0 is a chain of L-structures.
When (Mn)n>0 is a chain, then the union

⋃
n>0Mn can be endowed

with an L-structure in a natural way; we shall denote it as
⋃
n>0Mn.

Proposition 7.4. Let (Mn)n>0 be a chain and let σ be a ∀∃-
formula such that Mn |= σ for all n > 0. Then

⋃
n>0Mn |= σ.

Proof. Exercise. �

This result has many other applications, but we do not elaborate on
them.

Theorem 7.5. Let σ be a ∀∃-sentence in the language Lr of rings.
If σ holds in every finite field, then ACF |= σ.
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Proof. Recall that for any prime p we have Fp =
⋃
n>0 Fpn . There-

fore Fp |= σ by Proposition 7.4. Using Theorem 7.3, we get ACF |=
σ. �

This gives another proof of Ax’s Theorem (namely Theorem 5.6): For
each d ≥ 0 and n > 0, there is an Lr-term tdn(x1, . . . , xm, y1, . . . , yn)
such that for any field K any polynomial in indeterminates Y1, . . . , Yn
of total degree at most d is of the form tdn(a1, . . . , am, Y1, . . . , Yn) for
some a1, . . . , an ∈ K. Using this term, we may express that “every
injective polynomial map Cn → Cn of total degree d is surjective” in
the language Lr as a ∀∃ the sentence, say σdn. We would like to show
that C |= σdn. By Theorem 7.5, we even have ACF |= σdn since every
finite field satisfies σnd.





CHAPTER 3

o-minimal Structures

1. Ordered Structures

In this chapter all the languages contain a binary relation symbol
<. Moreover, in every structure, the interpretation of this symbol will
be a dense linear ordering of that structure with no end points. In
other words the reduct of every structure to the language {<} will be
a model of DLO. As a result all the theories are extensions of DLO.

We show structures as M = (M,<, . . . , ) and call them ordered struc-
tures. For notational reasons we define M∞ := M ∪ {−∞,∞} and we
order it in the most natural way: −∞ is smaller than all the elements
of M and ∞ is larger than all the elements of M . We may form inter-
vals (a, b), where a, b ∈ M∞, and such intervals provide an open basis
for a topology on M . In other words we endow M with the topology
whose open sets are arbitrary unions of intervals. We also put product
topology on Mn for each n > 0. Therefore a basis for the topology on
Mn consists of boxes as below:

B(~a,~b) := {~x ∈Mn : ai < xi < bi for i = 1, . . . , n},

where ~a,~b ∈Mn with ai < bi for all i.

We reserve the word interval for open intervals as above. Other kinds
of intervals will be referred to as closed intervals or half open/closed
intervals.

Given subset X of Mn, we make the following usual definitions of
closure and interior :

y ∈ cl(X)⇔ every open U containing y contains a point of X,

y ∈ int(X)⇔ there is an open U ⊆ X containing y.

We also define the boundary and the frontier of a set X:

bd(X) := cl(X) \ int(X), fr(X) := cl(X) \X.

These definitions are totally topological; meaning that they are
generally given for abstract topological spaces. In our case they can be
expressed in terms of intervals. For instance, for X ⊆M we have

y ∈ bd(X)⇔ every interval containing y meets both X and M \X.

37
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Proposition 1.1. Suppose that X ⊆ Mn is definable in M =
(M,<, . . . ). Then cl(X), int(X), bd(X), and fr(X) are also definable
in M.

Proof. First, note that it is enough to show that cl(X) and int(X)
are definable.

Let φ(~x) define X. Then cl(X) is defined by the following formula:

∀y1 · · · ∀yn∀z1 · · · ∀zn(
n∧
i=1

yi < xi < zi → ∃t1 · · · ∃tn(φ(~t)∧
n∧
i=1

yi < ti < zi))

We leave writing down the formula defining int(X) as an exercise.
�

Proposition 1.2. Let X ⊆ Y ⊆ Mn be definable in an ordered
structure M. Suppose that X is open in Y ; that is X = Y ∩ U for
some open subset U of Mn. Then X = V ∩ Y where Y ⊆ Mn is open
and definable in M.

Proof. Let φ(~x) and ψ(~x) define X and Y respectively. The set
V defined by the following ~x-formula works:

∃~a∃~b(~x ∈ B(~a,~b) ∧ ∀~z((~z ∈ B(~a,~b) ∧ ψ(~z))→ φ(~z))).

�

2. Definition and Basics

Definition 2.1. An ordered structureM = (M,<, . . . ) is o-minimal
if every definable subset of M is a finite union of points and intervals.

We first observe some obvious topological facts about o-minimal
structures.

Proposition 2.2. Let M = (M,<, . . . ) be o-minimal.

(1) For every definable X ⊆M , there is a ∈M∞ such that a ≤ x
for all x ∈ X and it is the maximal such element in the sense
that if b ≤ x for all x ∈ X, then b ≤ a. We call this element
as the infimum of X and it is denoted as inf(X).

(2) For every definable X ⊆M , there is a ∈M∞ such that x ≤ a
for all x ∈ X and it is the minimal such element in the sense
that if x ≤ b for all x ∈ X, then a ≤ b. We call this element
as the supremum of X and it is denoted as sup(X).

Consider the example (Q, <); we will show in a bit that this structure
is indeed o-minimal. No interval in this structure is connected: take
t ∈ R \ Q from the interpretation of that interval in R. Then we can
separate the original interval into two parts as left and right of t. The
point here is that this separation is not done in a definable way in
(Q, <) and this motivates the next definition.
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Definition 2.3. Let X be a set definable in an o-minimal structure
M. We say that X is definably connected if there are no nonempty open
subsets U, V of X that are definable in M such that U ∩ V = ∅ and
U ∪ V = X.

This definition makes sense in any ordered structure, but from now
on most of our structures are o-minimal. So we just defined it in that
case.

Note that intervals are indeed definably connected in an o-minimal
structure. This is not correct in general. For instance, consider the
structure (Q, <, (0,

√
2)∩Q), where (0,

√
2)∩Q is the interpretation of

a unary relation symbol. Then (0, 2) ∩Q is not definably connected.

It is easy to see that all the definably connected subsets of M in an
o-minimal M are the empty set, singletons, and all kinds of intervals.
Hence we could say that definable subsets of M have finitely many
definably connected components; here, as usual, definably connected
component means a definably connected subset that is maximal with
respect to set inclusion.

A question rises: Let M be o-minimal and let N be an elementary
extension of M. Can a definable subset of M have more definably
connected components in N than in M? As a matter of fact, it is not
even clear whether N is o-minimal. So perhaps a definable subset of
M has infinitely many definably connected components in N . That
does not happen and we shall show it later. In other words, we shall
show that being o-minimal is expressible in a first-order way.

In this chapter all ordered structures are o-minimal as long
as it is not stated otherwise.

We record some facts about definable connectedness.

Proposition 2.4. Let X, Y ⊆ Mn be definable in M. Suppose
that X is definably connected and that X ⊆ Y ⊆ cl(X). Then Y is
also definably connected.

Proof. Suppose that Y = U ∪ V for some disjoint definable open
subsets U, V . Then X ∩ U and X ∩ V are also definable open subsets
of X and X = (X ∩ U)∪ (X ∩ V ). Then one of X ∩ U or X ∩ V must
be empty. If, say, X ∩ U = ∅, then X is contained in the closed set
Mn \ U . This is a contradiction as Y ⊆ cl(X). �

Proposition 2.5. Let X, Y be definably connected subsets of Mn

with X ∩ Y 6= ∅. Then X ∪ Y is also definably connected.

Proof. Exercise. �

Proposition 2.6. Let f : Mm → Mn be a definable continuous
map and let X ⊆ Mm be definably connected. Then f(X) is also
definably connected.
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Proof. Suppose that f(X) = U ∪ V where U, V are nonempty
open definable subsets of f(X). Then X ⊆ f−1(U)∪f−1(V ). Therefore
U ′ := X ∩ f−1(U) and V ′ := X ∩ f−1(V ) are open subsets of X and
X = U ′ ∪ V ′. Therefore U ′ ∩ V ′ is not empty and hence U ∩ V is not
empty. �

Corollary 2.7 (Definable Intermediate Value Property). Suppose
that f : [a, b] → M is a definable continuous map. Then for every
y ∈M that is between f(a) and f(b), there is x ∈ [a, b] with f(x) = y.

3. o-minimal Groups, Rings, and Fields

An ordered group is a group (G, ·) equipped with a linear ordering <
such that for every x, y, z from G if x < y, then xz < yz and zx < zy.
We say that the triple (G, ·, <) is an ordered group. Examples of order
groups are (Z,+, <), (Q,+, <), (R,+, <), (R>0, ·, <), etc.

Note that ordered groups are torsion-free since 1 < g implies that
gn < gn+1 for all n > 0.

Let G = (G, ·, <, . . . ) be an o-minimal structure1 such that (G, ·, <) is
an ordered group, we simply say that G is an o-minimal group. Note
that models of DLO are infinite, hence o-minimal groups are nontrivial.

Proposition 3.1. Suppose that (G, ·, <, . . . ) is an o-minimal group.
Then the only definable subgroups2 of G are the trivial subgroup and G
itself.

Proof. Let H be a definable subgroup of G. Suppose that H is
not trivial.

We first show that H needs to be convex: for every x, y ∈ H and
z ∈ (x, y), we have z ∈ H. If that is not the case, then there are h ∈ H
and g ∈ G \ H such that 1 < g < h. Then hn < ghn < hn+1 for all
n ≤ 0. Since ghn /∈ H we see that H needs to have infinitely many
definably connected components, which is a contradiction.

Let g = sup(H) and let h ∈ H be such that 1 < h < g. Then
1 < h−1g < g and hence h−1g ∈ H by convexity. However, then we
get g = hh−1g ∈ H and g < hg, contradicting the definition of g.
Therefore g =∞ and H = G as required.

�

This proposition has so many consequences about the structure of
o-minimal groups. For instance, noting that the centralizer CG(a) of a
given element a ∈ G is definable and nontrivial, we see that G needs
to be abelian. Because of this, we start to denote the group operation

1So the language contains a binary function symbol ·.
2By definable subgroup, all we mean is a definable subset that happens to be a

subgroup as well.
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by + from now on. Note that for n > 0, the elements of G divisible
by n forms a nontrivial subgroup of G. Hence G is divisible. Putting
these together we see that if G = (G,+, <, . . . ) is an o-minimal group,
then (G,+, <) is a model of DOAG.

Definition 3.2. An ordered ring is a ring (R,+, ·) equipped with
a linear ordering < such that

(1) (R,+, <) is an ordered group.
(2) 0 < 1.
(3) For every x, y, z ∈ R, if x > 0 and y < z, then xy < xz.

Let’s call element x of an ordered ring positive(negative) if 0 < x
(x < 0); we denote the set of positive elements as R>0. It follows that
R>0 is closed under multiplication and that the inverse of a positive in-
vertible element is again positive. Clearly, a nonzero element is positive
if and only if its additive inverse is negative. So R = −R>0∪{0}∪R>0.
Note also that for every x 6= 0, the element x2 is positive.

The ring of integers becomes an ordered ring with the usual ordering
and the ring morphism Z → R; n 7→ n · 1 is increasing. In particular,
it is an embedding and hence we may consider Z as a subring of any
ordered ring R.

An ordered ring that happens to be a field is called an ordered field.
Note that the positive elements of an ordered field becomes an ordered
group. Hence it is torsion-free. For instance, the field C of complex
numbers cannot be linearly ordered in a way that it becomes an ordered
field.

If K = (K,+, ·, <, . . . ) is an ordered structure expanding an ordered
field, then all polynomial functions are definable in K. If K is also
o-minimal, then polynomial functions being continuous definable func-
tions they satisfy the Intermediate Value property: if p ∈ R[X] and
a < b, then for any d between f(a) and f(b), there is c ∈ [a, b] with
f(c) = d. Fields satisfying this property are called real closed. For an
alternative (and more common) definition and more detailed study of
real closed fields, we refer the reader to Lang’s Algebra; [17].

For the above argument, we do not really need K to be a field. In
a similar way to o-minimal groups being abelian, o-minimal rings are
automatically fields.

4. Examples of o-minimal Structures

Most of our examples follow from the facts at the end of the previous
chapter. Those facts are not that hard to prove once some model
theoretic technology is developed. It is much harder to show that
our last two examples are indeed o-minimal; both of them are quite
important and famous results.



42 3. O-MINIMAL STRUCTURES

4.1. Dense linear orderings without end points. Let M =
(M,<) be a model of DLO. We claim that M is o-minimal. For this
we use Fact 6.1; namely that DLO has quantifier elimination. Note
that Lo,M -terms3 are just variables and constants due to the lack of
function symbols. Therefore atomic Lo,M -formulas are the following:

x = y x = c c = d x < y x < c c < x c < d,

where x, y are variables and c, d are constants from M ; we also have
c = x, but using the fact that = is always interpreted as equality, we
always overlook this kind of distinctions.

One could analyze all the definable sets using this, however our current
interest is only in the unary definable sets. so let’s fix a variable, say
x. So the sets defined by atomic formulas above with the variable y
replaced by x are:

M {c} either ∅ or M ∅ (−∞, c) (c,∞) either M or ∅.
By the quantifier elimination fact, we know that all definable subsets
of M are Boolean combinations of these. It is easy to see that such sets
are exactly finite unions of points and intervals as desired. Actually,
putting these together with some observations from before, we see that
a structure M = (M,<) is o-minimal if and only if it is a model of
DLO.

More concrete examples would be (Q, <) and (R, <). A less standard
example could be constructed on R + RT , where T is a variable and
the ordering extends the one on R by declaring 0 < T < r for all r ∈ R.
So

a+ bT < c+ dT ⇐⇒ a < c or (a = c and b < d).

Therefore (R + RT,<) is really isomorphic to (R × R, <) where the
ordering is the lexicographic ordering. It is easy to see that this is not
isomorphic to (R, <).

4.2. Divisible Ordered Abelian Groups. This class of exam-
ples consist of the models of DOAG; namely structures of the form
M = (M,+,−, 0, <) where (M,+, <) is an ordered group that is di-
visible. Recall that being an ordered group forces the group to be
torsion-free and it is easy to see that divisibility provides that the or-
dering is dense. (Actually, 2-divisible would be enough.) We already
know that an o-minimal group needs to be a model of DOAG. We are
aiming to show that all such groups are o-minimal.

As in the previous example, let’s start by observing the sets defined
by atomic formulas. Then we could analyze all definable sets using
Fact 6.3.

3Recall that given a language L and set A, LA means the extension of L by one
constant symbols for each element of A. In this case, the language itself already
has a subscript, we write the constants next to that subscript.



4. EXAMPLES OF O-MINIMAL STRUCTURES 43

Fix a model M = (M,+,−, 0, <) of DOAG. First note that up-to
equivalence, Loab,M -terms in variables x1, . . . , xn are

k1x1 + · · ·+ knxn + a

where k1, . . . , kn ∈ Z and a ∈ M . Therefore up-to logical equivalence,
atomic Loab,M -formulas are

k1x1 + · · ·+ knxn + a = 0 and k1x1 + · · ·+ knxn + a < 0.

Once again, we specialize to the case n = 1. So atomic Loab,M -formulas
in one variable x are

kx = a and kx < a.

for some integer k and a ∈M .

If k = 0 and a 6= 0, then the first formula defines the empty set. If
k = 0 and a = 0, then it defines M . Suppose k 6= 0. Then realization
of the first formula is just the singleton { 1

k
a}. Now let’s consider the

second formula. If k = 0 and 0 < a, then it defines M , and if k = 0 and
a ≤ 0, then it defines the empty set. So again we may assume k 6= 0.
If k > 0, then the formula defines the interval (−∞, 1

k
a). If k < 0, then

it defines the interval ( 1
k
a,∞).

It is now clear that the Boolean combinations of atomic Loab,M -formulas
are finite unions of points and intervals. Hence all definable sets are so
by the quantifier elimination for DOAG, and M is o-minimal.

Remember that we discussed the models of DAG being vector spaces
over Q. In particular, Lab-reducts of models of DOAG are also vector
spaces over Q. However, they are a little bit more than that. Namely,
they are ordered vector spaces over the ordered field Q. This means
that Q considered as an ordered field, the scaler multiplication by its
positive elements preserves the order of M . The theories DOAG and
the theory (in the appropriate language) of ordered vector spaces over
Q are so-called bi-interpretable.4 The second theory is more open to
generalizations. We could fix any ordered field K and we let LK-ovs be
the language expanding Loab by a unary function symbol sa for each
element a of K. Then we could define the LK-ovs-theory of “ordered
vector spaces over K”. Each model of that theory turns out to be o-
minimal; for details see the seventh section of the first chapter of van
den Dries’ book ([8]).

4.3. Real Closed Fields. Recall that an ordered field is real
closed if it satisfies the Intermediate Value Property for polynomial
functions. Another characterization is that any polynomial of odd or-
der has a root. Note that this latter property has nothing to do with

4We do not define this notion precisely as we shall not use it again, but the
reader might have a few guesses about what it should mean.
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the ordering; so it could be expressed in the language of rings. How-
ever, the theory would not have quantifier elimination in that language.
So we consider the models of Lor-theory RCF.

In order to show that any model of RCF, we analyze the formulas.
Let K = (K,+,−, ·, 0, 1, <) be a model of RCF. Up-to equivalence of
terms, Lor,K-terms are polynomials. More precisely, each Lor,K-term
whose variables are among x1, . . . , xn is equivalent to an element of
K[x1, . . . , xn] considered as a term. As a result atomic Lor,K-formulas
are

p(x1, . . . , xn) = 0 and p(x1, . . . , xn) < 0.

By quantifier elimination result Fact 6.4, we know that all definable sets
are Boolean combinations of sets defined by these formulas. Such for-
mulas are generally closed semi-algebraic sets. So the Tarski-Seidenberg
result could be interpreted as saying that definable subsets of real closed
fields are exactly semi-algebraic sets.

Atomic formulas in one variable x are p(x) = 0 and p(x) < 0. The first
one defines either a finite set or the whole K. It could happen that p
is always non-negative valued. In that case the second formula defines
the empty set. If p always gets negative values, then the second formula
defines K. So suppose that p has both positive and negative values. By
the Intermediate Value Property p has roots and the changes of sign
could only happen at zeros of p. Therefore p(x) < 0 defines a finite
union of intervals. So semi-algebraic subsets of K are finite unions of
points and intervals and K is o-minimal.

4.4. Real Exponential Field. Let Lexp := Lor ∪ {exp}, where
exp is a unary function symbol. We consider the Lexp-structure

Rexp = (R,+,−, ·, 0, 1, <, exp),

where exp is the usual exponential function.

In this example, we just state the result proven by A. Wilkie in [27],
building on results of Gabrielov ([11]).

Theorem 4.1. The theory of Rexp is model complete.

This is related to the o-minimality of Rexp as follows.

Homework 14. Suppose that R = (R, <, . . . ) is an expansion
of the ordered reals that has a model complete theory and that every
quantifier-free definable subset of Rn (for any n) has finitely many
definably connected components. Then M is o-minimal.

A theorem of Khovanskii ([15]) guarantees that Rexp has the property
that every quantifier-free definable set has finitely many definably con-
nected components. So Wilkie’s theorem coupled with the homework
above gives that Rexp is o-minimal.
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4.5. Restricted Analytic Functions. Let F be the class of func-
tions f |[0,1]n where f : V → R is an analytic function on an open set
V containing [0, 1]n. Let Ran be the expansion of the real field by el-
ements of F . Using the paper [11] mentioned above, one may deduce
that Ran is model complete. Then using the Khovanskii result from
[15] we again get that Ran is o-minimal.

This could be obtained from the paper [6] of Denef and van den Dries as
well, where they prove that Ran has quantifier elimination in a slightly
richer language.

4.6. Restricted Analytic Functions with Global Exponen-
tiation. We may put the previous two examples together. Namely,
we may expand Ran by adding the function exp to get the structure
Ran,exp. It is shown by van den Dries and Miller in [10], that Ran,exp

is also o-minimal.





CHAPTER 4

Cell Decomposition

In this chapter, we follow van den Dries’ book ([8]) very closely in
terms of proofs. The order of topics is slightly different.

In what follows M = (M, . . . ) is an o-minimal structure.

1. Cells

Let f : X → M and g : X → M be definable in M such that
f(x) < g(x) for all x ∈ X. We let (f, g) denote the following set:{

(x, y) ∈Mn+1 : x ∈ X and f(x) < y < g(x)
}
.

We extend this definition by allowing f to be −∞, and g to be ∞ in a
natural way.

Definition 1.1. We define cells in Mn by induction on n > 0.

Cells in M : For any x ∈ M , the singleton {x} is a cell, and for any
x, y ∈ M with x < y, the interval (x, y) is a cell. Nothing else is a cell
in M .

Cells in Mn+1: Suppose that cells in Mn are already defined. The cells
in Mn+1 are the following:

• Γ(f) for some definable continuous function f : C →M where
C is a cell in Mn

• (f, g) where f : C → M and g : C → M are definable con-
tinuous functions on a cell C in Mn with f(x) < g(x) for all
x ∈ C.
• (−∞, g) for some definable continous function g : C → M

where C is a cell in Mn.
• (f,∞) for some definable continuous function f : C → M

where C is a cell in Mn.

Right away, we can state a weak version of the fundamental theorem.

Theorem 1.2 (Weak Cell Decomposition). Let f : X → M be
definable in M where X ⊆Mn. Then there are cells C1, . . . , Ct in Mn

with the following properties:

(1) Ci ∩ Cj = ∅ for all i 6= j.
(2) X = C1 ∪ · · · ∪ Ct.
(3) f |Ci

is continuous for all i.

47
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Corollary 1.3. Any definable set X ⊆Mn can be partitioned into
finitely many cells; that is there are pairwise disjoint cells C1, . . . , Ct
in Mn such that X = C1 ∪ · · · ∪ Ct.

One can easily generalize this corollary to the following.

Corollary 1.4. Let X1, . . . , Xk be subsets of Mn definable in M.
Then there is a partitioning C1 ∪ · · · ∪ Ck of X1 ∪ · · · ∪ Xk into cells
such that each Xj is a finite union of some of the cells Ci.

2. More on Cells

For the Cell Decomposition Theorem to be useful, it is necessary
that cells have some good properties. They do, and we collect some of
those in this section. We state some of them without a proof, because
it is either easy enough to be left as an exercise, or a little bit too
technical. See van den Dries’ book for the details.

It is clear by construction that the projection of a cell in Mn+1 onto
the first n-coordinates is again a cell. It is actually not hard to see
that if π : Mm+n → Mm is projection to the first m coordinates and
C ⊆Mm+n is a cell, then π(C) is still a cell.

The cells that happen to be open are the ones whose construction
does not involve graphs of functions. We trust the understandability
of this vague statement and not elaborate more on it. If a cell is not
open, then they indeed have empty interior. However, for every cell
C ⊆Mn, there is a coordinate projection π : Mn →Mk such that π|C
is a homeomorphism of C with its image, which is an open cell.

Recall that a subset of a topological space is locally closed if it is the
intersection of an open set and a closed set. The next homework gives
a few conditions equivalent to local closedness.

Homework 15. Let Y be a subest of a topological space X.
Show that the following conditions are equivalent:

(1) Y is locally closed.
(2) Y is open in a closed set.
(3) Y is open in its closure.
(4) cl(Y ) \ Y is closed in X.
(5) for every y ∈ Y , there is an open subset U of X such that

Y ∩ U is closed in U .

(Note that the second condition is just the restatement of being locally
closed.)

Proposition 2.1. Each cell is locally closed.

Proof. We proceed by induction on n to show that each cell in
Mn is locally closed. The case n = 1 is clear. So suppose that each cell
in Mn is locally closed and let C be a cell in Mn+1. Then π(C) ⊆Mn is
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locally closed, where π is the projection on the the first n coordinates.
So cl(π(C)) \ π(C) is closed, say K.

First consider the case, that C = Γ(f) for some definable continuous
map f : π(C)→M . It is easy to check that

cl(C) \ C = cl(C) ∩ (K ×M).

Hence cl(C) \ C is closed.

Now let C = (f, g) for definable continuous maps f, g : π(C)→M . In
this case, cl(C) \ C equals the closed set

cl(C) ∩ (K ×M ∪ cl(Γ(f)) ∪ cl(Γ(g)).

This argument can also be used for the cases where f, g are allowed to
be −∞ and ∞. �

Proposition 2.2. Each cell is definably connected.

Proof. Once again, we prove that cells in Mn are definably con-
nected by induction on n. The case n = 1 is clear as we know that
intervals and points are definably connected. So let C ⊆ Mn+1 be a
cell. Then the cell π(C) ⊆Mn is definably connected by the induction
hypothesis.

If C = Γ(f) for some continuous definable function : f : π(C) → M ,
then by Proposition 2.6, C = f(π(C)) is also definably connected.

Now let C = (f, g), for continuous definable functions f, g : π(C)→M .
Then for each x ∈ π(C), the fiber π−1(x) ∩ C = {x} × (f(x), g(x)) is
homeomorphic to an interval and thus is definably connected. Hence if
C = U ∪ V with disjoint nonempty open definable U, V , then for any
x ∈ π(C) one of U ∩ π−1(x) ∩ C or V ∩ π−1(x) ∩ C is empty. This
means that π(U) ∩ π(V ) =. Since projections are open maps we also
have that π(U) and π(V ) are open. But then this show that π(C) is
not definably connected. Therefore C is definably connected. �

3. Cell Decomposition

Weak Cell Decomposition Theorem (WCD) above reflects the idea
of the Cell Decomposition Theorem (CD). It is just that CD is a fine
tuning of WCD. Not only that this makes it more applicable, but also
it is easier to prove. This is because, we proceed by induction and
stronger inductive hypothesis is more useful.

A decomposition of M is a partition of M into finitely many cells. Such
a partition has be of the following form:

M = (−∞, a1) ∪ (a1, a2) ∪ · · · ∪ (am−1, am) ∪ (am,∞) ∪ {a1, . . . , am}
for some a1 < · · · < am. (We think of the case M = (−∞,∞) as the
m = 0 case.)
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Now let n > 0. A decomposition of Mn+1 is a finite partition of Mn+1

into cells such that the projection onto the first n coordinates of cells
in this partition forms a decomposition of Mn.

Theorem 3.1 (Cell Decomposition Theorem). Let n > 0.

(CDn) For any collection X1, . . . , Xt of definable subsets of Mn, there
is a decomposition C of Mn such that for each C ∈ C and for
each i = 1, . . . , t either C ∩Xi = ∅ or C ⊆ Xi.

(LCn) For any definable function f : X → M with X ⊆ Mn, there
is a decomposition C of Mn partitioning X such that for each
C ∈ C, the function f |C is continuous.

We prove this theorem by induction on n. Note that (CD1) is almost
the definition of o-minimality. The next proposition is a stronger ver-
sion of (LC1). We do not prove this here. There are nice topological
arguments in the proof, which can be checked from van den Dries’ book.
There will be similar topological arguments in the rest of the proof of
Cell Decomposition.

Proposition 3.2 (Monotonicity Theorem). Let f : (a, b)→ M be
a definable function. Then there is a decomposition

M = (−∞, a1) ∪ (a1, a2) ∪ · · · ∪ (am−1, am) ∪ (am,∞) ∪ {a1, . . . , am}

such that f |(ai,ai+1) is continuous and it is strictly monotone if it is not
constant.

Now let us assume (CD1),. . . ,(CDn), (LC1),. . . ,(LCn), and let’s prove
(CDn+1) and (LCn+1).

We start with the following fundamental result to be proved using the
assumptions above and to be used in the proof of (CDn+1) and (LCn+1).

Theorem 3.3 (Uniform Finiteness). Let X ⊆ Mn+1 be definable
with the property that for every a ∈ Mn, the fiber Xa is finite. Then
there is a natural number N = N(X) such that |Xa| ≤ N for all a ∈M .

The proof of this result will be through a series of lemmas. Let (UFn)
be the statement of the theorem for a fixed n and fix X as in the
statement. We prove (UFn) from (CD1),. . . ,(CDn), (LC1),. . . ,(LCn).

Definition 3.4. A point a ∈ Mn is called X-good if there is a
definably connected open set U ⊆ Mn containing a such that for all
(b, c) ∈ X with b ∈ U , there is an interval I containing c such that for
every d ∈ U , there is a unique e ∈ I with (d, e) ∈ X.

Remarks. (1) If a /∈ cl(π(X)), then it is vacuously X-good.
Similarly, if a ∈ cl(π(X)) \ int(π(X)), then a is not X-good.
So non-trivial X-good points are in int(π(X)).
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(2) Suppose that a is X-good witnessed by neighborhood U . Then
for every (b, c) ∈ X with b ∈ U , there are an interval I around c
and a definable map f : U →M such that X∩(U×I) = Γ(f).
By using (LCn) and possibly making U smaller, we may also
assume that f is continuous.

(3) In the definition of X-good, we may replace the phrase ‘defin-
ably connected open set ’ by the word ‘box’. This means that
that seemingly stronger definition is not really stronger.

(4) The set GX ⊆Mn of X-good points is definable.

Lemma 3.5. Suppose that a ∈ Mn is X-good with |Xa| = k >
0. Then there exist a definably connected open U containing a and
continuous definable functions f1, . . . , fk : U →M such that

X ∩ (U ×M) = Γ(f1) ∪ · · · ∪ Γ(fk).

Moreover, after reordering, we have f1 < f2 < · · · < fk.

Proof. Let the elements of Xa be b1 < · · · < bk. Also let U be as in
the definition of X-goodness. Then there are intervals I1, . . . , Ik around
b1, . . . , bk and continuous definable functions f1, . . . , fk : U → M with
X ∩ (U × Ii) = Γ(fi) for each i. In particular, bi = fi(a). We claim
that these functions work.

Claim. For every i, j, the set {c ∈ U : fi(c) = fj(c)} is open.

Proof. Suppose this set is nonempty and let fi(c) = fj(c). Then
fj(c) is in the open set f−1

j (Ii). By definition X ∩ (U × Ii) = Γ(fi). So

fi = fj on f−1
j (Ii), finishing the proof of the claim. �

It is clear that the sets {c ∈ U : fi(c) < fj(c)} and {c ∈ U : fi(c) >
fj(c)} are open. However, U is the union of these three sets and hence
by definable connectedness, it equals one of them. Since bi < bj for
i < j, we see that fi < fj on U .

Now let (c, d) ∈ X ∩ (U ×M). Then there is a continuous definable
f : U → M such that d = f(c). Also f(a) = bi for some i. Then the
argument above gives f = fi on U . �

Lemma 3.6. Suppose that Y ⊆ Mn is a definably connected set,
whose all points are X-good. Then there are continuous definable func-
tions f1 < · · · < fk on Y such that X ∩ (Y ×M) = Γ(f1)∪ · · · ∪Γ(fk).

Proof. The arguments from the proof of Lemma 3.5 shows that
for every k ∈ N, the set {c ∈Mn : |Xc| = k} is a both closed and open.
So by definable connectedness of Y , there is k such that each fiber over
elements of Y has k elements. Then X ∩ (Y ×M) is locally a union
of k many graphs of continuous functions. By using Lemma 3.5 once
again, we see that that happens globally. �

Lemma 3.7. Every open cell in Mn has an X-good point.
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Proof. Left as an exercise for now. But let’s keep in mind that
this uses both (CDn) and (LCn). �

Proof of Theorem 3.3. Using (CDn) take a decomposition of
Mn partitioning GX . So each cell in this decomposition either disjoint
from GX or is included in it. Let C be an open cell from this decom-
position. Then by Lemma 3.7, C ∩ GX is not empty, hence C ⊆ GX

and we are done by Lemma 3.6.

Now let C be a cell from the decomposition that is not open. Then
there is a coordinate projection πC that is a homeomorphism of C with
an open cell in Mm. Suppose X ∩ (C ×M) is nonempty and consider
the map p : X∩(C×M)→Mm+1 defined as p(x, y) = (πC(x), y). Now
apply the arguments for open cells with X replaced by the definable
set p(X ∩ (C ×M)).1 �

4. Proof of Cell Decomposition

Remember that we assume (CD1),. . . ,(CDn), (LC1),. . . ,(LCn).

Proof of (CDn+1). Let X1, . . . , Xt ⊆Mn+1 be definable and put

B := {(x, r) ∈Mn+1 : r ∈ bd((Xi)x), for some i = 1, . . . , t}.

Note that Bx is finite for all x ∈Mn. Therefore by Theorem 3.3, there
is N ≥ 0 such that Bx has at most N elements for all x ∈ Mn. For
j = 0, . . . , N let Dj be the set of x ∈Mn such that |Bx| = j, and define
functions fj1, . . . , fjj on Dj such that for all x ∈ Dj we have

Bx = {fj1(x), . . . , fjj(x)} with fj1(x) < · · · < fjj(x).

Also for i = 1, . . . , t, 1 ≤ k ≤ j ≤ N define the sets

Eijk := {x ∈ Dj : fjk(x) ∈ (Xi)x},

Fijk := {x ∈ Dj : (fjk(x), fj(k+1)(x)) ⊆ (Xi)x}.
Now using (CDn), take a decomposition ofMn partitioning allDj, Eijk, Fijk,
using also (LCn), we may assume that each fjk is continuous on the
cells of that decomposition.

Now it is easy to check that the following cells of the form Γ(fjk|C) and
(fjk|C , fj(k+1)|C) where C is a cell from the decomposition above form
a decomposition of Mn+1 partitioning X1, . . . , Xt. �

1In this argument m = dim(C) = 0 is possible. That case can be handled
separately since there are finitely many such cells. So no need to project down to
M0.
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Proof of (LCn+1). Let f : X → M be a definable function,
where X ⊆ Mn+1. Using (CPn+1), we may assume that X is a cell,
and it suffices to show that there are definable subsets X1, . . . , Xt par-
titioning X such that f is continuous on each Xi.

First suppose that X is not open. Then take a projection π of Mn+1

onto Mk with k ≤ n, which is a homeomorphism on X. Now f ◦ π−1

is a map on π(X). Then by (LCk), we have a decomposition of Mk

partitioning π(X) such that f ◦ π−1 is continuous on each cell of this
decomposition. Carrying this to X via π−1 gives the desired partition
of X.

Now assume that X is an open cell.

We say that f is well-behaved at a point (x, y) of X if there is a box
B ∈Mn and an interval (a, b) such that (x, y) ∈ B× (a, b) ⊆ X, for all
c ∈ B the function f(c,−) is continuous and monotone on (a, b), and for
all z ∈ (a, b), the function f(−, z) is continuous at x. Clearly, the points
at which f is well-behaved form a definable subset of X; let’s denote
that set as X∗. We claim that any box B × (a, b) that is contained
in X intersects X∗; hence X∗ is dense in X. Given x ∈ B, there is a
largest λ(x) ∈ (a, b] such that the function f(x,−) is continuous and
monotone on (a, λ(x)). Note that this λ gives a definable function from
B into M , hence there is a cell C ⊆ B on which it is continuous. By
shrinking C, there is c ∈ (a, b) such that λ(x) ≥ c for all x ∈ C. Now
for y ∈ (a, c), the function f(−, y) is continuous on a cell C ′ ⊆ C. Now
it’s easy to see that f is well-behaved at each (x, y) of X with x ∈ C ′.
This proves the claim.

Using (CPn+1) take a decomposition of Mn+1 partitioning both X and
X∗. Consider a cell C ⊆ X in this decomposition. Then C ⊆ X∗ by the
claim above. So for all (x, y) ∈ C, the function f(−, y) is continuous
on at x and hence C is a union of boxes D× (a, b) witnessing the well-
behavedness of of their points. In particular, f(x,−) is continuous and
monotone on such boxes D and f(−, y) are continuous on each point.
By a standard topological argument f is continuous on such D× (a, b),
finishing the proof. �

5. An Application of Uniform Finiteness Theorem

We mentioned above that it is not clear whether o-minimality is
first order expressible. This means that we do not know if an ordered
structure elementarily equivalent to an o-minimal structure is itself o-
minimal. We will prove this in a bit. First, some notations.

Definition 5.1. Let M be an o-minimal structure, and take an
element s = (s1, . . . , st) of {0, 1}t. We say that a definable subset X of
M is of the shape s if it has t many components and the ith component
is of dimension si.
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Note that a definable set X ⊆ M1+n, the set of ~a ∈ Mn such that X~a

is of shape s is a definable subset of Mn.

The proof of the following result is very instructive, so we leave it as a
homework.

Proposition 5.2. LetM = (M,<, . . . ) be an o-minimal structure,
and let X ⊆ M1+n be a definable family. Show that there is N =
N(X) > 0 such that for every ~a ∈ Mn, the section X~a has at most N
many definably connected components.

Proof. Exercise. �

Proposition 5.3. Let M be an o-minimal structure and let N be
elementarily equivalent to M. Then N is o-minimal.

Proof. Let Y ⊆ N be definable in N . Take a ∅-definable X ⊆
N1+n and ~a ∈ Nn such that Y = X~a. We actually show that every
section X~b is a finite union of points and intervals; hence in particular
Y will be so.

Let φ(x, ~y) define X and let XM be the definable subset of M1+n

defined by φ. Using Proposition 5.2, there is N such that for each

~c ∈Mn, the section X~c has at most N components. Let S =
⋃
t≤N

{0, 1}t.

For s ∈ S, let ψs(~y) be the formula such that

M |= ψs(~c)⇐⇒ XM~c is of shape s.

Then we have
M |= ∀~y

∨
s∈S

ψs(~y).

Therefore
N |= ∀~y

∨
s∈S

ψs(~y).

Therefore Y = X~a has shape s for some s ∈ S, and hence X~a is a finite
union of points and intervals. �



CHAPTER 5

Dimension Theory for Definable Sets

1. Definition and Basic Properties

Here we develop the basic dimension theory for sets definable in an
o-minimal structure. So fix an o-minimal structure M; all concepts
are with respect to this structure unless stated otherwise.

We fist define the dimension, dim(C) of a cell C ⊆ Mn by induction
on n.

n = 1: Dimension of a point is 0 and dimension of an interval is 1.

n n+ 1: Let f : C → M and g : C → M be continuous definable
maps defined on a cell C ⊆Mn such that f < g on C. Then

dim(Γ(f)) = dim(C), and dim((f, g)) = dim(C) + 1.

It is easy to see using inductive arguments that if C1 ⊆ C2 are cells in
Mn, then

dim(C1) ≤ dim(C2) ≤ n.

This can be proven using Proposition 1.2 below. That proposition does
not rest on this fact, hence we assume it with a clear conscience.

We define the dimension, dim(X) of a definable set X to be

max{dim(C) : C is a cell, C ⊆ X}.
The remark on the dimensions of cells show that two definitions of
dimension for cells agree. This is to say that for a cell C, there are no
cells contained in C that are of larger dimension than C. For the same
reason, it is also clear that if X ⊆ Y are definable subsets of Mn, then

dim(X) ≤ dim(Y ) ≤ n.

It would be more useful to define the dimension of a definable set X
as the maximum among the dimensions of cells appearing in a cell de-
composition of X. The problem with that definition would be proving
that it is independent of the choice of the cell decomposition. We shall
show that that definition is actually equivalent to ours after a series of
results on dimension.

The first result is of topological nature.

Lemma 1.1. Let C ⊆ Mn be an open cell and let f : C → Mn be
an injective definable map. Then the image f(C) contains an open set.
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Proof. We prove this by induction on n. The n = 1 case follows
easily from Monotonicity Theorem (Proposition 3.2). So let n > 1
and suppose the result holds for smaller natural numbers. Let f(C) =
C1 ∪ · · · ∪Ct be a partitioning of f(C) into cells. Then one of f−1(Ci)
contains an open set, say f−1(C1) does, and let B be a box in it. By
Cell Decomposition, we may assume that f is continuous on B. We
claim that f(B) contains an open set. Suppose not, then C1 is not
open and let π : Mn → Mn−1 be a projection whose restriction to C1

is a injective. Also write B = B′ × (a, b). Then for each c ∈ (a, b), we
have an injective definable map gc : Mn−1 → Mn−1 given by gc(x) =
π(f(x, c)). Therefore by induction hypothesis gc(B

′) contains an open
set, say U . Take x ∈ B′ with gc(x) ∈ U . Then by continuity of f on
B, for c′ ∈ (a, b) close enough to c we have π(f(x, c′)) ∈ U . Hence for
each such c′ 6= c there is x′ ∈ B′ with π(f(x, c′)) = π(f(x′, c)). This
contradicts the injectivity of π ◦ f ; finishing the proof. �

Proposition 1.2. Let X and Y be two definable sets in bijection
through a definable function. Then dim(X) = dim(Y ).

Proof. Let f : X → Y be a definable bijection, and let d =
dim(X) and dim(Y ) = e. We show that d ≤ e, which will finish the
proof by symmetry. So let C be a cell of dimension d contained in
X. Using the usual projection trick, we may assume that C is an
open set contained in Md. Suppose that e < d and let D ⊆ Y be
a cell of dimension e. Also let π : Mm → M e be a projection that
is injective on D. Then the map g : Md → Md defined by g(x) =
(π(f(x)), a, . . . , a), where the element a appearing in the last d − e
coordinates is a randomly chosen element of M . It is clear that g is
injective on C. However, this contradicts with Lemma 1.1 as g(C)
cannot contain an open set. �

Homework 16.

(1) Show that an interval is not in definable bijection with the
union of two disjoint intervals.

(2) Suppose that M is an o-minimal expansion of a field. Show
that an interval is in definable bijection with the union of two
disjoint intervals and a point. Explain why we need the field
structure.

According to the first part of this homework, the converse of this propo-
sition is obviously false: Both an interval and the union of two intervals
are of dimension 1. One might think that the problem is the number
of connected components, but the second part of the homework says it
is not the case. So dimension is a definable invariant, but it is not a
complete invariant.
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Proposition 1.3. Let X, Y be definable subsets of Mn. Then
dim(X ∪ Y ) = max{dim(X), dim(Y )}.

Proof. Let d = dim(X∪Y ) and let C ⊆ X∪Y be of dimension d.
Take a projection π : Mn →Md that is injective on C and π(C) is an
open cell. Then π(C) = π(C ∩X) ∪ π(C ∩ Y ). Then one of π(C ∩X)
and π(C ∩ Y ) contains an open set, hence an open box B. Therefore
one of C ∩X and C ∩Y contains an open box of dimension d and thus
is of dimension d. �

It follows from this result that dimension of a definable set is the max-
imal dimension of cells in any cell decomposition of X.

Proposition 1.4. Let (X~a)~a∈Y be a definable family of subsets of
Mn and let 0 ≤ d ≤ n, Then the set

X(d) :=
{
~a ∈ Y : dim(X~a) = d

}
is definable. Moreover,

dim

 ⋃
~a∈X(d)

{~a} ×X~a

 = dim(X(d)) + d.

Proof. By the inductive construction of cells, for any cell C ⊆
Mn+k and projection π : Mn → Mk onto the last k coordinates, we
have that dim(π−1(~a)) is the same, say d, for any ~a ∈ π(C). Note
that π−1(~a)∩C = {~a}×C~a. Hence, in the notations of the statement,
the set C(d) = π(C), and C(e) = ∅ for e 6= d. It is also clear that
dim(C) = dim(π(C)) + d. Therefore the result is correct when X is a
cell.

For the general case, let X = C1 ∪ · · · ∪ Ct be a cell decomposition
of X, and for i = 1, . . . , t let di = dim(π−1(~a) ∩ Ci) for any/some
~a ∈ π(Ci). By the previous paragraph, another way to express di is
dim(Ci)− dim(π(Ci)).

Let D1, . . . , Ds be collection of distinct cells among π(C1), . . . , π(Ct)
partitioning π(X). For a fixed j = 1, . . . , s let

ej := max{di : π(Ci) = Dj}.
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Then X(d) =
⋃
ej=d

Dj is a definable set, and we have1

dim

 ⋃
~a∈X(d)

{~a} ×X~a

 = dim

⋃
ej=d

⋃
~a∈Dj

{~a} ×X~a


= max

ej=d

dim

 ⋃
~a∈Dj

{~a} ×X~a


= max

ej=d

dim

 ⋃
π(Ci)=Dj

⋃
~a∈Dj

{~a} × (Ci)~a


= max

ej=d
max

π(Ci)=Dj

{dim(Ci)}

= max
ej=d

max
π(Ci)=Dj

{di + dim(Dj)}

= dim(X(d)) + d.

�

It is clear from this proposition that for any definable X ⊆ Mm+k,
we have dim(X) = max0≤d≤n{dim(X(d)) + d}. It is also clear that
dim(X × Y ) = dim(X) + dim(Y ) for any definable sets X, Y .

Now let’s take X to be the graph of a definable function f : X →Mk.
Then X(d) is the set of ~a ∈ Mk such that dim(f−1(~a)) = d. Thus
assuming that X(d) = Mk, we see that dim(X) = k + d.

The next result is very important. However, the proof is a little bit
technical; so we skip it. One may read it from [8].

Theorem 1.5. Let X be a nonempty definable set. Then

dim(fr(X)) < dim(X).

As a consequence, we have that cl(X) has the same dimension as X.

2. Euler Characteristic

Euler characteristic is a much less intuitive invariant for definable
sets. Even its definition requires some preparation.

The Euler characteristic of a cell C is defined to be

χ(C) = (−1)dim(C).

Now let’s consider a general definable setX ⊆Mn. Let P = {C1, . . . , Ct}

1The last equality requires a little bit of thought.
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be a collection of cell that partition X. As a temporary definition, we
present the Euler characteristic of X with respect to P as follows:

χP(X) =
t∑
i=1

χ(Ci).

Note that this can be written as
n∑
d=0

(−1)dkd, where kd is the number

of d dimensional cells in P .

The first order of business is to show that this definition is indeed
independent of the choice of P .

Let C ⊆ Mn be a cell and let D∗ be a decomposition of Mn that par-
titions C. Recall that this means that D∗ is a collection {D1, . . . , Dt}
of cells such that Mn = D1 ∪ · · · ∪ Dt and for each i, either Di ⊆ C
or Di ∩ C = ∅. Suppose that Di ⊆ C for i = 1, . . . , s and Di ∩ C = ∅
for i > s. Let D = {D1, . . . , Ds}. We claim that χD(C) = χ(C). As
usual, this is done by induction on n. Let n = 1. If C is a point, then
there is nothing to do and if C is an interval, then D contains k many
intervals and k − 1 many points. Hence

χD(C) = (k − 1)− k = 1 = (−1)1 = χ(C).

Now let n > 0. Assume that C is of the for (g, h) where

g, h : π(C)→M

are continuous definable functions. Since π(D) = {π(D1), . . . , π(Ds)}
partitions π(C), by the induction hypothesis, we have

χπ(D)(π(C)) = χ(π(C)).

Let E ∈ π(D) be of dimension d, and let f0, . . . , fq : E → M be
continuous definable functions such that fj < fj+1 for all j, and the
element of D above E are

Γ(f1), . . . ,Γ(fq−1), (f0, f1), . . . , (fq−1, fq).

Then the contribution of these cells to χD(C) is

(q − 1)(−1)d + q(−1)d+1 = (−1)d+1 = −χ(E).

Therefore we have

χD(C) = −
∑

E∈π(D)

χ(E) = −χπ(D)(π(C)) = χ(C).

The case that C is the graph of a continuous definable function can
ben handled similarly.

Let’s record this:

Lemma 2.1. Let C be a cell and let D be a partition of C into cells
whose projections partition the cell π(C). Then χD(C) = χ(C).
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Let P1 and P2 be tow collections of cells partitioning a definable set
X ⊆Mn. Take a decomposition P of Mn that partitions each member
of P1 ∪ P2. Then P refines both P1 and P2, and using 2.1 we get that

χP(X) =
∑
C∈P1

χP(C) =
∑
C∈P1

χ(C) = χP1(X).

Similarly, χP(X) = χP2(X). Hence χP1(X) = χP2(X), and as promised
Euler characteristic of X is independent of the choice of the partition
P into cells. So we denote it as χ(X).

If X, Y ⊆Mn are disjoint definable sets, then χ(X∪Y ) = χ(X)+χ(Y ).
If they are not necessarily disjoint, then

χ(X ∪ Y ) = χ((X \ (X ∩ Y )) ∪ (X \ (X ∩ Y )) ∪X ∩ Y )

= χ(X \ (X ∩ Y )) + χ(Y \ (X ∩ Y )) + χ(X ∩ Y )

= χ(X) + χ(Y )− χ(X ∩ Y ).

Next we would like to investigate the behavior of Euler characteristic
in definable families. As usual, let’s do this first for cells. For m,n ≥ 0
let π denote the projection from Mn+m to Mn. Let C ⊆ Mn+m be
a cell. Then it is easy to see –if you wish by induction– that the
Euler characteristic of C~a is the same for each ~a ∈ π(C), and that
χ(C) = χ(π(C))χ(C~a) for any ~a ∈ π(C).

Now let X ⊆ Mn+m be a definable set and let D be a decomposition
of Mn+m partitioning X. Then by the previous paragraph, for any
D ∈ π(D), the sections over D have the same Euler characteristics,
and hence for e ∈ Z, the set

{~a ∈Mm : χ(X~a) = e}
is definable. Moreover, for any D ∈ π(D) and ~a ∈ D, we have

χ(X ∩ π−1(D)) = χ(D)χ(X~a).

Note in particular that χ(X×Y ) = χ(X)χ(Y ) for every definable X, Y .

We close this chapter with two fundamental results. The first states
that Euler characteristic is invariant under definable bijections as is the
case for dimension. The second result says that for expansions of fields,
they are complete invariants. We do not present a proof for either of
them. The proof of the former one is not too complicated, but a little
bit technical, but the proof of the latter is quite hard.

Theorem 2.2. Let f : X → Mn be an injective definable map.
Then χ(f(X)) = χ(X). In particular, if X and Y are in definable
bijection, then they have the same Euler characteristic.

Theorem 2.3. Let R = (R,+, ·, <, . . . ) be an o-minimal expansion
of a real closed field. Then two definable sets X and Y are in definable
bijection if and only if dim(X) = dim(Y ) and χ(X) = χ(Y ).



CHAPTER 6

Some Basic Algebraic Number Theory

We recall some definitions and facts about the study of number
fields. As in the case of logic and model theory, we cover more than
strictly necessary, but we again believe that it is very useful to be
acquainted with number theoretical objects to grasp the importance of
the theorem we prove at the end. We do however sweep quite a few
details under the rug. Also we assume some background in the algebra;
mostly in Galois theory.

What we strictly need is the concept of the height of an algebraic
number. As a matter of fact, we could have defined only the height of
a rational number –which can be defined in very non-technical terms–
and say that the general definition is similar to that. However, we
feel like that would veil some of the ideas about the use of heights in
arithmetic.

We follow the path of the book [3]. We first introduce absolute val-
ues, valuations, and places on fields; these are more or less the same
concepts. We investigate how to extend them to field extensions and
then specialize to number fields, which are just finite extensions of Q.
Finally, we define the (absolute) height of an algebraic number using
places on number fields.

1. Absolute Values on Fields

Definition 1.1. An absolute value on a field K is a function | · | :
K → R>0 such that

(1) For each x ∈ K, |x| = 0 is and only if x = 0,
(2) |xy| = |x||y| for all x, y ∈ K,
(3) |x+ y| ≤ |x|+ |y| for all x, y ∈ K.

Observe that |1| = | − 1| = 1 and | − x| = |x| for all x ∈ K.

An absolute value gives a metric on K by defining d|·|(x, y) = |x− y|.
We never use the notation d|·| again, and mostly refer to the topology
given by the absolute value. A basis for this topology consists of the
balls:

B(a, r) := {x ∈ K : |x− a| < r}.
If | · | is an absolute value and s ∈ R>0, then it is easy to see that
| · |s is also an absolute value, and that | · | and | · |s define equivalent
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topologies on K. The other way around is also correct, but it is much
harder to prove.

Theorem 1.2. Let | · |1 and | · |2 are two absolute values on a field
K that define the same topology. Then there is s ∈ R>0 with | · |2 = | · |s1

Proof. See Lemma 3.2 of [5]. �

We are mostly interested in absolute values on Q and its finite exten-
sions. The next two examples below contain infinitely many absolute
values on Q. As a matter fact, we later mention that these are the
only examples. So we will keep returning to these examples again and
again.

Example 1.3. The usual absolute value on Q,R,C are absolute
values in the above sense. We denote all these absolute values as | · |∞.
The topology it gives on R and C are the usual Euclidean topology.

Example 1.4. Let p be a prime. We define another absolute value
| · |p on Q depending on this p. Note that if a

b
∈ Q with a, b ∈ Z, b > 0,

then |a
b
|p = |a|p

|b|p . Moreover, we may assume that a is also non-negative.

So it is enough to define | · |p for natural numbers. So let a ∈ N. If
a = 0, then |a|p = 0 and if it is nonzero, then let a = pkb, where
k ∈ N and p 6 |b. In this case we define |a|p = p−k. This absolute value
is called the p-adic absolute value on Q. The topology given by the
p-adic absolute value is a little bit strange. We investigate this below.

Example 1.5. Let K = F (T ), where F is a field and T is an
indeterminate. Also let f ∈ K be irreducible. We proceed to define
the f -adic absolute value | · |f on K in a similar way to the definition of
p-adic absolute value on Q. Again it is enough to define it on F [T ]\{0}.
So let g be a nonzero polynomial with coefficients from F and write
is as g = fkh where k ∈ N and f 6 |h. At this stage the construction
changes a little bit since we do not have a canonical choice as 1

p
. So

instead we fix c ∈ (0, 1) and let |g|f = ck. By Theorem 1.2, the choice
of c does not matter much in terms of topology. The topology here is
strange as well, just as in the case of p-adic absolute value.

Consider the special case when F = C; or any algebraically closed field
for that matter. Then the irreducible polynomials are exactly the linear
polynomials T − a for a ∈ C. In that case, the (T − a)-adic absolute
value somehow counts the multiplicity at the point a.

In the definition of absolute value, if instead of (3), the following con-
dition holds, then the absolute value is said to be non-archimedean:

(3*) |x+ y| ≤ max{|x|, |y|} for all x, y ∈ K.
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If this does not hold, then we say that the absolute value is archimedean.

The absolute value |·|∞ on either of Q,R,C is archimedean. For each p,
the p-adic absolute value is non-archimedean, and similarly the f -adic
absolute value on F (T ) is non-archimedean.

Lemma 1.6. Let | · | be a non-archimedean absolute value on K,
and let x, y ∈ K be such that |x| < |y|. Then |x+ y| = |y|.

Proof. Just note that for such x, y we have

|y| = |x+ y − x| ≤ max{|x+ y|, |x|} ≤ |y|.
So max{|x+ y|, |x|} = |x+ y| = |y| �

Proposition 1.7. Let | · | be a non-archimedean absolute value on
K. Then any point of any open ball is the center of the ball; in other
words for every r > 0 and x, y ∈ K, if y ∈ B(x, r), then

B(x, r) = B(y, r).

Proof. Suppose that y ∈ B(x, r). By symmetry, it suffices to
show that B(x, r) ⊆ B(y, r). So let z ∈ B(x, r). Then |x− y| < r and
|x− z| < r. Therefore

|y − z| = |(x− z)− (x− y)| ≤ max{|x− z|, |x− y|} < r.

Hence z ∈ B(y, z).
�

Homework 17. An absolute value | ·| on a field K is archimedean
if and only if for every x ∈ K, there is n ∈ Z such that |x| < |n|.

Recall that a metric space is called complete if every Cauchy sequence
has a limit. It is clear that Q is not complete with respect to the
usual absolute value | · |∞. For p > 3, one take a ∈ {2, . . . , p − 1}
and consider the sequence (ap

n
)n∈N. One may easily show that this

sequence is Cauchy, but does not have a limit in Q. For p = 2, 3, one
may come up with ad-hoc sequences to prove that Q is not complete
with respect any of the p-adic absolute values.

We construct the completion of a field K with respect to an absolute
value | · |: There is a field extension L of K equipped with an absolute
value | · |∗ extending | · | such that L is complete with respect to | · |∗,
and K is a dense subset of L with respect to the topology determined
by | · |∗. We do not get into the details of the construction of L, but we
would like to say that it is very similar to the construction of R from
Q with respect to | · |∞. It is also very important that the completion
is unique up to isomorphism fixing the base field; that isomorphism is
actually an isometry.

The completion of Q with respect to | · |p is called the field of p-adic
numbers and it is denoted as Qp.
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We state the following results, usually known as Ostrowski Theorems,
without proofs. (For this kind of results Cassel’s book, [5] is a good
source.)

Theorem 1.8. (1) Every non-trivial absolute value on Q is
equivalent either to | · |∞ or to | · |p for some p.

(2) The only fields with complete archimedean absolute values on
them are R and C.

Definition 1.9. A place on a field K is the equivalence class of
absolute values on K. We generally denote places with letters v, w and
a choice of absolute value in the class v will be denoted as | · |v.

If K ⊆ L are fields with places v and w on them such that any
representative of w extends a representative of v, we say that w extends
v and it is denoted as w|v.

One important task is to find extensions of places or absolute values to
finite extensions. The way to do this is via the norm function attached
to finite extensions. Let L|K be a finite extension of fields, and let
α ∈ L. Suppose that α1, . . . , αn are the roots of the minimal polynomial
of α over K; counted with multiplicity if the extension is not separable.
We define the norm of α over K as

NL|K(α) := (α1 · · ·αn)[L:K]/n.

Note that this quantity is in K; actually it is the constant term of the

minimal polynomial raised to the power [L:K]
n

. Therefore we may take
its absolute value. If K complete, one could check that

|α|w := |NL|K(α)|1/[L:K]
v

is indeed an absolute value on L and that it is unique. The uniqueness
is not a trivial task; one could check the related chapter in Lang’s book
([17]). Moreover, L becomes complete with respect to | · |w.

This is not exactly correct when K is not complete. We need to first
go up to the completion of K. Let’s do this in details; so let | · |v be
an absolute value on K. Let Kv be the completion of K with respect
to | · |v; we continue to denote the absolute value on Kv as | · |v. Take
α from an algebraic closure of K with minimal polynomial f over K.
Decompose f in Kv as fk1

1 · · · fktt . 1 Let Lj be an extension of Kv

generated by a root of fj; for instance Kv[T ]/〈fj〉. Then by the above
construction, | · |v has a unique extension to Lj, denote it as | · |j; recall

that | · |j = |NLj/Kv(·)|
1

[Lj :Kv ]

v . Now L embeds into Lj by sending α to a

root of fj in Lj; for instance to T . Hence | · |j restricts to an absolute
value on L extending | · |v. It is not hard to see that the image of L
under this embedding is dense in Lj, hence it is indeed a completion of

1Note that if the characteristic of K is 0, then each kj is 1.
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L with respect to | · |j. Using the uniqueness of completions, it is easy
to see that Lj’s are distinct. Similarly, any extension of | · |v to L is a
restriction of one of the absolute values | · |j. We summarize these for
separable extensions as follows.

Theorem 1.10. Let L = K(α) be a finite separable extension of
K, and let | · |v be an absolute value on K.

(1) There are finitely many places w on L extending v; more pre-
cisely the number of them is the same as the number of irre-
ducible components in Kv[X]of the minimal polynomial of α
over K.

(2) The completion Lw of L with respect to an absolute value w
extending v can be identified with a finite extension of Kv.

(3) [L : K] =
∑

w|v[Lw : Kv].

(4) If L|K is Galois, then for any w1, w2 extending v, the fields Lw1

and Lw2 are isomorphic over Kv. Also there is σ ∈ Gal(K/L)
such that | · |w2 = |σ(·)|w1 on L.

2. Absolute Values on Number Fields

We are mostly interested in the case of number fields; meaning
finite extensions of Q. So all extensions we’ll be talking about will
be separable. So let K be a number field.2 We know by Ostrowski’s
theorem that a place w onK extends places corresponding either to |·|∞
or to | · |p for some p. First consider | · |∞. We know that the completion
of Q in this case is R and by the other part of Ostrowski’s theorem, the
completion of K with respect to w must be either R or C with | · |∞ on
them; in the former case w is called a real place and in latter case it is
called a complex place. So w is determined by embeddings of K into C.
If we have an embedding whose image is not in R, then the composition
of it with complex conjugation gives another embedding, but these two
embeddings determine the same place. By Theorem 1.10, other than
this situation all embeddings determine different places. In either case,
a representative of w is given as the restriction of the complex absolute
value | · |∞; note that

|NC/R(a+ bi)|1/[C:R] =
√
a2 + b2 = |a+ bi|∞.

There is no simple explanation for the extensions of p-adic places as
Qp could have all kinds of finite algebraic extensions. Still | · |p extend
to each in a unique way, and hence the absolute values on K extending
| · |p are determined by embeddings of K into Qp.

We would like to choose a ‘normal’ representative for the places ex-
tending the p-adic place on Q as follows:

|x|w = |NKw/Qp(x)|1/[K:Q]
p .

2Note that this K corresponds to L in Theorem 1.10, and Q to K there.
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Note that |x|w = (|NKw/Qp(x)|
1

[Kw :Qp]

p )[Kw:Qp]/[K:Q]. Therefore for x ∈ Q,
we have

|x|w = |x|
[Kw :Qp]

[K:Q]
p .

So we have w|p, but unless K = Q, it is not correct that | · |w extends
| · |p. Now combining this with the third part of Theorem 1.10, we see
that

∏
w|p |x|w = |x|p for x ∈ Q.

We let MK denote the set of absolute values chosen this way. Note
that MQ simply consists of the usual absolute value | · |∞ and the p-
adic absolute values | · |p.
Let’s see these in examples.

Example 2.1. Let K = Q(
√

2). First consider the archimedean
absolute value. In this case, both roots

√
2 and −

√
2 of the minimal

polynomial of
√

2 over Q are in R. Hence the place ∞ has two ex-
tensions to K, say w1 and w2, and moreover Kw1 = Kw2 = R. These
extensions correspond to embeddings of K into R. One of them is the
inclusion map and the other one is the one sending

√
2 to −

√
2. So the

normalized choices for representatives of w1 and w2 are as follows:

|a+ b
√

2|w1 = |a+ b
√

2|1/2∞ and |a+ b
√

2|w2 = |a− b
√

2|1/2∞ .

Now consider a non-archimedean place p. One can determine, using
Newton method, the primes p for which 2 has a square root in each Qp;
one must be careful when applying calculus methods since our metric
is a little bit different, for instance

∑∞
n=0 3n = −1 in Q3. This can be

done using Hensel’s Lemma and Quadratic Reciprocity as well. We use
the fact that the 2-adic absolute values of elements Q2 are still in 2Z

to see that 2 has no square root in Q2: If β ∈ Q2 we a root of 2, then
|β|22 = |β2|2 = |2|2 = 1/2, and hence we would have |β|2 = 1/

√
2 /∈ 2Z.

So for p 6= 2, K embeds into Qp in two ways and when K embeds into
a quadratic extension of Q2 in a unique way.

Example 2.2. For this example, let K = Q( 3
√

2). This time, the
archimedean place ∞ has one real extension w1, and one complex ex-
tension w2. The representatives of these are

|a+ b
3
√

2 + c
3
√

4|w1 = |a+ b
3
√

2 + c
3
√

4|1/3∞
and

|a+ b
3
√

2 + c
3
√

4|w1 = |a+ bζ3
3
√

2 + cζ3
3
√

4|1/3∞ ,

where ζ3 is a primitive third root of unity and the first | · |∞ is in R
and the second in C.

For the non-archimedean absolute values, one could use the Hensel’s
lemma to determine when 2 is a cube root in in Qp and whether the
other two roots are there as well or not. Then proceed as in the previous
example.



2. ABSOLUTE VALUES ON NUMBER FIELDS 67

For a second, let’s consider a very special case by taking K = Q and
let α = a

b
be nonzero with gcd(a, b) = 1 and b > 0. Then |α|p = 1 for

all but finitely many p, namely the prime divisors of a and b. So the
product Πp|α|p makes sense and it actually equals 1/|α|∞. We write
this in the following way: ∏

v∈MQ

|α|v = 1.

We claim that both these properties hold for MK as well.

We first show that for any non-zero α ∈ K, there is a finite setW ⊆MK

such that |α|w ≤ 1 for all w /∈ W . Since this is correct for 1/α as well,
we’ll get that |α|w = 1 except for finitely many w. Let

Xn + an−1X
n−1 + · · ·+ a1X + a0

be the minimal polynomial of α over Q. Each v ∈ MQ extends to
finitely many elements of MK . In particular, there are only finitely
many archimedean places on K and hence it is enough to consider
non-archimedean w, which is to say that w|p. We know that |ai|w =

|ai|
[Kw :Qp]

[K:Q]
p 6= 1 for all but finitely many w ∈ MK . So there is a finite

subset W of MK such that |ai|w ≤ 1 for all i and for all w /∈ W . Now

|α|nw ≤ max{|α|n−1
w |an−1|w, . . . , |a0|w}

for all w. Therefore |α|w ≤ 1 for all w /∈ W as desired.

Now let α ∈ K be nonzero. Recall that |α|w = |NKw/Qp(α)|1/[K:Q]
p for

w|p. It is not hard to see from the way Kw constructed from Qp that∏
w|p

NKw/Qp(α) = NK/Q(α).

Therefore∏
w|p

|α|w = (
∏
w|p

|NKw/Qp(α)|p)1/[K:Q] = |NK/Q(α)|1/[K:Q]
p .

Hence ∏
w∈MK

|α|w =
∏
v∈MQ

∏
w|v

|α|w =
∏
v∈MQ

|NK/Q(α)|1/[K:Q]
v

= (
∏
v∈MQ

|NK/Q(α)|v)1/[K:Q]

= 11/[K:Q]

= 1.

This last property we proved for MK is called the product formula.
Even though K will always be a number field in the rest of this chapter,
most of the results go through for a field L equipped with a set ML of
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absolute values on it such that for any x ∈ L× we have |x|v 6= 1 for
only finitely many v ∈ML and ML satisfies the product formula.

3. Heights of Algebraic Numbers

Height of a number is a measure of how complicated it is; for in-
stance even though they are very close to each other (in the Euclidean
topology), the numbers 1 and 99999

100000
are quite different and it seems

like the latter should be considered more complicated.

As usual, we do more than what is strictly necessary for our purposes
and define the height of a tuple of algebraic numbers. Actually, even
more: We define the height function on the projective space Pn(Q).
Recall that the elements of Pn(Q) are classes of a certain equivalence

relation on Qn+1 \ {~0}. Two elements (x0, . . . , xn) and (y0, . . . , yn) of

Qn+1 \ {~0} are equivalent if

(y0, . . . , yn) = (λx0, . . . , λxn) for some λ ∈ Q×.

So one could think of elements of Pn(Q) as the set of lines in Qn+1

passing through the origin. An element of Pn(Q) will be written as
x = (x0 : · · · : xn). If, for instance x0 6= 0, then

(x0 : x1 : · · · : xn) = (1 :
x1

x0

: · · · : xn
x0

)

This can be done with any xi 6= 0. So there are n + 1 ways to embed
Qn

into Pn(Q).

Definition 3.1. Let x = (x0 : x1 : · · · : xn) ∈ Pn(Q). We define
the height of x as

h(x) =
∑
v∈MK

max
j

log(|xj|v),

where K is a number field containing every xj. We also use the notation
H(x) = eh(x).

It is easy to see, using arguments as in the previous section that
h(x) is independent of the choice of K.

Also using the product formula one could see that it is also independent
of the choice of the coordinates (x0, . . . , xn) as follows: Let x = y, say
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(y0, . . . , yn) = (λx0, . . . , λxn) for λ 6= 0. Then

h(y) =
∑
v∈MK

max
j

log(|λxj|v)

=
∑
v∈MK

log(|λ|v) +
∑
v∈MK

max
j

log(|xj|v)

= 0 +
∑
v∈MK

max
j

log(|xj|v)

=
∑
v∈MK

max
j

log(|xj|v)

= h(x).

If (x1, . . . , xn) is a tuple of algebraic numbers we may define its height as
the height of (1 : x1 : · · · : xn) ∈ Pn(Q). Suppose that xj ∈ Q for each j,
say xi = ai

a0
with a0, a1, . . . , an ∈ Z and a0 > 0. Let γ = gcd(a0, . . . , an)

and put bj =
aj
γ

. Then

h(x1, . . . , xn) = h(1 : x1, . . . , xn)

= h(a0 : a1 : · · · : an)

= h(b0 : b1 : · · · : bn)

=
∑
v∈MQ

max
j

log(|bj|v)

= max
j

log(|bj|∞).

In particular, the height of a rational number a/b in simplest terms is
the largest of log |a| and log |b|. For instance, the height of 1 is 1 and
that of 99999/100000 is log 100000.3

Let’s present a little piece of notation to express somethings in simpler
ways. Let log+ x = max{0, log x} for x ∈ R; define log 0 = −∞. Then
for a tuple (x1, . . . , xn) of algebraic numbers we have

h(x1, . . . , xn) =
∑
v∈MK

max
j

log+ |xj|v

So for a single algebraic number x, we have h(x) =
∑

v∈MK
log+ |x|v.

If x is a root of unity, then |x|v = 1 for every v extending an element of
MQ. Therefore h(x) = 0. As a matter of fact, roots of unity are exactly
the algebraic numbers with height 1. This is a theorem of Kronecker,
which we state without a proof.

Theorem 3.2 (Kronecker’s Theorem). The height of an algebraic
number is 0 if and only if it is a root of unity.

3One reason we use the logarithms is that this way the height of an integer is
almost the number of its digits.
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Let K|Q be a finite Galois extension with Galois group G = Gal(K/Q).
For any v ∈MQ, w ∈MK with w|v, and σ ∈ G, we have that |σ(·)|w is
also in MK and it still extends v. In other words, for a fixed v ∈ MQ,
the group G acts on the extensions of v in MK .

Now let (x1, . . . , xn) be a tuple of algebraic numbers such that each xj
is in K as above. Then for every σ ∈ Gal(K/Q) we have

h(x1, . . . , xn) =
∑
v∈MQ

∑
w|v

max
j

log |xj|w

=
∑
v∈MQ

∑
w|v

max
j

log |σ(xj)|w

= h(σ(x1, . . . , xn)).

Actually, the choice of field K is not important. So we may summarize
this as follows:

Theorem 3.3. Let P ∈ Qn
and let σ ∈ Gal(Q/Q). Then h(P ) =

h(σ(P )).

We do not present the proof of the following theorem.

Theorem 3.4 (Northcott’s Theorem). For every d, h ≥ 0, there are
only finitely many algebraic numbers α with deg(α) ≤ d and h(α) ≤ h.

4. Valuation Ring and Residue Field

In this last section of this chapter, we introduce some algebraic
objects attached to a non-archimedean place on a field K.

Until the end of this chapter, all absolute values and places are non-
archimedean.

Definition 4.1. Let v be a non-archimedean place on K and let
| · |v be a representative of it. The valuation ring of v is

Ov := {α ∈ K : |α|v ≤ 1}.

Note that this is just the closed unit disc centered at 0, and hence
it is clear that this definition does not depend on the choice of the
representative | · |v. The open unit disc forms an ideal of Ov, it is
denoted as mv. Note that Ov \ mv consists of elements of absolute
value 1 and hence are units in Ov. This means that mv is the unique
maximal ideal and Ov is a local ring. The quotient Ov/mv is a field; it
is called the residue field of v, and it is denoted by kv. The projection
rv : Ov → kv is called the residue map.

The image of K× under | · |v is a (multiplicative) subgroup of R>0, and
different representatives give isomorphic groups. It is easy to show that
a subgroup of R>0 is either cyclic, in which case it is a discrete subset,
or is dense in R>0. Let’s concentrate on the discrete case; in this case
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we call the place discrete. Suppose that the image of K× is cZ for some
0 < c < 1. Then elements of mv are the ones whose absolute value is
cm with m > 0. In particular, there is α ∈ mv with |α|v = c and any
other such elements is of the form uα where u ∈ O×v . It follows that
mv = 〈α〉. A generator of mv is called a local parameter. Two local
parameters differ by a unit and they do not depend on the choice of a
representative | · |v
The proper ideals of Ov are exactly mn

v = 〈αn〉 for some n > 0. So
not only that Ov is a PID, but also the ideals form a chain. Using
this, we may define a function v : K× → Z as follows: If β ∈ Ov, then
v(β) is the smallest n ∈ N such that β ∈ mn

v ; here m0
v = Ov. Note

that K = Ov ∪O−1
v , where O−1

v denotes the inverses of elements of Ov.
More simply K = mv ∪ O×v m−1

v and here these unions are disjoint. So
if β /∈ Ov, then β−1 ∈ Ov. In that case, we define v(β) = −v(β−1).

This function v can be defined in a more direct way. Namely, fixing
a local parameter α of v, and β ∈ K× we define v(β) = log|α|v(|β|v).
This definition clearly does not depend on the choice of | · |v. Such a
function is called a valuation.

Example 4.2. Consider Q with the place p. We have

Op = {a
b

: gcd(a, b) = 1, p 6 |b},

and

mp = {a
b

: gcd(a, b) = 1, p|a, p 6 |b} = pOv,

Then kp ' Fp and the value group is (1
p
)Z = pZ. Note that Op is the

localization of Z at the prime ideal pZ.

It follows from the general construction of completion that elements of
Qp are sort of Laurent series over Fp: They are of the form

∞∑
i=k

aip
i, where k ∈ Z, ai ∈ {0, 1, . . . , p− 1}, ak 6= 0.

Here let vp denote the valuation. Then vp(
∑∞

i=k aip
i) = k and hence

the value group is still (1
p
)Z. The valuation ring is denoted as Zp and

it consists of
∑∞

i=0 aip
i, where a0 could be 0; such an element is called

a p-adic integer. The elements of the maximal ideal are
∑∞

i=1 aip
i. It

follows that the residue field is still Fp.

Example 4.3. Consider the field K = C(T ) of rational functions
over C with the T -adic absolute value. Note that K can be seen as a
subfield of the field C((T )) of (formal) Laurent series over C. To see
this, note that if a 6= 0, then

1

T − a
= −1

a
(1 +

T

a
+
T 2

a2
+ · · · ).
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Then the valuation counts the multiplicity of the rational function at
0; when it is negative, it means that the function hasa pole at 0. The
residue field is C. The completion is C((T )), and the valuation ring of
C((T )) consists of

∑∞
i=0 aiT

i, and the residue field is still C.

Hensel’s lemma gives a very useful criterion for the existence of zeros
of polynomials over complete fields. We do not give a proof; we’ll just
say that it is a version of Newton approximation method.

Theorem 4.4 (Hensel’s Lemma). Let K be a field that is complete
with respect to a non-archimedean absolute value | · |v. Let f ∈ Ov[x]
and let α ∈ Ov be such that f(α) ∈ mv and f ′(α) /∈ mv. Then there is
a ∈ Ov such that f(a) = 0 and a ≡ α mod mv.

This result can be interpreted as follows: Let f ∈ Ov[x] be such that
rv(f) ∈ kv has a single zero in kv –so it is a root, but not a double
root– then f has a root in Ov.



CHAPTER 7

Some Basic Algebraic Geometry

1. Algebraic Varieties

TO BE FILLED IN.

2. Complex Tori and Abelian Varieties

Manin-Mumford Conjecture concerns arithmetic structure of abelian
varieties. The actual definition of an abelian variety requires quite a lot
of knowledge of algebraic geometry. However, here we are interested
only in abelian varieties over C, which will be identified with their C-
points. In this case, they can be defined in a more elementary way.
They are certain complex tori, so with start with the definition of that.

A lattice Λ in Cn is an free abelian subgroup of Cn that is generated
by 2n many elements that are linearly independent over R. In other
words, it is a subgroup of Cn generated by a basis of Cn as a vector
space over R. So letting λ1, . . . , λ2n be a generating set we could write
Λ = Zλ1 + · · ·+ Zλ2n. As a result Cn = Rλ1 + · · ·+ Rλ2n.

Let A = Za1 + · · ·+Za2n be a free abelian subgroup of Cn of rank 2n.
Fixing a basis, for instance the standard basis {e1, . . . , en}, of Cn, we
may define the period matrix PA of A as

PA = (aij) ∈Mn×n(C), where aj =
n∑
j=1

aijej.

So A = PAZ2n; in other words considering PA as a linear map, A is the
image of the subgroup Z2n.

It is easy to see that A is a lattice if and only if the 2n× 2n matrix[
PA
PA

]
is invertible. (Here PA is the matrix obtained by applying complex
conjugate to the entries of PA.)

A complex torus is a the quotient group Cn/Λ for a lattice Λ endowed
with the quotient topology. Actually, it also has the complex manifold
structure induced from Cn; so it is complex Lie group. As such it is
still of dimension n. We let πΛ : Cn → Cn/Λ denote the canonical
projection.

73
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When are two complex tori Cn/Λ1 and Cm/Λ2 isomorphic as Lie groups?
Such an isomorphism preserves the analytic structure and also the
group structure. To begin with, they need to have the same dimension,
hence m = n. Also any isomorphism between two such tori must be
induced from an invertible linear map f : Cn → Cn; hence f is given
by a matrix A ∈ GLn(C). We also need f to map Λ1 onto Λ2. So the
columns of APΛ1 must form a basis of Λ2. So the final question is how
do two bases of a lattice differ from each other. The general theory of
free modules over PID’s tell us that it happens through an invertible
matrix with integer coefficients; more precisely, there is B ∈ GL2n(Z)
such that PΛ2 = APΛ1B. Let’s record this.

Theorem 2.1. Let T1 = Cn/Λ1 and T2 = Cm/Λ2 be two complex
tori. Then T1 and T2 are isomorphic (as complex Lie gorups) if and
only if m = n and there are A ∈ GLn(C) and B ∈ GL2n(Z) such that

PΛ2 = APΛ1B.

Example 2.2. Let us consider the case of n = 1. So Λ = Zω1+Zω2,
where ω1, ω2 are R-linearly independent complex numbers. First of all,
{ω1} is a basis of C (as a C-vector space). Then we may assume that
ω1 = 1 and hence the period matrix PΛ is [1 ω], where ω = ω2

ω1
.

This corresponds to multiplying the period matrix by A = 1
ω1

as in
Theorem 2.1. Also we may assume that ω is in the upper half-plane;
if necessary replace ω by −ω. This corresponds to taking

B =

(
0 1
1 0

)
in Theorem 2.1. So the period matrix of Λ can always be taken to
be [1 ω] where ω is in the upper half-plane. In other, words Λ is
Z + Zω; so we write Λω to denote this lattice and Tω to denote the
torus determined by this lattice. Using Theorem 2.1 again, we get that
Tω1 and Tω2 are isomorphic if and only if there is(

a b
c d

)
∈ SL2(Z)

such that ω2 = b+dω1

a+cω1
. Note that this matrix has to be in SL2(Z) since

both ω1 and ω2 are in the upper half-plane. We will return to this
example later.

Abelian varieties over C are certain complex tori. There are various
ways to express the property that singles them out among the complex
tori. One way is to define abelian varieties as complex tori that can
be embedded into a projective space PN(C); this means that T is an
abelian variety if there is a holomorphic map T → PN(C) for some
N that is injective and the image is a Zariski closed subset of PN(C).
This definition is not very good for our purposes since we have not
defined most of the concepts involved, and more importantly it is hard
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to validate this property. Also it is not very suitable for our purposes.
For our definition, we need to recall some basic linear algebra concepts.

Let Λ be a lattice in Cn and let µ : Λ×Λ→ Z be an alternating bilinear
map; that is to say that µ is Z-linear in both coordinates and µ(a, a) = 0
for all a ∈ Λ. This also gives µ(a, b) = −µ(b, a) for all a, b ∈ Λ. First
of all µ can be extended to µR : Cn × Cn → R via linearity; this is an
alternating R-bilinear map. Then the map ν(v, w) := µR(iv, w) is still
an R-bilinear map. If ν is symmetric, then we have a Hermitian form
H : Cn × Cn → C given by

H(v, w) = ν(v, w) + iµR(v, w).

If H is positive definite, then µ is called a Riemann form on Λ.

We could have gone the other way around. Meaning we could have
started with a positive definite Hermitian form H : Cn × Cn → C and
ask for Im(H) �Λ×Λ to be Z-valued.

Definition 2.3. A complex torus Cn/Λ is an abelian variety if
there is a Riemann form on Λ.

The fact mentioned above that says abelian varieties are exactly the
complex tori that can be embedded into a complex projective space as
a Zariski closed set is a terrific result due top Riemann. This property
is also equivalent to T having a positive line bundle on it.1

One may express a bilinear map µ on Λ with a basis B = {λ1, . . . , λ2n}
by a 2n× 2n matrix AB:

µ(
∑

kiλi,
∑

liλi) = ~k TAB~l,

where ~k and ~l are (column) vectors of integers and ~k T denotes the

transpose of ~k. Note that the ijth entry aij of AB is simply µ(λi, λj).
This also explains how to extend µ to µR:

µR(v, w) = vTAB w.

We leave the proof of the following as an exercise.

Proposition 2.4. Let T = Cn/Λ be a complex torus with a Z-
linear map µ on Λ × Λ. Then µ gives a Riemann form if and only if
there is a basis of B of Λ such that

AB =

(
0 D
−D 0

)
,

where D is a diagonal n × n matrix with non zero integer entries
d1, . . . , dn with di|di+1.

Let’s see this in the case of n = 1 as a continuation of Example 2.2.

1More words that are not defined and not to be defined.
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Example 2.5. Let Λ = Z+Zω be a lattice in C with ω in the upper
half-plane. Define µ(a + bω, c + dω) = ad − bc. It is straightforward
to check that µ is indeed a Riemann form on Λ. This means that any
1-dimensional complex torus T = C/Λ is indeed and abelian variety. In
this case, we may even embed T into P2(C) in a relatively elementary
way. Consider the following map:

℘Λ(z) :=
1

z2
+

∑
λ∈Λ\{0}

(
1

(z − λ)2
− 1

λ2

)
.

This function is meromorphic with poles of order 2 at each element
of Λ; moreover it is periodic with periods being elements of Λ. It is
called the Weierstrass elliptic function (with respect to Λ). Because
of periodicity, defining ℘Λ on T \ {0} makes sense and actually it is an
analytic function on it. Then the function

z 7→ (1 : ℘(z),
1

2
℘′(z)), 0 7→ (0 : 1 : 1)

sends T into P2(C) in a holomorphic way and the image is the set of
points (x : y : z) satisfying an equation of the form y2z = x3+axz2+bz3.
(This is just a homogenized version of Y 2 = X3 + aX + b.) So it is a
curve; such a curve is called an elliptic curve. One may show that each
such curve arises from a torus C/Λ.

One place where abelian varieties appear is as Jacobians of curves. We
do not get into that phenomenal theory, instead we refer the reader to
the classical book ‘Principles of Algebraic Geometry’ by Griffiths and
Harris, [12].



CHAPTER 8

Pila-Wilkie Theorem and Its Applications

In this last part of the notes, we finally prove the promised theorem.
We still need to introduce the concept of abelian variety and we still
need to state the main ingredient of the proof, namely Pila-Wilkie
Theorem. After doing these preparatory work, we outline the Pila-
Zannier proof of the Manin-Mumford Conjecture. We leave two more
black boxes; if time allows we could cover them as well.

Scanlon’s expository paper [26] is an excellent source to understand
the strategy at hand.

1. Counting Rational Points on Definable Sets

Before starting to work in the definable setting, we would like to
mention some earlier results that already have the ideas of the Pila-
Wilkie Theorem.

For a set X ⊆ Rn, and t > 0, let

X(Q, t) := {~x ∈ X ∩Qn : H(~x) ≤ t}.
This set is clearly finite; if you wish, using Northcott’s Theorem. The
question is how is it related to t? Note that it could be O(tn); say
by taking X to be Rn. The idea of the theorems below is that it is
sub-linear for suitable X. We first consider the case of a curve from
the paper [4].

Theorem 1.1 (Bombieri-Pila-1989). Let X be the graph of a tran-
scendental real analytic funtion f : [0, 1] → R and let ε > 0. Then
there is a constant c = c(X, ε) such that

|X(Q, t)| ≤ ctε

for any t > 0.

So in this case the cardinality of X(Q, t) is O(tε); of course, the
constant depends on ε. Note that it is really necessary that f is tran-
scendental; for instance this does not work for f(x) = x. How to change
this assumption for larger dimensions? This is where the o-minimality
comes into the picture. It is provably hard to determine zero sets of
(real) polynomials in Qn. This corresponds to finding rational points
on real algebraic sets; such sets are definable in (R,+, ·, <, 0, 1); actu-
ally we do not really need the ordering to define an algebraic set. So
it is really hopeless to answer this question as long as we allow X to

77
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contain algebraic sets. Actually, we take out all connected infinite semi-
algebraic sets, which are precisely the sets definable in (R,+, ·, <, 0, 1).

Definition 1.2. Let X ⊆ Rn. We define the algebraic part Xalg of
X to be the union of all infinite connected semi-algebraic sets that are
contained in X. We let the transcendental part to be Xtr = X \Xalg.

The algebraic part is far from being definable in an o-minimal struc-
ture. It might be quite complicated. Let’s consider an example, which
is taken from the paper [20]. Let

X := {(x, y, z) ∈ R3 : z = xy, x, y ∈ [1, 2]}.

Being the graph of a restricted analytic function, X is definable in Ran.
For every q ∈ [2, 3] ∩Q, the set {(x, q, xq) : x ∈ R} is a semi-algebraic
set that is contained in X. It is not so easy, but one can actually prove
that Xalg is the union of such sets.

Theorem 1.3 (Pila-Wilkie [20]). Let X ⊆ Rn be definable in an
o-minimal expansion R of the real field, and let ε > 0. Then there is
c = c(X, ε) > 0 such that

|Xtr(Q, t)| ≤ ctε

for all t > 0.

This version of the theorem will be enough for our applications, but
for more complicated applications one might need to consider points
of X in a number field, rather than Q. Such a theorem can be proven
using the methods of [20]. However, Pila later improved this result to
“algebraic points of bounded degree”. For this, we need a little more
notation.

Definition 1.4. Let X ⊆ Rn, t > 0, and d > 0. Then we let
X(k, t) to denote the set

{~x ∈ X : H(~x) ≤ t, [Q(~x) : Q] ≤ d}.

Note that X(Q, t) is just X(1, t).

Theorem 1.5 (Pila [21]). Let X ⊆ Rn be definable in an o-minimal
expansion R of the real field, d >, and let ε > 0. Then there is c =
c(X, k, ε) > 0 such that

|Xtr(k, t)| ≤ ctε

for all t > 0.

Proofs of both of these theorems are very involved and are out of the
scope of these notes. So we skip it. It is so far the biggest black box
we assume in these notes.
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2. The Case of the Multiplicative Group – Theorem of Mann

Before handling the Manin-Mumford Conjecture, we present a proof
of a similar result with (C×)n in the place of an abelian variety; we
write Gn for this group. This is a theorem of H. Mann from [18]. The
proof here is quite different than the original proof. Not only that
Mann’s proof is more elementary, but also the result is stronger than
the result we prove. However, our aim is to illustrate Pila-Zannier
strategy in a more amenable setting. The idea of presenting this result
as a practice for the abelian variety case is not original; we borrowed
it from the paper [25] by Scanlon. We do not follow the proof there;
we give a somewhat easier one in the sense that one needs to know less
to understand it. Some arguments appearing in this proof could be
traced back to Section 5 of [9].

As mentioned above, in Mann’s theorem we work in a power of the
multiplicative group C× the complex field. The torsion subgroup of
that group consists of the tuples of roots of unity; we denote this group
as Un. So the result should involve points in a given algebraic set whose
coordinates are roots of unity. We prove that the set of such elements
is finite union of cosets of algebraic subgroups of Gn. The formal result
is as follows.

Theorem 2.1. Let V ⊆ (C×)n be an algebraic set defined over a
number field K. Then

V ∩ Un =
t⋃
i=1

αiTi ∩ Un,

where Ti are algebraic subgroups of Gn.

The assumption that V defined over a number field is just to skip a
reduction step in the proof. So we might have assumed that that V is
defined over C.

2.1. Algebraic subgroups of Gn. We review a very limited part
of the theory of algebraic subgroups of Gn; only the part that we need.
For a more complete treatment of the subject, we refer the reader to
the third chapter of [3].

For k = (k1, . . . , kn) ∈ Zn, we define the group homomorphism

χk : Gn → G1; χk(x) = xk1
1 · · ·xknn .

We sometimes write xk rather than χk(x), if there is no possible con-
fusion.

For M ∈Ml×n(Z), we define

χM : Gn → Gl; χM(x) = (χm1(x), . . . , χml
(x)),
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where m1, . . . ,ml are the rows of M . We sometimes write xM in the
place of χM(x).

Algebraic subgroups of Gn are exactly the kernels of χM for various M
and l. We denote kerχM as TM . Such groups are irreducible if and only
if they are connected. Moreover, a connected subgroup is isomorphic
to Gn−r, where r is the rank of M . For instance, consider TM where

M =

(
2 1
6 1

)
.

Then TM consists of eight points: (±1,±1), (±i,±1). The dimension
of TM is 2 − 2 = 0, and it is not irreducible even though M has full
rank.

Given an algebraic subgroup T , the irreducible component containing
the identity turns out to be an algebraic subgroup of T and it is called
the connected component of T , and is denoted as T 0. The index of
T 0 in T is always finite. The connected component of T above is the
identity, and hence its index is 8. Consider another example TN , where

N =
(
6 4

)
.

Then TN is not connected and its connected component is TN0 , where

N0 =
(
3 2

)
.

We leave finding the index of TN0 in TN as an exercise.

2.2. Interpreting Theorem 2.1 in the Pila-Wilkie Setting.
Let D := {z ∈ C : Re(z) ∈ [0, 1)}, and define

E : Dn → Gn, E(z1, . . . , zn) := (exp(2πiz1), . . . , exp(2πizn)).

Below we let z denote a tuple, and sometimes we simply write exp(2πiz)
in the place of E(z). Note that E is a bijective map and is analytic
on a neighborhood of Dn. (Actually it is the restriction of an entire
function to Dn.)

Returning to Theorem 2.1, recall that we would like to understand
V ∩Un for an algebraic variety V in Gn defined over a number field K.
More precisely, we would like to show that

V ∩ Un =
t⋃
i=1

αiDi ∩ Un,

where Di are algebraic subgroups of Gn. Since the collection of sets as
in the right hand side of the equality is closed under finite intersections,
we may assume that V is a hyper-surface. So let V = V (f) for some
f ∈ K[x], and write f(x) =

∑
i∈I aix

i, where I is a set of multi-indices.

Let

X = E−1(V ) =
{
z ∈ Dn : f(exp(2πiz1), . . . , exp(2πizn)) = 0

}
.
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Let’s identify Cn with R2n via

(x1 + iy1, . . . , xn + iyn) 7→ (x1, y1, . . . , xn, yn).

We still denote elements of Cn as (z1, . . . , zn).

With this identification E becomes definable in Ran,exp; in particular
the set Dn ⊆ R2n is definable Ran,exp, even though it is really definable
in a simpler o-minimal structure (R, <). Therefore X is also definable
in Ran,exp.

Note that E−1(V ∩ Un) = X ∩ Qn. Hence we may apply Pila-Wilkie
Theorem (1.3) to obtain some information on the set we are interested
in.

2.3. Determining Xalg. The first order of business is to deter-
mine Xalg. The following theorem of Ax from [2] is relevant for this
purpose.

Theorem 2.2. Let y1, . . . , yn ∈ T C[[T ]] be linearly independent
over Q. Then

trdeg(C(T )(y1, . . . , yn, exp y1, . . . , exp yn)/C(T )) ≥ n.

Now we can determineXalg as the union of all cosets of infinite algebraic
subgroups that are wholly contained in X. To be more precise let T
be the collection of all cosets αT of infinite algebraic subgroups T of
Gn with αT ⊆ V , and let L be the collection of (α + L) ∩ Dn in Cn
such that exp((α + L) ∩Dn) ∈ T .

Proposition 2.3. Let X be as above. Then

Xalg =
⋃
A∈L

A.

Proof. Let z ∈ Xalg. This means that there is an irreducible infi-
nite semialgebraic set S containing z such that S ⊆ X. We may assume
that S is of o-minimal dimension 1. It follows from the quantifier elimi-
nation for RCF that S is a part of a real-algebraic curve; an irreducible
Zariski closed subset of R2n of dimension 1 intersected with an open
subset of R2n. This curve is given by a function s : (0, 1)→ Dn whose
coordinates are given by Taylor series s1(t), . . . , sn(t). Let z ∈ S and
for each i let s∗i = si − zi. Since S is a real-algebraic curve, we have

trdeg(C(s∗1, . . . , s
∗
n)/C) = 1.

Therefore

trdeg(C(t)(s∗1, . . . , s
∗
n)/C(t)) = 0.

Also as (exp s1, . . . , exp sn) ∈ V , we have

trdeg(C(t)(exp s∗1, . . . , exp s∗n)/C(t)) < n.
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Hence by Theorem 2.2, the curve S is contained in an infinite affine
space α + L over Q; that is L is

{z ∈ Cn : k1z1 + · · ·+ knzn = 0}
for some integers k1, . . . , kn that are not all 0. Let α+L be a minimal
such affine space, say of dimension d. We claim that exp(α + L) ⊆ V .
Without loss of generality, s∗1, . . . , s

∗
d are linearly independent over Q.

Then exp s∗1, . . . , exp s∗d needs to be algebraically independent, other-
wise we would get a contradiction by applying Theorem 2.2 once again.
The algebraic group D = exp(L) is of dimension d as well and hence
so does the coset βD, where β = expα. Now exp(z) ∈ βD and is of
transcendence degree d, then βD ⊆ V . �

It might look like at least the algebraic part of X is of the required
form, but we need it to be the union of finitely many such cosets.

Definition 2.4. An element α of V is called degenerate if∑
i∈I′

aiα
i = 0

for some nonempty proper subset I ′ of I. Let Vdg denote the set of
degenerate elements of V .

We are aiming to show that E−1(Vdg) is more or less Xalg. The obstacle
is the following algebraic subgroup of Gn:

Bf := {α ∈ Gn : αi = αi
′

for all i, i′ ∈ I}.
For α ∈ Bf , we have f(α) =

∑
i∈I aiα

i = β
∑

i∈I ai, where β = αi for
some/all i ∈ I. It follows that if V ∩Bf 6= ∅, then Bf ⊆ V . Moreover,
for any β ∈ V , the coset βBf is contained in V as well. So if Bf is not
the trivial group, then Xalg = X.

Proposition 2.5. Let T ≤ Gn be an infinite connected algebraic
subgroup such that T * Bf , and let β ∈ Gn. Suppose that βT ⊆ V ,
then βT ⊆ Vdg.

Proof. Let dimT = d > 0. Since T is connected there is an
algebraic group embedding Gd → Gn whose image is T . Such an
embedding is given as χM(y) = yM for some n × d matrix M with
integer entries. So elements of βT are of the form

(β1y
m1 , . . . , βny

mn) = βyM ,

where m1, . . . ,mn are the rows of M . Therefore we have∑
i∈I

ai(βy
M)i =

∑
i∈I

aiβ
iyiM = 0

for all y ∈ Gd.
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Since T * Bf , the set J := {iM : i ∈ I} has at least two elements.
Letting bj =

∑
iM=j aiβ

i, we have∑
j∈J

bjy
iM =

∑
j∈J

bjχj(y) = 0,

for all y ∈ Gd. By linear independence of characters, we get bj = 0 for
all j ∈ J . Thus

bjy
j =

∑
iM=j

aiβ
iyiM = 0,

for each j ∈ J . This means that
∑

iM=j aix
i = 0 for all x ∈ T , which

means that T ⊆ Vdg. �

Corollary 2.6. Let T ⊆ Gn be an infinite algebraic group such
that T 0 * Bf , and let β ∈ Gn. If βT ⊆ V , then βT ⊆ Vdg.

Proof. Write T = T 0 ∪ α1T
0 ∪ · · · ∪ αtT 0. Then

βT = βT 0 ∪ βα1T
0 ∪ · · · ∪ βαtT 0

Hence βαiT
0 ⊆ V for each i; where a0 = 1. Then βαiT

0 ⊆ Vdg by the
proposition above. Therefore βT ⊆ Vdg. �

Corollary 2.7. Let Valg := E(Xalg). Then Valg ⊆ Vdg ∪Bf .

The last piece for the proof of Theorem 2.1 is that V \ Valg is finite.
This part will make use of the Pila-Wilkie Theorem.

Proposition 2.8. The set (V \ Valg) ∩ Un is finite.

Proof. We show that elements of X \Xalg have bounded height,
which will conclude the proof. Assume that this is not the case. Then
for arbitrarily large t ∈ N we have |Xtr(Q, t− 1)| < |Xtr(Q, t)|.

Let x ∈ Xtr(Q, t). This means that x = (a1

b1
, . . . , an

bn
) for integers

a1, . . . , an,b1, . . . , bn with 0 ≤ ai < bi ≤ t, gcd(ai, bi) = 1, and

f(exp(2πi
a1

b1

), . . . , exp(2πi
an
bn

)) = 0.

Let L := K(exp(2πia1

b1
), . . . , exp(2πian

bn
)). Note that L|K is Galois and

conjugates of exp(2πiai
bi

) are of the form exp(2πi a
b1

), where 0 < a < bi
with gcd(a, bi) = 1. So there are φ(bi) many of them. It follows that
the orbit of exp(2πiai

bi
) under the action of Gal(L/K) contains at least

φ(bi)
[K:Q]

many elements. Note that this number is a rational number and

it could even be less than 1. However, since [K : Q] is a fixed number,
it gets larger as bj gets larger. Since |Xtr(Q, t − 1)| < |Xtr(Q, t)| for

arbitrarily large t ∈ N, we see that |Xtr(Q, t)| ≥ φ(t)
[K:Q]

for arbitrarily

large t, which is against Theorem 1.3. �
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Proof of Theorem 2.1. We proceed by induction on |I|. In the
case when I is a singleton, there is nothing to prove; so let’s assume
|I| > 1.

For a nonempty P ⊆ I we let

VP :=
{
α ∈ Gn :

∑
i∈P

aix
i = 0

}
.

By the induction hypothesis, each VP ∩ Un is a finite union of cosets
αT ∩ Un, where T is an algebraic subgroup of Gn.

Note that
Vdg =

⋃
∅6=P 6=I

(VP ∩ VI\P ).

Therefore Vdg is also in the required form.

By Corollary 2.7 and Proposition 2.8, we know that (V \(Vdg∪Bf ))∩Un
is finite. Therefore V ∩Un is a finite union of cosets αT ∩Un, where T
is an algebraic subgroup of Gn. �

3. The Case of Abelian Varieties – Manin-Mumford
Conjecture

The proof strategy from the previous section is due to Pila and
Zannier appearing in [22], where it is applied to prove Manin-Mumford
Conjecture mentioned in the introduction. We restate the result and
present a proof. We skip a few proofs as they require a little more de-
tailed understanding of abelian varieties than the amount we provided
in these notes.

Theorem 3.1 (Manin-Mumford Conjecture). Let A be an abelian
variety and let V ⊆ A be an algebraic subvariety defined over a num-
ber field K. Then V ∩ Tor(A) is a finite union of cosets of abelian
subvarieties of A.

Note that this version is slightly weaker than the version appearing in
the introduction, because we assume that V is defined over a number
field. As in the case of Gn, this is not really a restriction; reducing the
general statement to this one is a routine job once enough geometry is
known.

3.1. Interpreting the statement in the o-minimal setting.
Let A = Cn/Λ with Λ = Zλ1 +· · ·+Zλ2n. We identify Cn with R2n in a
different way than before: We know that Cn = Rλ1 + · · ·+Rλ2n and we
identify r1λ1 + · · · + r2nλ2n with (r1, . . . , r2n) ∈ R2n. Let π : R2n → A
be the map sending (r1, . . . , r2n) to r1λ1 + · · ·+ r2nλ2n + Λ. This is an
analytic map.

Let F = [0, 1)2n. Clearly, F is definable in (R, <). Note that π|F is
a bijective definable map; from now on π will refer to this restriction.
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Note that π−1(Tor(A)) = F ∩ Q2n. Moreover, we know that A is a
Zariski closed subset of PN(C) for some N , which can be embedded
into RM as a definable set in (R,+, ·).1 This way π becomes definable
inRan and X := π−1(V ) a definable subset of F . Therefore our interest
is in the set X ∩Q2n, and hence we could apply Pila-Wilkie Theorem.

3.2. Structure of Xalg. We do not get into the details of this. We
will just say that there is a version of Ax’s theorem about power series
and their exponentials by Bertrand and Pillay that is suitable for this
case.2 As a result one may prove that Xalg is a union of affine linear
spaces intersected with F .

Recall that the arguments in the case of Gn to show that Xalg is a finite
union of affine linear spaces was very elementary in spirit, and were
using the equations for V . This is why that path does not generalize to
the case of abelian varieties, because even writing down the equations
of A itself is a notoriously hard business. So we skip this as well and
just state without proof that

Xalg = α1 +B1 ∪ · · · ∪ αt +Bt

where B1, . . . , Bt are infinite abelian subvarieties of A.

4. Galois orbits

1This is not a trivial thing to do, but it is a routine model theoretic argument.
2We also let the reader figure out why the original version does not work out.
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TO DO

(1) Add sections on Nonstandard Analysis and Ultrproducts.
(2) Add section on Basic Algebraic Geometry.
(3) Finish the proof of Manin-Mumford.
(4) Describe the Jacobian of a curve.
(5) Add some words on Mordell-Lang and André-Oort.
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Birkhäuser Boston, Boston, MA, 1983.

[25] Thomas Scanlon. Counting special points: logic, Diophantine geometry, and
transcendence theory. Bull. Amer. Math. Soc. (N.S.), 49(1):51–71, 2012.

[26] Thomas Scanlon. A proof of the André-Oort conjecture via mathematical logic
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Definable set, 30
Definably Connected, 39
Dimension, 55
Discrete place, 71
Divisible Ordered Abelian Groups,

28

Elementarily equivalent, 19
Elementary equivalence, 19
Elliptic curve, 76
Embedding, 26
Equivalence of terms, 14
Euler characrteristic, 58
Euler characteristic, 60
Expansion, 21

Family of definable sets, 32
First order language, 7
Formal first order theories, 15
Formula, 9
Free variable, 10
Frontier, 37

Generalization, 16

Height, 68
Henkin Construction, 23
Hensel’s lemma, 72
Homomorphism, 26

Inconsistent, 17
Inference Rules, 16
Interior, 37
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Intermediate Value Property, 40
Interpretation, 10
Isomorphic, 26
Isomorphism, 26

Kronecker’s Theorem, 69

Language, 7
Language of abelian groups, 8
Language of orderings, 8
Language of vector spaces over Q, 8
Lattice, 73
Lefschetz Principle, 34
Lindenbaum’s Lemma, 24
Local parameter, 71
Local-global Principle, 34
Logical closure, 20
Logical consequence, 15
Logically equivalent, 15
Logically valid, 15
Löwenheim-Skolem Theorem, 22, 25

Manin-Mumford Conjecture, 6, 84
Mann’s Theorem, 79
Model, 15
Modus Ponens, 16
Monotonicity Theorem, 50

Non-archimedean, 62
Norm, 64
Northcott’s Theorem, 70

o-minimal group, 40
o-minimal structure, 38
Ordered field, 41
Ordered group, 40
Ordered ring, 41
Ordered structure, 37
Ordered vector space, 43
Ostrowski Theorems, 64

Period matrix, 73
Pila-Wilkie Theorem, 78
Place, 64
Predicate Logic, 16
Product formula, 67
Proof, 16

Quantifier elimination, 31
Quantifier-free formula, 30

Reduct, 21
Residue field, 70
Residue map, 70
Riemann form, 75

Satisfaction (of a formula), 11
Satisfiable, 15
Scope, 9
Section, 32
Semi-algebraic set, 44
Sentence, 10
Strong homomorphism, 26
Structure, 10
Substructure, 26

Tarski-Seidenberg Theorem, 31
Term, 8
Theorem, 16
Theory, 20
Transcendental part of a set, 78

Uniform Finiteness, 50
Universe, 10

Valuation, 71
Valuation ring, 70

Weak Cell Decomposition Theorem,
47

Weierstrass Elliptic Function, 76
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